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A B S T R A C T   

Fatigue life prediction of metals has been widely studied. However, most of the research is based on empirical 
models under the framework of Newtonian mechanics, that relies on experimental fatigue data for curve fitting a 
degradation evolution function. Unified mechanics theory (UMT), on the other hand, unifies the universal laws of 
motion of Newton by incorporating the second law of thermodynamics directly into the Newton’s laws at the ab- 
initio level. UMT introduces an additional linearly independent axis called Thermodynamic State Index (TSI), 
which can have values between zero and one. Evolution along the TSI axis follows the Boltzmann’s entropy 
formulation and the thermodynamic fundamental equation of the material. As a result, governing differential 
equations of any system automatically include energy dissipation, and degradation evolution. The fatigue model 
presented here is pure physics based and does not require an empirical evolution function obtained by curve 
fitting to fatigue test data. However, it does require deriving analytical thermodynamic fundamental equations of 
the material based on the principals of physics. Thermodynamic fundamental equation for high cycle metal 
fatigue is derived in this study.   

1. Introduction 

A model based on the unified mechanics theory is introduced to 
predict high cycle fatigue life of metals. Fatigue life prediction with the 
unified mechanics theory eliminates the need for curve fitting an 
empirical evolution function to a fatigue test data. The simulation results 
are compared with test data. In unified mechanics theory, the degra
dation evolution is calculated along the thermodynamic state index 
(TSI) axis which is quantified by the thermodynamic fundamental 
equation of the material (Basaran, 2021). The coordinate values of TSI 
start at zero and end at one. Thermodynamic fundamental equation 
provides the entropy generation quantity in the material under a given 
load. Based on this entropy value a new coordinate is calculated ac
cording to normalized form of Boltzmann’s entropy formulation of the 
second law. (Basaran, 2021; Boltzmann, 1877). 

There are six mechanisms that generate entropy during high cycle 
metal fatigue. These are: configurational entropy, ΔSc , vibrational en
tropy, ΔSvib (Kelly et al., 2012; Abbaschian and Reed-Hill, 2009; Fultz, 
2010), the entropy generation due to vacancy concentration gradient 
driven diffusion, ΔSd (Basaran and Lin, 2008; Li et al., 2009), the entropy 
from heat conduction, ΔST (Basaran, 2021), the entropy generation due 
to atomic-friction-generated heat, ΔSr (Basaran, 2021), and finally the 
entropy generation due to micro-plasticity (Lemaitre et al., 1999; 

Doudard et al., 2005; Charkaluk and Constantinescu, 2009; Fan et al., 
2018) ΔSμp. Because entropy is an additive property, we can write the 
thermodynamic fundamental equation for the total entropy production 
as follows, 

ΔS=ΔSc + ΔSvib + ΔSd + ΔST + ΔSr + ΔSμp (1) 

Since microplasticity is one the most important entropy generation 
mechanism in the current study, in the following we introduce some of 
the recent published research works about microplasticity theory. 

(Mozafari et al., 2020) developed a thermodynamically-consistent 
rate-independent small strain based plastic constitutive theory to cap
ture the inelastic microplastic work dissipation. In their paper, they 
derived the non-negative rate of dissipation and the kinematic relation 
for plastic strain rate based on the complementary energy density and 
the second law of thermodynamics. A dimensionless function that 
incorporate the smooth transition from microplastic to macroplastic 
flow response is introduced and implemented to the flow rule and 
constitutive equation. For the fatigue life prediction, they use the fatigue 
fracture entropy (FFE) as the threshold to estimate the number of cycle 
to failure. The finite element simulation shows that their model can 
predict the fatigue life of P355NL1 material under different variable 
stress amplitude strain-controlled loading blocks (Ustrzycka et al., 
2020). analyzed the fatigue crack initiation in cyclic microplasticity 
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regime. They assumed the action of local stress leads to the proceeding 
of damage growth, and the fluctuations of local stress are resulting from 
material inhomogeneities such as inclusions, grain boundaries, bound
ary asperities, cavities, etc. They proposed a damage growth model 
based on the critical plane concept model that account for local stress 
fluctuations, which are usually neglected in formulation of the damage 
models. A critical value of damage accumulation leads to the initiation 
of macrocracks (Teng et al., 2020a, 2020b, 2020c). proposed a unified 
fatigue life calculation based on intrinsic thermal dissipation and 
microplasticity evolution. They used the heat diffusion equation to 
correlated the temperature measurement to intrinsic dissipation of the 
material within a unit time under high cycle fatigue. The microplastic 
strain amplitude is obtained based on the law of localization and ho
mogenization, and a unified energy approach. Jirandehi and Khonsari 
(2021) developed a statistical method to estimate the plastic strain en
ergy during metal fatigue. In their study, the term microplasticity refers 
to the plastic behavior at micro-elements when nominal stress amplitude 
exceeds the microelement’s yield limit. They used a probability function 
to describe the microplastic behavior when the applied cyclic load is 
given. The strain in the micro-element [local strain] is calculated based 
on a Weibull distribution. By incorporating another probability function 
for meeting the von-mises criterion(a grain slips on at least five inde
pendent slip systems to deform and preserve shape continuity of the 
material’s crystal structure), the microplastic strain energy in each 
micro-element can be calculated (Edwards et al., 2021). measured the 
microplasticity in a lamellar TiAl alloy during high cycle tensile fatigue 
by high resolution digital image correlation strain mapping at several 
stress and cycle increments under different conditions. They suggested 
that for the design of advanced TiAl alloys for increased damage toler
ance, a more uniform microplastic strain, accommodated by effective 
strain transfer at microstructural boundaries, is to be targeted. 

However, our model does not require probability function to 
describe the microplastic behavior as (Jirandehi and Khonsari, 2021), 
the analysis of fluctuation local stress at critical plane as (Ustrzycka 
et al., 2020), or derivation of a transition function from microplastic to 
macroplastic flow response as (Mozafari et al., 2020). Instead, in this 
paper the calculation of microplasticity that lead to entropy production 
is more similar to the two scale model shown in (Teng et al., 2020a, 
2020b, 2020c). Nevertheless, the total intrinsic dissipation is derived on 
pure physics instead of doing the experimental thermal analysis. 

