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Abstract

This paper explains the basics of nonlinear thermoelasticity. The governing balance equations are derived
and several useful identities are explained.

1 Introduction

The purpose of these notes is to explain the basis of nonlinear thermoelasticity in modern notation.

2 Governing Equations

The equations that govern the motion of a thermoelastic solid include the balance laws for mass, momentum, and
energy. Kinematic equations and constitutive relations are needed to complete the system of equations. Physical
restrictions on the form of the constitutive relations are imposed by an entropy inequality that expresses the second
law of thermodynamics in mathematical form.

The balance laws express the idea that the rate of change of a quantity (mass, momentum, energy) in a volume
must arise from three causes:

1. the physical quantity itself flows through the surface that bounds the volume,
2. there is a source of the physical quantity on the surface of the volume, or/and,
3. there is a source of the physical quantity inside the volume.

Let €2 be the body (an open subset of Euclidean space) and let 0€2 be its surface (the boundary of €2).
Let the motion of material points in the body be described by the map

x = p(X) = x(X) (1)

where X is the position of a point in the initial configuration and x is the location of the same point in the deformed
configuration. The deformation gradient (F') is given by
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2.1 Balance Laws

Let f(x,t) be a physical quantity that is flowing through the body. Let g(x, t) be sources on the surface of the body
and let h(x,t) be sources inside the body. Let n(x, ¢) be the outward unit normal to the surface 0€2. Let v(x,t)
be the velocity of the physical particles that carry the physical quantity that is flowing. Also, let the speed at which
the bounding surface 052 is moving be u,, (in the direction n).

Then, balance laws can be expressed in the general form ([1])

g(x,t) dA+/h(x,t) av. @3)
0N

Q

Note that the functions f(x,t), g(x,t), and h(x, t) can be scalar valued, vector valued, or tensor valued - depending
on the physical quantity that the balance equation deals with.
It can be shown that the balance laws of mass, momentum, and energy can be written as (see Appendix):

p+pV-v=0 Balance of Mass
pv—V-c—pb=0 Balance of Linear Momentum
o=oc" Balance of Angular Momentum @
pé—o:(Vv)+V.q—ps=0 Balance of Energy.

In the above equations p(x,t) is the mass density (current), p is the material time derivative of p, v(x,t) is the
particle velocity, v is the material time derivative of v, o (x, t) is the Cauchy stress tensor, b(x, ) is the body force
density, e(x, t) is the internal energy per unit mass, é is the material time derivative of e, q(x,t) is the heat flux
vector, and s(x, t) is an energy source per unit mass.

With respect to the reference configuration, the balance laws can be written as

p det(F) —po=0 Balance of Mass
pox— V- pPT— pob=0 Balance of Linear Momentum
F.Pp=pPT. FT Balance of Angular Momentum ©)
po ¢ — PT - F4+Vy-q-— pos=20 Balance of Energy.

In the above, P is the first Piola-Kirchhoff stress tensor, and pg is the mass density in the reference configuration.
The first Piola-Kirchhoff stress tensor is related to the Cauchy stress tensor by

P=det(F)F ' o. (6)

We can alternatively define the nominal stress tensor IN which is the transpose of the first Piola-Kirchhoff stress tensor such that
N :=PT =det(F) (F ! o)l =det(F)o - F~T . 7

Then the balance laws become
p det(F) —po =0 Balance of Mass
poXx—Vo-N—pob=0 Balance of Linear Momentum
8
F- NT=N.FT Balance of Angular Momentum ®
pQé—N2F+V0~q—p08:0 Balance of Energy.