In section 2, of this paper the unified mechanics theory is briefly 
introduced for readers who are not familiar with the theory. In section 3, 
thermodynamic fundamental equation is derived. More details of our 
microplasticity calculation will also be presented in this section. In 
section 4, the damage evolution formula is introduced and implemented 
in a MATLAB code to predict the fatigue life of a metal specimen under a 
high cycle fatigue. Simulation results are compared with test data. 

2. Unified mechanics theory 

Details of this theory are provided in (Basaran, 2021). Herein we 
provide a very brief introduction. In Newtonian mechanics-based theory 
of elasticity, there is no dissipation, degradation mechanism, or irre
versible process [entropy generation]. In theory of elasticity, it is 
assumed that deformation is reversible and the mechanism is 100% 
efficient from thermodynamic perspective. For example, according to 
Hooke’s Law, the strain of a spring of stiffness k subjected to load F is 
given by, ε = Δl/l0, Δl = F/k. This strain is independent of age of the 
spring. In other words, if we consider spring as a thermodynamic system. 
It is assumed that efficiency of the system is 100%, which is a violation 
of the 2nd law of the thermodynamics. 

However, it is well known that under a cyclic loading in linear elastic 
regime, any metal will still fatigue. Therefore, clearly the second law of 
thermodynamics is not violated. There is always irreversible entropy 
generation in any closed system, which is ignored in the Newtonian 
mechanics based theory of elasticity. If we apply a cyclic load on a metal 

within its elastic range [below the yield stress], the corresponding strain 
would always be the same at every cycle, according to the theory of 
elasticity. Because the second law of thermodynamics is not included in 
the universal laws of Newton directly. In summary, there is no entropy 
term or TSI axis in the formulation of the universal laws of motion by 
Newton. Moreover, in Newtonian mechanics the laws of thermody
namics are satisfied separately than laws of Newton [not in the same 
differential equation], (such as, satisfying the thermodynamic consis
tency using the Clausius-Duhem inequality). As a result, in Newtonian 
continuum mechanics derivative of displacement with respect to en
tropy is zero. In simple terms, for example Newton’s second law a = F/m 
gives initial acceleration of a ball. Laws of thermodynamics must be used 
and formulated separately to calculate the distance ball will travel. In 
unified mechanics this information is automatically included in the 
second law of the unified mechanics theory. No separate calculation is 
needed. 

The concepts of thermodynamics can be traced back to 1850, when 
Rudolf Clausius (1850) and William Thompson (Kelvin) (Thomson, 
1853) formulated both the first and second laws of thermodynamics. 
The first law is the conservation of energy. The second law is the entropy 
law. It states that in a natural process, the sum of the entropies of the 
interacting systems increases; The entropy of an isolated system never 
decreases. That is, there is a natural tendency of any isolated system, 
living or non-living, to degenerate into a more disordered state. When 
irreversible entropy generation rate becomes zero the system reaches 
thermodynamic equilibrium. If we regard the specimen as a thermody
namic system, when irreversible entropy generation rate becomes zero 
the specimen fails, (Basaran, 2021; Callen, 1985). 

In statistical mechanics, entropy is an extensive property of a ther
modynamic system. It is related to the number of microstructural con
figurations (a.k.a microstates) that are consistent with the macroscopic 
quantities and boundary conditions that characterize the system. The 
logarithmic connection between entropy and disorder state was first 
stated by L. Boltzmann in 1877 (Boltzmann, 1877) and put into final 
form by Max Planck in 1900 (Planck, 1900). The statistical interpreta
tion of entropy is given by 

S= kBlnW (2) 

In which S is the entropy, kB is the Boltzmann constant and W is the 
disorder parameter. Entropy of any system can be calculated from 
thermodynamic fundamental equation, (Basaran, 2021) (Callen, 1985). 
The second law states that in any isolated system W has a natural ten
dency to evolve into a more disordered state. When maximum disorder 
is reached, the system is in thermodynamic equilibrium. 

In unified mechanics theory laws of Newton and laws of thermody
namics are unified at ab-initio level. As a result in addition to Newtonian 
x, y, z, time coordinates system, there is an additional fifth axis called 
Thermodynamic State Index (TSI) axis, which is linearly independent. 
As a result, derivative of displacement with respect to entropy is not zero 
as in Newtonian mechanics. In unified mechanics theory, in addition to 
nodal displacements, the entropy generation rate is also necessary at 
each increment to relate microstructural changes in the material with 
spatial and temporal coordinates. 

After formalizing the concepts described above mathematically, 
Newton’s second and third laws are unified with the second law of 
thermodynamics. Following laws of the unified mechanics theory are 
established (Basaran, 2021) 

The second law, (1 − ϕ)F dt= d(mv) (3)  

The third law, F12 =

d
[

1
2k21u2

21(1 − ϕ)
]

du21
(4)  

where, ϕ is TSI, F12 is the acting force, k21 and u21 are the stiffness and 
change in length of the reacting system. 
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Thermodynamic State Index (TSI), ϕ, is given by 

ϕ=ϕcr

[
1 − exp

(
− Δs

ms

R

)]
(5)  

where 

ϕcr =
ϕ

Factor of safety
(6) 

In equations (5) and (6), ϕcr is a user-defined critical value of TSI, Δs 
is the change in specific entropy, ms is the molar mass, and R is the gas 
constant. When a material is in ground (reference) state, it is assumed to 
be free of any possible defects. It can be assumed that “damage” in a 
material is equal to zero. Therefore, TSI will be ϕ = 0. However, ϕ does 
not have to be taken as zero initially. In the final stage, material reaches 
an asymptotic thermodynamic equilibrium state. At this stage, entropy 
production rate will become zero, and ϕ = ϕcr. The purpose of ϕcr is to 
adequately capture the specimen’s critical states of interest. For 
example, in the electromigration analysis of microelectronics solder 
joint, ϕcr = 0.10 is used because 10% change in electrical resistance is 
considered failure in microelectronics, (Basaran et al., 2009). Unlike 
electromigration analysis of the solder joints, we set this ϕcr value to a 
pre-defined value or simply set it as 1 for the fatigue analysis. 

Fig. 1 shows the coordinate system in the unified mechanics theory. 
It is important to emphasize that in the new coordinate system deriva
tive of displacement with respect to entropy is not zero because TSI is a 
linearly independent axis. 

Since, 1998 (Basaran and Yan, 1998) the concept of using entropy as 
a damage metric to predict fatigue life has been extensively used for 
thermal, mechanical electrical loading and corrosion-fatigue, but never 
for high cycle fatigue [linear-elastic loading] (Basaran and Lin, 2008),- 
(Li et al., 2009), (Basaran et al., 2004a, 2004b, 2008, 2009; Basaran and 
Yan, 1998; Basaran and Nie, 2004; Yao and Basaran, 2012, 2013a, 
2013b, 2013c; Basaran and Lin, 2007a, 2007b; Ye et al., 2004, 2006; Li 
et al., 2008a, 2008b; Mankarathodi et al., 2020; Temfack and Basaran, 
2015; Basaran and Chandaroy, 2000; MehdizadehAli and Khonsari, 
2021; Hajshirmohammadi and Khonsari, 2020; Imanian and Modarres, 
2015; Wang and Yao, 2017, 2019; Young and Subbarayan, 2019; Yun 
and Modarres, 2019a, 2019b; Osara and Bryant, 2019; Egner et al., 
2020; Ribeiro et al., 2020; Teng et al., 2020b; Naderi et al., 2010). 
Mathematical details of the unified mechanics theory (UMT) are avail
able in the literature, hence, we do not find it necessary to provide any 
further details. 

3. Derivation of thermodynamic fundamental equation for high 
cycle fatigue: Entropy generation mechanisms 

The following assumptions are made in the study.  

1. Applied maximum stress is below the yield stress of the material 
hence no macroscopic plastic deformation is expected.  

2. A mechanism called micro-plasticity is expected to happen at some 
defect sites at micro-level (Lemaitre et al., 1999; Doudard et al., 
2005; Charkaluk and Constantinescu, 2009; Fan et al., 2018). 

3. Point defects, including atomic vacancies, interstitials, and impu
rities, can be built-in with the original crystal growth or created by 
energy input during fatigue process.  

4. Input mechanical energy increases atomic vacancies and dislocation 
densities. However, the increasing dislocation density only causes 
hardening in the micro-level and never induces macroscopic plastic 
deformation as the maximum applied stress is below the metal’s 
yield stress. The vacancy generation/diffusion and dislocation mo
tions(e.g. cross slip) around inclusions induce irreversibility at a 
micro-level in elastic cyclic loads, (Callister and Rethwisch, 2018; 
Marti et al., 2020; Mughrabi, 2009, 2013; Ho et al., 2017). 

5. Vacancy concentration gradient in the specimen will result in va
cancy diffusion and temperature gradient in the specimen result in 
thermomigration.  

6. Temperature evolution in the specimen is determined by atomic- 
friction-generated heat, heat conduction, microplastic work and 
thermoelastic damping. 

3.1. Configurational entropy generation 

The micro-mechanisms in the crystal include the rearrangement of 
atoms which result in entropy production during the elastic fatigue 
loading, (Kelly et al., 2012) (Abbaschian and Reed-Hill, 2009). 

Starting from Boltzmann’s entropy equation for entropy S = kBlnW 
(Boltzmann, 1877) (Planck, 1900), in which kB is the Boltzmann con
stant and W is disorder parameter that describes the probability that the 
system will exist in the state it is in relative to all the possible states it 
could be in (Basaran, 2021) (Planck, 1900) (Basaran and Nie, 2004). We 
note that actually, this form of the Boltzmann equation is due to Plank 
(Planck, 1900). The configurational entropy Sc is a concept from sta
tistical thermodynamics that use the binomial distribution formula (N is 
the number of lattice sites and n is the number of vacancies) N!

(N− n)!n! to 
replace the disorder parameter W, which is derived in the following 
form (Boltzmann, 1877) (Kelly et al., 2012) (Abbaschian and Reed-Hill, 
2009) (Planck, 1900): 

Sc = kBln
(

N!

(N − n)!n!

)

(7) 

Atomic vacancies, defects, result from missing atoms from their 
original lattice sites. These vacancies are rearranged due to the ther
mally activated transport. The variation of ΔSc from temperature state 1 
to temperature state 2 is given by, 

ΔSc = kBln
(

N!

(N − n2)!n2!

)

− kBln
(

N!

(N − n1)!n1!

)

(8)  

where n1 and n2 are the number of vacancies at temperature state 1 and 
state 2, respectively. Equation (8) can further be derived into the 
following form 

ΔSc = kBN
[

Cv2 ⋅ ln
(

1 − Cv2

Cv2

)

− Cv1 ⋅ ln
(

1 − Cv1

Cv1

)]

(9) 

In which Cv1 and Cv2 are the thermodynamic equilibrium vacancy 
concentration at temperature state 1 and state 2, respectively. 

Fig. 1. Coordinate system in unified mechanics theory (Basaran, 2021),.  
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3.2. Vibrational entropy generation 

The vibrational entropy is also a concept from statistical thermody
namics [or physical chemistry] that replaces disorder parameter W with 
the phase state of the atoms as they vibrate, which is defined by mo
mentum and position coordinates (Fultz, 2010) (Atkins Paulaet al, 2018; 
Wollenberger, 1996; Laughlin and Hono, 2014). The vibrational state of 
the atoms change when vacancies are created. There are various models 
proposed to precisely calculate vibrational entropies when certain 
number of vacancies are removed, (Mishin et al., 2001). In this research 
we simply assume the variation of vibrational entropy is the same when 
each atomic vacancy is created (Abbaschian and Reed-Hill, 2009) 
(Burton, 1972). Therefore the total vibrational entropy in the system is 
given by, 

Svib = nΔSv (10) 

In which n is the number of vacancies created and ΔSv is the variation 
of vibrational entropy when one atomic vacancy is created. 