The gradient and divergence operators are defined such that

. ov; 5. dv; 3. 98,
Vv=>" a—fei@)ej:vmei@ej; V-szafl,zvm; vV-S=>" 3 2 e =0ijjei. (9
ij=1 L = 9 ij=1 T



where v is a vector field, B.S is a second-order tensor field, and e; are the components of an orthonormal basis in
the current configuration. Also,
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VO VvV = T&E’L@Ej = Ui,jEi®Ej N V() V= 8XZ = Um’ 5 VO' S == E an El = Sij,j Ez (10)

i=1 ij=1

3,j=1
where v is a vector field, B.S is a second-order tensor field, and E; are the components of an orthonormal basis in

the reference configuration.
The contraction operation is defined as

3
A:B= ZAijBij:AijBij- (11)
i,j=1

2.2 The Clausius-Duhem Inequality

The Clausius-Duhem inequality can be used to express the second law of thermodynamics for elastic-plastic ma-
terials. This inequality is a statement concerning the irreversibility of natural processes, especially when energy
dissipation is involved.

Just like in the balance laws in the previous section, we assume that there is a flux of a quantity, a source of the
quantity, and an internal density of the quantity per unit mass. The quantity of interest in this case is the entropy.
Thus, we assume that there is an entropy flux, an entropy source, and an internal entropy density per unit mass (1)
in the region of interest.

Let 2 be such a region and let 02 be its boundary. Then the second law of thermodynamics states that the rate
of increase of 7 in this region is greater than or equal to the sum of that supplied to €2 (as a flux or from internal
sources) and the change of the internal entropy density due to material flowing in and out of the region.

Let 02 move with a velocity u,, and let particles inside 2 have velocities v. Let n be the unit outward normal
to the surface 0€2. Let p be the density of matter in the region, g be the entropy flux at the surface, and r be the
entropy source per unit mass. Then (see [1, 2]), the entropy inequality may be written as

d
(/pndV) 2/ pn(un—v-n)dA—i—/ q_dA—i-/prdV. (12)
dt \ Ja o0 o0 Q

The scalar entropy flux can be related to the vector flux at the surface by the relation § = —(x) - n. Under the
assumption of incrementally isothermal conditions (see [3] for a detailed discussion of the assumptions involved),

we have
q(x) 5
X)=—; =
b= T2 1=
where q is the heat flux vector, s is a energy source per unit mass, and 7' is the absolute temperature of a material
point at x at time ¢.

We then have the Clausius-Duhem inequality in integral form:

d(/ dV>>/ ( ) dA / q'ndA+/p5dv (13)
— PN > pn(up—v-n)dA— [ —(—— —dVv.
dt \ Jo P " oo T oT
We can show that (see Appendix) the entropy inequality may be written in differential form as
. q ps
>-V-|= —. 14
pn= <T> T (14)

In terms of the Cauchy stress and the internal energy, the Clausius-Duhem inequality may be written as (see
Appendix)

-vT
p(é—Tﬁ)—U:va—q :

15)




2.3 Constitutive Relations

A set of constitutive equations is required to close to system of balance laws. For large deformation plasticity, we
have to define appropriate kinematic quantities and stress measures so that constitutive relations between them may

have a physical meaning.

Let the fundamental kinematic quantity be the deformation gradient (F') which is given by

F=_—_

=Viox;

det FF > 0.

A thermoelastic material is one in which the internal energy (e) is a function only of F' and the specific entropy (1),

that is

For a thermoelastic material, we can show that the entropy inequality can be written as (see Appendix)

e =

e(F,n) .

de _ 9
p <8T> 77+<p
n

e

OF

a'-F_T>

. q-VT

F4+ —<0.

T

At this stage, we make the following constitutive assumptions:

1. Like the internal energy, we assume that o and " are also functions only of F" and 7, i.e.,

oc=oc(F,n); T=T(F,n).

(16)

2. The heat flux q satisfies the thermal conductivity inequality and if q is independent of 7 and F, we have
—(k-VT)-VT <0 =

q-VI' <0

—

i.e., the thermal conductivity k is positive semidefinite.

Therefore, the entropy inequality may be written as

€
oOF

—O"F_T>:FSO.

)i+ (g

Since 7 and F are arbitrary, the entropy inequality will be satisfied if and only if

oe _
P an
oe oe
A, T— =
on 0= on
Therefore,
oe
T=—
on

oe

Pam—0-

and

OF

FT=0 =

7= oF

a7

Given the above relations, the energy equation may expressed in terms of the specific entropy as (see Appendix)

o Effect of a rigid body rotation of the internal energy:

pTn=-V.-q+ps.