The variation ΔSvib is 

ΔSvib =(n2 − n1)ΔSv (11) 

Comparing configurational entropy and vibrational entropy 
magnitudes. 

The parameters necessary to calculate the configurational and 
vibrational entropy magnitudes are listed in Table 1. 

Entropy calculations for these two mechanisms are based on the 
number of vacancies [or the vacancy concentration], which is related to 
the temperature at that state. If we assume that after several cycles, 
temperature in the metal increases from T0 = 298K to Ti = 398K, we 
can calculate the evolution of ΔSc and ΔSvib. Fig. 2, shows configura
tional entropy as a function of temperature. Fig. 3, shows vibrational 
entropy as a function of temperature. 

3.3. Entropy generation due to vacancy concentration gradient driven 
diffusion 

During fatigue process concentration of vacancies in the metal are 
not uniform. As a result, there is a vacancy concentration gradient. 
Vacancy concentration gradient driven diffusion and thermo-migration 
are governed by the vacancy conservation equation (or mass conserva
tion), (Basaran and Lin, 2007a; Ye et al., 2004, 2006). Concentration of 
atomic vacancies should be higher around the edge and lower around 
the center for specimen with a round cross-section (cracks usually 
develop from outside to inwards), hence cause the vacancy diffusion. 

The entropy generation from vacancy gradient driven diffusion ΔSd is 
extensively studied (Basaran and Lin, 2008),- (Li et al., 2009), (Basaran 
et al., 2004a, 2004b, 2008; Basaran and Lin, 2007b; Li et al., 2008b; Yao 
and Basaran, 2013a, 2013b, 2013c). It is given by: 

ΔSd =

∫t

t0

(
CvDv

kBT2

(
Q∗∇T

T
+

kBT
c
∇c

)2)

dt (12)  

where kB is the Boltzmann constant, Cv0 is the thermodynamic equilib

rium vacancy concentration in the absence of a stress field, Cv is 
instantaneous atomic vacancy concentration, c is normalized vacancy 
concentration c = Cv/Cv0, Dv is effective vacancy diffusivity, T is abso
lute temperature, Q∗ is heat of transport, which is the isothermal heat 
transmitted by the moving atom in the process of jumping a lattice site. 

To compare the order of magnitude of equation (12) with other en
tropy generation mechanisms, following condition is assumed: 

The specimen is initially placed at room temperature (298 K). After 
several cycles, the temperature at specimen’s gage section is uniformly 

Table 1 
Parameters to calculate configurational and vibrational entropy.  

Parameters value units 

Avogadro’s number NA  6.023× 1023  atoms/mol  
Atomic weight AwFe  55.85  g/mol  
Density of steel ρsteel  7.894  g/cm3  

Vacancy formation energy for Fe Δhf  1.08  eV  
Boltzmann constant kB  8.62× 10− 5  eV/K  

1.38× 10− 23  J/K  

Vibrational entropy for bcc crystals Δsv  2.4  kB/atom   

Fig. 2. Configurational entropy(JK− 1m− 3) versus temperature evolution.  

Fig. 3. Vibrational entropy (JK− 1m− 3) versus temperature evolution.  

Fig. 4. an illustration of vacancy gradient.  
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increased to 398 K. We assume the vacancy concentration at the center is 
ten times smaller than at the edge, Fig. 4. The thermodynamic equilib
rium vacancy concentration Cv can be calculated by 

Cv = exp
(

TΔSv − Δhf

kBT

)

(13) 

The vacancy concentration at room temperature (298 K) and at 
398 K can be obtained as follows 

Cv, 398K = 2.35 × 10− 13

Cv0 = Cv, 298K = 6.1 × 10− 18 (14) 

The normalized vacancy concentration c and normalized vacancy 
gradient are therefore given by 

c edge =
Cv, 398K

Cv0
, c center =

0.1Cv, 388K

Cv0

∇c =
(
c edge − c center

)/
1cm = 3.5 × 106m− 1

(15) 

The effective vacancy diffusivity Dv is given by 

Dv =D0 exp
(
− Q
RT

)

(16) 

For BCC iron (α-Fe), D0 = 2.8 × 10− 4m2

s , activation energy Q =

251kJ/mole, R = 8.3145 J
mole K (Brandes and Brook). At 398 K, Dv =

D0exp
(

− Qd
RT

)

≈ 3× 10− 37m2

s . 

We can calculate the value of equation (12) as follows 

Ṡd =
2.35 × 10− 13 × 3 × 10− 37m2

s

1.38 × 10− 23J
/

K × (398K)
2

(
1.38 × 10− 23J

/
K × 398K

3852
3.5 × 106m− 1

)2

= 8 × 10− 91JK − 1s− 1

(17) 

From the result of equation (17), it can be concluded that the entropy 
generation due to mass transport is negligible compared to other 
mechanisms. 

3.4. Entropy generation due to heat conduction 

In metal high cycle fatigue, a temperature gradient in the specimen 
which causes an irreversible heat flow across different temperature field 
is usually expected (Xue et al., 2008). The entropy generation equation 
is given by (Basaran, 2021) (Teng et al., 2020a), (Basaran et al., 2004b, 
2008; Basaran and Lin, 2007b; Li et al., 2008b; Yao and Basaran, 2013a, 
2013b, 2013c) 

ΔST = −

∫t

t0

(

kh
∇T⋅∇T

T2

)

dt (18)  

where kh is coefficient of heat conduction, ∇T is the temperature 
gradient. Again, in order to calculate the order of magnitude of this 
entropy generation mechanism, we assume a simple one dimensional 
temperature gradient ΔT

Δx = 10 K/cm from the gage section to the grip 
section, Fig. 4. The thermal conductivity of steel is Kh = 50 w

K⋅m. After 
several cycles, if the temperature increases from T0 = 298K to Ti =

398K, and then maintain steady until near failure at around 1.4 × 105 

cycles(operating frequency at 30 Hz). The evolution of ΔST for a spec
imen is shown in Fig. 5. 