(18)

If a thermoelastic body is subjected to a rigid body rotation Q, then its internal energy should not change. After a rotation, the new deformation

gradient (F)is given by

Since the internal energy does not change, we must have

F=Q F.

€=5(F777) =e&(F,n).

Now, from the polar decomposition theorem, F' = R - U where R is the orthogonal rotation tensor (i.e., R- RT = RT - R = 1) and U is the

symmetric right stretch tensor. Therefore,

Therefore,

e@Q-R-U,n)=e(F,n).
Now, we can choose any rotation Q. In particular, if we choose Q = RT, we have

eRT R-Umn)=e(1-Un =¢&U,n).

é(U7 77) = E(Fv 77) .

This means that the internal energy depends only on the stretch U and not on the orientation of the body.



2.3.1 Other strain and stress measures

The internal energy depends on F' only through the stretch U. A strain measure that reflects this fact and also
vanishes in the reference configuration is the Green strain

1 1
E:i(FT-F—I)ZE(U2—1). (19)
Recall that the Cauchy stress is given by
oe
—p— . .F7T
7=PoF

We can show that the Cauchy stress can be expressed in terms of the Green strain as (see Appendix)

a:pp.%.ﬂ. (20)

Recall that the nominal stress tensor is defined as
N =detF (o -FT).

From the conservation of mass, we have pg = p det F'. Hence,

N="g.FT, (21)
P

The nominal stress is unsymmetric. We can define a symmetric stress measure with respect to the reference con-
figuration call the second Piola-Kirchhoff stress tensor (.S):

S—F ' N=pP.FT-2p1.6.FT, 22)
P
In terms of the derivatives of the internal energy, we have
L0 -1 aé T _T 8é
S="fFl. (pF = .FT). pT=, ==
» <” OF > " oE
and
Po 0e _r _r Oe
N =— F.-— . F' |- F'=pF —.
p (p OFE ) po OFE
That is,
oe oe
=p0 == N=p F-—|. 2
S = po 9E and Y (23)

2.3.2 Stress Power

The stress power per unit volume is given by o : Vv. In terms of the stress measures in the reference configuration,
we have
o vv=(pF. 25 BT C(F-F71
: =1{p 9B : .

Using the identity A : (B - C) = (A - C7) : B, we have

a:Vv—[(pF-gg-FT>-FT] L F = (F-ae>:1~'"—pN:F.
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We can alternatively express the stress power in terms of S and E. Taking the material time derivative of E we
have

. 1 . .
E:§(FT-F+FT-F).

Therefore,

S:E:%[S:(FT-F)JrS:(FT-F)].

Using the identities A : (B-C) = (A-CT): B=(BT-A):Cand A: B = AT : BT and using the symmetry
of S, we have

S:E:%[(S-FT):FT+(F-S):F]:%[(F-ST):F+(F-S):F]:(F-S):F.

Now, S = F~!. N. Therefore, S : E=N:F. Hence, the stress power can be expressed as

0. Vv=N:F=5:E. 24)

If we split the velocity gradient into symmetric and skew parts using
Vv=Il=d+w
where d is the rate of deformation tensor and w is the spin tensor, we have
oc:Vv=0:d+to:w=tr(c’ -d)+tr(oc! -w)=tr(oc-d)+tr(c-w) .

Since o is symmetric and w is skew, we have tr (o - w) = 0. Therefore, o : Vv = tr (o - d). Hence, we may also
express the stress power as

tr(a-d):tr(NT-F):tr(S-E> . (25)

2.3.3 Helmholtz and Gibbs free energy

Recall that .
€
S =p)—.
£0 OE
Therefore,
oe _ 1
OE  po
Also recall that
o _
on -

Now, the internal energy e = é(E, 1) is a function only of the Green strain and the specific entropy. Let us assume,
that the above relations can be uniquely inverted locally at a material point so that we have

E=E(S,T) and n=4i(S,T).

Then the specific internal energy, the specific entropy, and the stress can also be expressed as functions of .S and
T,orEandT,i.e.,

e=e(Bn) =S, T) =B, T); n=i(S.T)=i(E,T); and §=S(ET)
We can show that (see Appendix)

ﬁ(e—T)——T‘ +iS-E o W g +iS~E (26)
dt PETET 7 a — T 7



and

—(e—-Tn——8S:E)=-Tn——S:FE or —=Tn+—S:FE. 27
dt( T ) T dt ™ )
We define the Helmholtz free energy as

p=P(E,T)=e—-T1. (28)
We define the Gibbs free energy as

g:g(S,T)I

1
—e+Tn+—S:FE. (29)
P0

The functions ¢)(E, T') and §(S, T') are unique. Using these definitions it can be showed that (see Appendix)
oy 1

. o o5 1 - o5
—=—8SFET); —=-—qET);, ===—FES,T); —==7(S,T 30
and . _
0S8 on OF on
2 -y 2L d = py —L~ . 31
or ~ MeE M o ~™as ©h
2.3.4 Specific Heats
The specific heat at constant strain (or constant volume) is defined as
0¢(E,T)
= 32
Cy o7 (32)
The specific heat at constant stress (or constant pressure) is defined as
0¢(S,T)
= 33
We can show that (see Appendix)
G 8¢
=T —=-T — 4
Co oT oT? 34
and ~ , ,
on 1 OFE 0°9 0°9
Co=T —+—8S:—=T ——=+85: ——. 35
r=Yort o iar ~ a2 U7 9sor 35)
Also the equation for the balance of energy can be expressed in terms of the specific heats as (see Appendix)
pC’UT:V-(f@-VT)+ps+£TBS:E
Po
, (36)
p (Cp—SzaE) T:V'(K,'VT)—I—,OS—ﬁTaE:S
Po Po
where

08 OE
BS = aiT and o = 87T . (37)

The quantity B is called the coefficient of thermal stress and the quantity ag is called the coefficient of thermal
expansion.



The difference between C), and C,, can be expressed as

1 S\ OE
Cp—Co=—|S-T = |:5=- 38
P v Po oT oT ( )
However, it is more common to express the above relation in terms of the elastic modulus tensor as (see Appendix

for proof)

1 T
Cp—Cy=—8:ap+—ap:C:agp 39)
Po Po
where the fourth-order tensor of elastic moduli is defined as
08 0%
oE " 0E0E 40

For isotropic materials with a constant coefficient of thermal expansion that follow the St. Venant-Kirchhoff mate-
rial model, we can show that (see Appendix)

1
C,—-C :p—[atr(S)—i—QazKT] .
0

3 Appendix

1. The integral

is a function of the parameter ¢. Show that the derivative of F' is given by

b(t) b(t) z .
dF:i(/ f<z,t>dx> = [0 st sivo, 0 20— rlagey,n 2580

dt a(t) a(t) ot

This relation is also known as the Leibniz rule.

The following proof is taken from [4].

We have,
dF . Ft+ At) - F(t)
— = lim —mM8M——.
dt At—0 At
Now,
Ft+At)—F@t) 1 '/b(t+At) b(t)
_— = — flx, t+ At dx—/ f(x,t) dx
At At | Ja(t+at) ( ) a(t) (1)
1 [ rb+Ab b
= — / f(z,t + At) dx—/ flz,t) dX:|
At a+Aa a
1T at+Aa b+Ab b
=% —/ f(z,t—i—At)dx—l—/ f(a:,t—i—At)dx—/ f(m,t)dx:|
1 - a+Aa b b+Ab b
=% —/ f(z,t—f—At)dx—l—/ f(r,t+At)dx+/ f(z,t—i—At)dx—/ f(m,t)dx]

b ,t+At _ ,t 1 b+Ab a+Aa
:/a G Ai G )dx—&—E/b f(z,t + At) dx——/ flz,t+ At) dx

Since f(z,t) is essentially constant over the infinitesimal intervals a < z < a + Aa and b < z < b + Ab, we may write

F(t+At) = F(t) _ (b f(z,t + At) — f(z,1) Ab Aa
A ~/ A dx+ f(byt + At) = = fla,t + A1) .