3.5. Entropy generation due to atomic-friction (scattering)-generated heat 

The entropy generation due to atomic-friction-generated heat is 
given by (Basaran, 2021) (Callen, 1985) (Basaran and Nie, 2004) 

ΔSr =

∫t

t0

ρr
T

dt (19) 

From microscopic perspective, temperature is defined by the in
tensity of atomic vibrations. The atomic-friction-generated heat per unit 
mass, r, is due to the increasing intensity of atomic vibrations in the 
crystal from micro-mechanisms such as the breaking of atomic bonds, 
and phonon-phonon scattering, phonon-electron-scattering, electron 
scattering (called internal friction), (Gao, 1876) (Ragab and Basaran, 
2009) (Chu et al., 2015). This term is essentially different than the heat 
generated through the macroscopic observable plastic work or ther
moelastic source. 

Molecular dynamics simulation are used estimate the internal heat 
generation due to internal frictions. Using LAMMPS (Plimpton, 1995), a 
simulation cell with 10 lattice units in each direction for a total of 2000 
Fe atoms are arranged in bcc crystal structure. Periodic boundary con
dition is chosen. The embedded-atom method (EAM) is used to compute 
the pairwise interactions. Atomic bond potential is obtained from 
(Chamati et al., 2006). At the equilibrium step, the lattice is allowed to 
relax to achieve a system temperature of 300 K and a pressure of 0 kbar 
at each cell boundary under the NPT ensemble. Then during the defor
mation step, a “deform” command is applied to the simulation cell in the 
x-direction at strain rates of 0.001/pico-second, 0.005/pico-second and 
0.01/pico-second under uniaxial compression and tension. The NVE 
ensemble chosen in this step in order to achieve an isolated system. 

The NVE ensemble controls the conservation of total energy in the 
system while allowing the system temperature to change under applied 
deformation. The increase of the intensity of atomic vibrations due to 
the breaking of atomic bonds can be captured by the temperature evo
lution. Results of temperature evolution with respect to strain is shown 
in Fig. 6 and Fig. 7. 

In Figures (Basaran and Lin, 2008; Li et al., 2009), it is shown that the 
temperature fluctuation during uniaxial compression and tension are 
not completely reversible at higher strain rates and deformation ratio (e. 
g. for 0.01/picosecond at 20 ps). As a result, temperature increases by 
250 K for compression but decreases 90 K for tension. However, at lower 
strain rate and lower deformation ratio, the temperature fluctuation is 
negligible (e.g. for strain rates below 0.001/ps). It is therefore concluded 
that at low strain rates, the temperature fluctuation is solely the result of 
thermoelastic coupling. Atomic-friction-generated heat is negligible and 
can be neglected below 0.001/picosecond rate of loading. 

Fig. 5. Entropy production due to thermal conduction (JK− 1m− 3) versus 
number of cycles. 

H.W. Lee and C. Basaran                                                                                                                                                                                                                     



Mechanics of Materials 164 (2022) 104116

6

3.6. Entropy generation due to micro-plasticity 

The term micro-plasticity is used in two scale models, which was 
initially developed by (Lemaitre et al., 1999) and then reformulated by 
Doudard (Doudard et al., 2005). These researchers developed the 
micro-plasticity model to calculate the amount of micro-plastic strain 
during a high cycle fatigue. Then used the micro-plastic strain as a 
variable in an empirically function obtained from test data to predict the 
fatigue life. In our study micro-plastic strain is needed just to be able to 
calculate the entropy generation. We do not to use it as a variable in an 
empirical curve-fit function to predict the fatigue life. 

The fatigue regime in the material is investigated at macroscopic and 
microscopic scales independently. From the macroscopic view the ma
terial is deformed elastically during the elastic cyclic fatigue loading 
while from the microscopic view some micro-plasticity is activated 
because of high stress concentration at defects and localized dislocation 
slip planes (Lemaitre et al., 1999; Doudard et al., 2005; Charkaluk and 
Constantinescu, 2009; Fan et al., 2018). 

The two scale model is based on a RVE (Representative Volume 
Element) and divides it into two parts: elastic matrix part and elastic- 
plastic inclusion part (see Fig. 8). The law of localization and homoge
nization is applied to deduce the relationship between macroscopic 
stress tensor and the microscopic stress and microscopic plastic strain 
tensors (Lemaitre et al., 1999) (Doudard et al., 2005) (Fan et al., 2018). 

Microscopic stress tensor is given by, 

σμ = Σ − 2μ(1 − b)εμ
p

b =
6(K + 2μ)
5(3K + 4μ)

(20)  

where σ is microscopic stress tensor, Σ is macroscopic stress tensor, μ is 
the Lame’s constant, K is bulk modulus and εp is microscopic plastic 
strain tensor. 

(Charkaluk and Constantinescu, 2009) derived a modification of 
equation (20) using Kroner’s self-consistent scheme (Kröner, 1961). In 
the case of isotropic elastic behavior with a classically defined deviatoric 
plasticity, one can write the following relation, 

σμ =Σ − 2μ(1 − b)(1 − fv)εμ
p (21)  

where fv is the volume fraction of micro-defects experiencing micro
plasticity. Assuming that the material experiences the same elastic 
behavior at the mesoscopic and the macroscopic scale, the previous 
relation implies, 

εμ
e =E − [(1 − b)(1 − fv)]εμ

p (22)  

where εμ
e is the microscopic elastic strain tensor. 

Charkaluk and Constantinescu (2009) report that, although it cannot 
exactly be correlated to the volume ratio, it is assumed that the relative 
surface ratio covered by the activated micro slip bands can be used to 
represent fv. For a low carbon steel which has a fatigue limit of 235 MPa, 
a value of fv = 3% is chosen for a stress amplitude of 180 MPa, a value of 
fv = 10% for a stress amplitude of 250 MPa and a value of fv = 20% for a 
stress amplitude of 300 MPa. However, these numbers taken from (Cugy 
et al., 2002) are purely empirical. We believe fv may be calculated by 
dislocation dynamics simulations for a given initial defect ratio. 