Taking the limit as At — 0, we get

F(t + At) —
At

i TN el BT ¢4 Ap 2O
X+A;§O Flbo,t+ )Kt_A;IEO fla,t+ )Xt

[/ fact—‘rAt f(z,t)

At—0

or,

ax + flb(e), g 228 dalt) 0

. 2 fla(®)4

dr(t) _ [*® 8f(:13 t)
dt _/a




2. Let Q(t) be a region in Euclidean space with boundary 9Q(t). Let x(¢) be the positions of points in the region and let v(x, ¢) be the
velocity field in the region. Let n(x, t) be the outward unit normal to the boundary. Let f(x, ¢) be a vector field in the region (it may also

be a scalar field). Show that
d of
4 / £dv =/ —dV+/ (v-n)f dA.
dt \ Jar) Q(t) Ot a0(t)

This relation is also known as the Reynold’s Transport Theorem and is a generalization of the Leibniz rule.
This proof is taken from [5] (also see [6]).

Let Q¢ be reference configuration of the region 2(¢). Let the motion and the deformation gradient be given by
x=p(X,t); F(X,t)=Voep.

Let J(X,t) = det[F(x, t)]. Then, integrals in the current and the reference configurations are related by

/ f(x,t)dV:/ flo(X,1),t] J(X,t)dV = [ (X, t) J(X,t)dV.
Q(t) Qo Qo

The time derivative of an integral over a volume is defined as

1
4 / £(x,8)dV | = lim — / f(x,t—i—At)dV—/ £(x,£)dV | .
dt Q(t) At—=0 At \ Ja@tar Q(t)

Converting into integrals over the reference configuration, we get

d o )
(/Qm f(x, 1) dV) = lim 7(/90 £(X,t+ At) J(X,t + At) dv_/QD £(X,1) J(X,1) dV) .

E At—0 At

Since €2 is independent of time, we have

4 f(x, 1) dV | = L B A0 (Xt A0 — EX 0 IX, 0]
dt /n(t) Gt 7/90 AtS0 ~

= Jq %[?(Xﬂf) J(X,t)] dV

- /no (%[?(x,m J(X, 1) + (X, 1) %[J(X,t)}) av

Now, the time derivative of det F' is given by (see [6], p. 77)

8J(X,t)
ot

i (o) = [
“J,,(

_ /Q(t> (166, 0) +£66,0) V- v(x,0)) av

= %(det F)=(det F)(V -v) =J(X,t) V-v(pX,t),t) = J(X,t) V- -v(x,t).

Therefore,

(X, 0)] J(X,t) + £(X, 1) J(X, 1) V - v(x, t)) av

gl o

(X, )] + (X, 1) V- v(x, t)) J(X,t) dV

where f is the material time derivative of f. Now, the material derivative is given by

Of(x, )

f(x,t) = ot

+ [VE(x,t)] - v(x,t) .

Therefore,

dt ot

i / fdv :/ (§+Vf-v+fv-v) dv.
dt Q(t) Q(t) ot

V- (vw)=v(V-w)+Vv-w

d = af(x,t) X - V(X X - V(X
— (/Q(t)f(x,t)dV> 7/9(0( + [VE(x,1)] - v(x,t) + f(x,t) V - v( ,t)) dv

or,

Using the identity



we then have

d of
— fdv | = + V- (f dv.
dt (/Q(t) > /Q(t) <3t ( ®V))

Using the divergence theorem and the identity (a ® b) - n = (b - n)a we have

f f
4 / fdv :/ 8—dV+/ (f®v)~ndV:/ gdv+/ (v-n)fdv.
dt \ Ja) Q(t) ot aQ(t) a(t) ot 29(t)

. Show that the balance of mass can be expressed as:

p+pV-v=0

where p(x,t) is the current mass density, p is the material time derivative of p, and v(x,t) is the velocity of physical particles in the
body 2 bounded by the surface 092.

Recall that the general equation for the balance of a physical quantity f(x,t) is given by

G L] = [ foxotunten - ven nojoas [ oot [ noe.

dt

To derive the equation for the balance of mass, we assume that the physical quantity of interest is the mass density p(x,t). Since mass is neither
created or destroyed, the surface and interior sources are zero, i.e., g(x,t) = h(x, t) = 0. Therefore, we have

d

G LLoe0av] = [ pexfuntx0 - v o) nix o] .

Let us assume that the volume €2 is a control volume (i.e., it does not change with time). Then the surface 92 has a zero velocity (u, = 0) and we
get
9p /
dv v-n)dA.
o ot o’ (v-n)

/V~vdV:/ v-ndA
Q o

dev_ /V (pv)

Using the divergence theorem
we get

or,

/ [%-‘FV (pv):| dv=0.

Since €2 is arbitrary, we must have

ap
Piv. (pv)=0.

ot
Using the identity
V- (pv)=¢pV-v4+Vp- v
we have 8
o
— +pV-v4+Vp-v=0.
ot 14 p-
Now, the material time derivative of p is defined as
Op
p=—+Vp-v.
g + Vp-

Therefore,

p+pV-v=0.
. Show that the balance of linear momentum can be expressed as:
pv—V.oc—pb=0

where p(x, t) is the mass density, v(x, t) is the velocity, o(x, t) is the Cauchy stress, and p b is the body force density.

Recall the general equation for the balance of a physical quantity

G rmoa] = [ oot —ven nojas+ [ gnant [ neoav.

dt

10



In this case the physical quantity of interest is the momentum density, i.e., f(x,t) = p(x,t) v(x,t). The source of momentum flux at the surface
is the surface traction, i.e., g(x,t) = t. The source of momentum inside the body is the body force, i.e., h(x,t) = p(x,t) b(x,t). Therefore, we

have J
—[/pvdV] :/ pVun —v-n]dA + tdA+/pde.
dt |Jao le] 29 Q

The surface tractions are related to the Cauchy stress by
t=0-n.

Therefore,

d
—[/pvdV:|:/ pv[un —v-n]dA + a'~ndA+/pde.
dt lJa o0 o0 Q

Let us assume that €2 is an arbitrary fixed control volume. Then,

0
/—(pv)dV:—/ pv (v-n)dA+ a'~ndA+/pde.
o Ot El9) oQ Q
Now, from the definition of the tensor product we have (for all vectors a)
(u®v)-a=(a-v)u.

Therefore,
7]
/—(pv)dV:—/ p (VR V) ndA+ a~ndA+/pde.
Q o0 o0 Q

ot
/V~vdV:/ v-ndA
Q o

/Q%(pv)dv:_/Qv.[p(v®v)]dv+/9v-adv+/ﬂpbdv

Using the divergence theorem

we have

or,

/Q {%(pv)‘i’v-[(pv)®v]7v.0_7pbi| R

Since €2 is arbitrary, we have

d
7PV +V ((pv)®V] -V .o -pb=0.

Using the identity
V- (u®v)=(V-v)u+(Vu)- v

we get

dp ov

—v+p—+(V-v)(pv)+V(pVv) - v—-V.-0c—pb=0
ot ot
or,

7] 7]

{a—i—i—pv-v}v—i—pa—;’—l—V(pv)-v—Vw:r—pb:O

Using the identity
Vipv)=¢Vv+v® (V)

we get

p) P
{Ff+pv-v}v+paf:+[va+v®(Vp)}-va-a'fpb:(]

From the definition

(u®v)-a=(a-v)u

we have
V@ (Vo) v =[v: (Vo)v.
Hence,
[%+pV~V]v+p%+va-v+[v~(Vp)]v—V~a'—pb:O
or,

{%+Vp-v+pv'vi|v+P%+PVv'V_V'U_pb:0'

The material time derivative of p is defined as
Op
)= —+Vp-v.
h= 5 p
Therefore,

o
[erpV-v}erpa—:+va-v7V-o'fpb:O.