A computational scheme for the microplastic strain increment was 
proposed by Charkaluk and Constantinescu (2009), as follows 

Δεμ
p =

̅̅
3
2

√

A*
n+1 − σμ

y0
̅̅
3
2

√ (

2μ(1 − b)(1 − fv) +
2
3 h
)

A*
n+1

A*
n+1

(23) 

In which h is the hardening modulus, and A*
n+1 is given by, 

Fig. 6. Temperature variation with time under uniaxial compression under 
different strain rates. 

Fig. 7. Temperature variation with time under uniaxial tension for different 
strain rates. 

Fig. 8. A representative volume element of the two scale model, Σ is macro
scopic elastic stress tensor, E is macroscopic elastic strain tensor, σμ is micro
scopic stress tensor, εμ

p is microscopic plastic strain tensor. 
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A*
n+1 = dev(Σn) −

(

2μ(1 − b)(1 − fv) +
2
3

h
)

εμ
p,n + dev(ΔΣ)

b =
6(K + 2μ)
5(3K + 4μ)

(24) 

For the microplasticity model, linear kinematic hardening is utilized 
as a first approximation. The yield criterion is given by, 

f =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(Sμ − αμd) : (Sμ − αμd)

√
−

̅̅̅
2
3

√

σμ
y0 = 0 (25)  

and the hardening rule is given by 

α̇μ
= hėμp 1

σμ
y0
(σμ − αμ)= h

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2
3
ε̇μp

ij ε̇μp
ij

√
1

σμ
y0
(σμ − αμ) (26)  

where Sμ is the microscopic deviatoric stress, αμd is the deviatoric part of 
the microscopic back stress, eμp is the microscopic equivalent plastic 
strain, σμ

y0 is the microscopic yield stress, σμ − αμ is the translational 
direction of the microscopic yield surface under Ziegler’s rule, h is the 
kinematic linear hardening modulus defined as the slope of the stress 
strain curve for a finite plastic strain value, h = (σμ − σμ

y0)/ εμp. 
The entropy generation due to microplasticity is given by (Basaran, 

2021) (Basaran and Yan, 1998) (Basaran and Nie, 2004) (Mankarathodi 
et al., 2020) (Basaran et al., 2004a). 

ΔSμp =

∫t

t0

ϕfv
σμ : ε̇μ

p

T
dt (27) 

In which σμ and ε̇μ
P are micro stress and strain rate tensors. During the 

microscopic plastic deformation, some plastic work is stored as dislo
cation stored energy. This stored dislocation energy is accounted for in 
the hardening of the material, which is included in equation (26), and 
shown in Fig. 11. 

In equations (21)–(24), (27), fv is a constant that establishes a rela
tion between the macro-stresses and micro-stresses by means of the law 
of localization and homogenization. It is the ratio of the activated vol
ume of the micro-defects in region VD to the elastic matrix Vmatrix, 
(Charkaluk and Constantinescu, 2009) (Chamati et al., 2006). In the 
microplasticity model used here terms defect and dislocation are used 
for the same thing. 

fv =
VD

Vmatrix
(28) 

In the microplasticity model we are using, fv is defined as the 
maximum percentage of dislocation planes that can be activated (Dou
dard et al., 2005) (Charkaluk and Constantinescu, 2009) (Cugy et al., 
2002). This value can be determined by using the Scanning Electron 
Microscopy (SEM), as shown in Fig. 10, or by other microscopy 
techniques. 

In this study, we use the percentage of the observed active slip bands’ 
area in the center of specimen’s gauge part, as a first approximation to 
the volume fraction of defects (dislocations) in the matrix, VD/ Vmatrix. 
Fig. 9 shows the Illustration. 

Fig. 9 shows the illustration of microplasticity. Inside the hexagon 
region, microscopic stress and microplastic strain at each inclusion are 
computed using the laws of localization and homogenization. 

3.6.1. Calculating entropy due to micro-plasticity 
In the following section, material constants for simulation are ob

tained from (Charkaluk and Constantinescu, 2009) (Torabian et al., 
2017), and are given in Table 2. 

The microscopic yield stress in this microplasticity model (Charkaluk 
and Constantinescu, 2009) (Torabian et al., 2017) is the mean fatigue 
limit of the specimen. It is assumed that no microplasticity occurs below 
the macroscopic fatigue limit, (Lemaitre et al., 1999). 

The TSI, ϕ, in ΔSμp =
∫t

t0
ϕfv

σμ :ε̇μ
P

T dt is a metric of entropy evolution. It 

should be emphasized that fv is not the percentage of coalesced cracks in 
the cross section. It is defined as the maximum percentage of disloca
tions slip planes that can be activated during microplasticity. We assume 
that the percentage of activated dislocations follow the evolution of 
thermodynamic state index. 

Currently, we are unable to find any computational studies on the 
relation between fv and stress amplitude. Moreover, there is no fv data 
available obtained by microscopy for DP600 steel at hand. However 
(Torabian et al., 2017), performed a fatigue test on DP600 steel and 
published the results of fractography studies. The appearance of slip 
bands in ferrite grains on the surface of the specimen around gauge part 
under 30-Hz fatigue loading is shown in Fig. 10. The yellow arrows 

Fig. 9. Illustration of microplasticity entropy calculation.  

Table 2 
Material parameters for DP600 steel (Charkaluk and Constantinescu, 2009) 
(Torabian et al., 2017).  

Youngs 
modulus 

210000 MPa Macroscopic yield stress 440 MPa 

Hardening 
coefficients 

1000 MPa Microscopic yield stress 260 MPa 

Poisson’s ratio 0.3 Thermal expansion coefficient 
coefficientcoefficients 

10 × 10− 6/oC 

Density 7894 kg m− 3 Heat capacity 460 J 
Kg− 1K− 1   

Time representative of the 
thermal exchanges, τeq  

80s   

Fig. 10. Slip bands in ferrite grains on the surface of the specimen activated at 
250 MPa stress amplitude. N = 107 cycles, ΔT < 15oC [After (Torabian 
et al., 2017)]. 
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indicates the slip bands, which are estimated to be around 10% of the 
observing surface. We use this fv = 10% as a constant value for the 
calculation of stress and strain localizations in our study (Charkaluk and 
Constantinescu, 2009). report that the fv value may be a material con
stant. However currently there is not enough experimental data to 
support this assumption. For specimen made of same material but with 
different geometry and dimensions, we believe that fractography studies 
for individual cases are necessary. 

It should be noted that the microplasticity calculation in this sub
section is based on the following assumptions:  

1. The hardening behavior of the material is approximated by a bilinear 
kinematic hardening curve. Hardening modulus is defined as the 
slope between (lower yielding strength) LYS and UTS(ultimate ten
sile strength) from the stress strain curve, as a first approximation.  

2. The microscopic hysteresis loops are stabilized and they are the same 
at each defect site. The evolution of TSI, ϕ, from 0 to 1 only induces 
microplasticity at more defect sites.  

3. The energy dissipation due to kinematic hardening at microplasticity 
sites is small enough to be ignored (Naderi et al., 2010). 

The hysteresis loop for one cycle at defect location calculated by 
equations 21–26 is shown in Fig. 11. The entropy production due to 
microplasticity for a specimen undergoing 1.4 × 105 cycles (at a fre
quency of 30 Hz) is shown in Fig. 12. 

3.7. Comparison between different entropy generation mechanisms 

The order of magnitude of each entropy generation mechanism is 
summarized in Table 3. 

From Table 3, it is observed that the configurational entropy and 
vibrational entropy generation mechanisms are around the same order 
of magnitude. They are very small compared to heat conduction and 
microplasticity. The diffusion mechanism and atomic-friction-generated 
heat are also very small. Furthermore, between the microplasticity and 
heat conduction, entropy generation due to microplasticity is two orders 
of magnitude bigger. Hence, we conclude that the total entropy pro
duction, the thermodynamic fundamental equation, can be simplified as 

ΔS=ΔSconf + ΔSvib + ΔSd + ΔST + ΔSr + ΔSμp ≈ ΔSμp (29) 

Therefore, the thermodynamic state index of the unified mechanics 
theory can be given by, 

ϕ=ϕcr

⎛

⎜
⎜
⎝1 − exp

⎛

⎜
⎜
⎝

− ms
∫ t

t0
ϕfv

σμ : ˙εμ
P

ρT dt
R

⎞

⎟
⎟
⎠

⎞

⎟
⎟
⎠ (30) 

In Equations (27) and (30) the reason to incorporate the TSI value 
into microplastic work is to account for the increasing probability of 
microdefects that emerge in the specimen during fatigue process. 

Equation (30) is an exponential, hence, TSI never reaches unity. In 
practice we determine a ϕcr as a threshold. In this paper, we consider the 
specimen is failed when ϕ reaches ϕcr = 0.995, since the probability of 
reaching maximum entropy at this state is 99.5%. 

4. Temperature evolution due to mechanical work 

The absolute temperature T of the specimen plays an import rule in 
metal high cycle fatigue life. We can expect to have different fatigue life 
prediction results if we control the temperature for the sample to achieve 
isothermal state. However, the degree of difference will depend on the 
isothermal temperature and thermodynamic equilibrium temperature of 
the sample. Because temperature gradient value controls the entropy 
generation rate in equations (12) and (18). Moreover, material proper
ties are a function of temperature. 

From the BCC ferrite grain point of view, the crack initiation 
mechanism can be divided to thermally activated mode and athermal 
mode. The transition between these two regimes is strongly dependent 
on strain rate and temperature (Torabian et al., 2017). For the high cycle 
fatigue of DP600 steel under conventional low frequency 
tension-compression loading (e.g. at 30 Hz) the strain rate is well below Fig. 11. Micro stress-strain curve for each individual inclusion (defect) site 

under 300Mpa nominal stress amplitude. 

Fig. 12. Entropy generation(MJK− 1m− 3) due to microplasticity versus number 
of cycles under 300 MPa nominal stress amplitude. 

Table 3 
Order of magnitude of different entropy generation mechanisms.   

Mechanisms Magnitude of entropy generation 

1 Configurational entropy ≈ 10− 7 JK− 1m− 3  

2 Vibrational entropy ≈ 10− 8 JK− 1m− 3  

3 Vacancy diffusion Negligible due to low diffusivity 
4 Thermal conduction ≈ 104 JK− 1m− 3  

5 Atomic-friction-generated 
heat 

Negligible based on molecular dynamics 
simulations 

6 Micro-plasticity ≈ 106 JK− 1m− 3   
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the transition strain rate, for all ranges of stress amplitude. Hence the 
deformation is expected to happen in athermal region, where the for
mation of slip bands in ferrite grains results in local stress and strain 
concentration that leads to trans-granular crack initiation, eventually 
surface failure. 

However, this is not always the case for high cycle fatigue under 
ultrasonic vibration because of the significantly higher degree of tem
perature rise due to self-heating and the high strain rate. 

We can simulate the temperature evolution in equation (30) for more 
precise simulation. The absolute temperature of the specimen is gov
erned by the fully-coupled thermo-mechanical equation derived from 
classical continuum mechanics as follows, (Basaran and Nie, 2004): 

kh∇
2T = ρCṪ − σ : ε̇p

− ρr − T
(

∂σ
∂T

: ε̇e
)

+

(

Ak − T
∂Ak

∂T

)

V̇k (31) 

In which ρ is the density, C = T ∂s
∂T is defined as specific heat, εe and εP 

are elastic and plastic strain vectors, respectively, σ is the stress tensor, r 
is the strength per unit mass of the internal distributed heat source, and 
Ak is a thermodynamic force associated with the internal thermody
namic variables, Vk. 

Equation (31) can yield the evolution of temperature due to me
chanical work with properly imposed boundary conditions. In order to 
simplify this equation, we can ignore plastic strain ε̇p , internal distrib
uted heat source r and other thermodynamic variables AkV̇k. 

These assumption are justified, because.  

1. We are investigating mechanical response under elastic loads only, as 
such there is no uniform plastic strain. However, the contribution 
from microplasticity is not neglected.  

2. From section 3.5 we know the contribution of r is extremely small.  

3. 
(

Ak − T ∂Ak
∂T

)

V̇k represents the non-recoverable energy corresponding 

to internal coupling source (such as grain coarsening, phase trans
formation). However for metals this non-recoverable energy only 
represents 5–10% of the mechanical dissipation(plastic work) and is 
often negligible for high cycle fatigue (Naderi et al., 2010) (Teng 
et al., 2020c). 

Therefore, equation (31) is simplified to the following expression 

ρCṪ − ϕfv

(
σμ : ε̇μ

P

)
− kh∇

2T − T
∂Σ
∂T

: Ėe = 0 (32) 

If we ignore the thermal fluctuation due to thermoelastic damping, 
and simplify the conduction term as − kh∇

2T ≅ ρC θ
τeq

, equation (32) 
can be written in the following time integration form 

ρC
Tn+1 − Tn

Δt
− ϕfvσμ

n :

(εμ
P,n+1 − εμ

P,n

Δt

)

+ ρC
Tn − T0

τeq
= 0

Tn+1 = Tn + ϕfv
σμ

n :
(
εμ

P,n+1 − εμ
P,n
)

ρC
−

Tn − T0

τeq
Δt

(33) 

Temperature evolution in the material is calculated at each cycle 
using equation (33). 

The overall computation scheme is achieved in a coupled manner. 
We first assume a small starting ϕ value [use the equilibrium vacancy 
concentration] to calculate the microplastic work and TSI in the first 
step by equation (30), then use the obtained value to calculate the 
temperature increment in the next step by equation (33), and so on. 

The entropy generated due to microplasticity is strongly affected by 
the stress amplitude. Fig. 13 shows the simulated temperature evolution 
for DP600 steel operating at 30 Hz for various stress amplitudes using 
equation (33). A rapid climbing stage followed by a steady state is 
observed. However, equation (33) cannot capture the rapid raising 
temperature when a specimen is near failure, when the temperature 
spikes. 

Fig. 14 shows accumulated entropy at failure for various stress am
plitudes. Accumulated total entropy at failure is also referred to Fatigue 
Fracture Entropy (FFE), which is known to be independent of stress 
amplitude (Yun and Modarres, 2019a). 

Fig. 15 shows thermodynamic state index as a function of number of 
cycles. TSI, ϕ, reaches 1 around 8.5 × 104 cycles under 325 MPa applied 
stress. For stress amplitude of 300 MPa, TSI, ϕ reaches 1 at 1.4 × 105 

cycles; For stress amplitude of 275 MPa, TSI, ϕ reaches 1 at around 
3.6 × 105 cycles. It should be emphasized that if there are multiple 
notches/crack tips the sample will reach its fatigue failure entropy value 
[FFE] faster because there will be multiple stress concentration points 
and interactions among them, leading to a bigger entropy generation 
rate in the sample. 

If we relate the stress amplitude with the number of cycles to failure, 
a bilinear curve can be plotted, Fig. 16. 

In Fig. 14, we can observe that the TSI increases slowly in the early 
stage of cycling and suddenly begin to evolve rapidly after certain 
critical threshold. This trend can be explained by equation (32). In 

Fig. 13. Temperature evolution versus number of cycles at various 
stress amplitude. 

Fig. 14. Accumulated total entropy production versus number of cycles for 
various stress amplitudes. [This is also referred as the Fatigue Frac
ture Entropy]. 
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equation (32), TSI is included in the equation of microplasticity entropy 
production to account for influence of microplasticity on entropy pro
duction. At the early stages there are too few microplasticity sites. 
Because microplasticity is the largest contributor to entropy generation, 
the corresponding TSI calculated by the entropy production is small at 
early stages. After a certain number of cycles, enough microdefects are 
activated hence more entropy is produced. The significant increase in 
entropy causes the sudden increase of TSI. This trend is similar to low 
cycle fatigue test data reported in the literature, (Mankarathodi et al., 
2020) (Temfack and Basaran, 2015). 

Simulation results obtained using the unified mechanics theory are 
shown in, Fig. 16, are compared with test data from (Torabian et al., 
2017) are shown in Fig. 17. It shows that the predicted cycles to failure 
obtained from unified mechanics theory and the test data of (DP600) at 
30 Hz loading frequency are matching reasonably well. Test data given 
in Fig. 17 shows expected scatter, especially at lower stress levels. It is 
very well known that fatigue test data is always stochastic. Unified 
mechanics theory, which is based on Boltzmann entropy formulation 
yields stochastic expected life. 

5. Conclusions 

Unified mechanics theory is used for predicting high cycle fatigue life 

of DP600 steel. The thermodynamic fundamental equation of metals 
under high cycle fatigue is derived. In the simulation, no empirical curve 
fitting function is needed for fatigue life prediction. The entropy gen
eration due to atomic vacancy configuration, atomic vibration and mass 
transport are extremely small compared to entropy generation due to 
microplasticity. It was also assumed that entropy generation due to grain 
coarsening during high cycle fatigue is negligible. 

The entropy generation due to microplasticity is the most dominant 
entropy generation mechanism. This mechanism can be visualized as a 
number of microplastic inclusions at localized defect sites inside an 
elastic matrix which has its own micro-stress, micro-strain based on laws 
of localization and homogenization. Energy is dissipated through the 
micro-plastic work at the locations of these inclusions. The number of 
inclusions increase as TSI ϕ increases from 0 to ϕcr. Metal high cycle 
fatigue life prediction results based on the theory of unified mechanics 
are compared with experimental test data. It is shown that the prediction 
and test data match very well. 

We should emphasize that micro-plastic strain has been used before 
as a variable to establish an empirical fatigue life function obtained from 
test data. However, no such empirical function is needed here. 
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Fig. 15. TSI evolution versus number of cycles for various stress amplitudes.  

Fig. 16. Fatigue life prediction with UMT for stress amplitude versus number of 
cycles for various stress amplitudes. When TSI ϕ reaches ϕcr = 0.995, the 
specimen is considered as failed. 

Fig. 17. Comparison of fatigue data and unified mechanics theory predictions 
for tension-compression fatigue tests on dual phase steel (DP600) without any 
pre-strain. [The experimental SN curve is obtained from (Torabian 
et al., 2017)]. 
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