11



From the balance of mass, we have

p+pV-v=0.

Therefore,

o

p—v+va-v—V~a'—pb:0.

ot

The material time derivative of v is defined as 8
v = A +Vv-v.
ot

Hence,

pv—V.o—pb=0.

. Show that the balance of angular momentum can be expressed as:
o =0

We assume that there are no surface couples on 052 or body couples in €2. Recall the general balance equation

Gl rmoa] = [ reoluen - ven neojaas [ gnant [ nexoev.

In this case, the physical quantity to be conserved the angular momentum density, i.e., f = x X (p v). The angular momentum source at the surface
is then g = x X t and the angular momentum source inside the body is h = x X (p b). The angular momentum and moments are calculated with
respect to a fixed origin. Hence we have

%{/ﬂxx(ﬂv)dV} =/m[x><(pv)][un—v-n]dA+/mxxtdA+/Qxx(pb)dv,

Assuming that €2 is a control volume, we have

/Qxx [%(pv)} dV:—/Em[xx (pv)][v-n]dA—i—/GQXXtdA—I—/ﬂxx(pb)dV.

Using the definition of a tensor product we can write
b X (pv)Iv-n] =[x X (pv)] @ V] -n.
Also, t = o - n. Therefore we have
0
/xx —(pv) dV:f/ [[x % (pv)}@v]-ndAJr/ x X (a'-n)dAJr/ x X (pb)dV.
Q ot a0 N Q

Using the divergence theorem, we get

/Qxx {%(pv)] dV:—/QV~[[x><(pv)]®v}dV+/BQX><(a'~n)dA+/Qx><(pb)dV.

To convert the surface integral in the above equation into a volume integral, it is convenient to use index notation. Thus,

[/ XX(O"n)dAj| :/ eijkxjoklnldA:/ Ay ngdA = A -ndA
oQ i o0 o0 o0

where [ ]; represents the i-th component of the vector. Using the divergence theorem

A, d
A~ndA:/V~AdV:/ ”dv:/—(eijkxjakl)dv.
19 Q o Oz o Ox;

Differentiating,

Jdo Jdo
A~ndA:/ |:3ijk (Sjl Okl + €55k X5 7“:| dV:/ |:3ijk Okj + €ijk Tj 7“:| dV:/ [eijk Okj + €ijk X5 [V-O’]l} dv.
EY) Q Oz Q Oz Q

Expressed in direct tensor notation,

anA~ndA:/S2 [[S:UT]i—l—[xX(V-O')]i] av

where £ is the third-order permutation tensor. Therefore,

[/@Qx X (o-n) dAL == /Q [[5 co T+ [x x (V-g)}i] av

12



or,

/Bﬂxx(o'-n)dAzz/Q[5:0T+XX(V-0')] dav.

The balance of angular momentum can then be written as

/Qxx {%(pv)} dV:—/QV~[[x><(pv)]®v]dV+/ﬂ[5:0'T+XX(V~0')] dV—i—/ﬂxX(pb)dV.

Since €2 is an arbitrary volume, we have

X X [%(pv)} =V [xx(pV]QvI+&:eT +xx (V- -0)+xx (pb)

or,

x X [%@v)—v.a—pb =V [xx(pv)]®VI+E: 0T

Using the identity,
V- (u®v)=(V-v)u+(Vu)- v

we get
V- [x X (pv)] ®V] = (V- V)[x X (p0v)] + (VI X (pv)]) - v.

The second term on the right can be further simplified using index notation as follows.

3]
——(peijk = vi) v

(Ve x (pv)]) v, = (Vo (e x ¥)]) V], = 5

Bp 8acj avk
€ijk Bimlxj Vg U +P87xlvk v+ pxj aT:lvl

dp ov
= (eijk ©j V) (6711 Uz) + p (e4jk 051 vi V1) + €ijk 5 (P 873312 Uz)
=[xXVv)(Vp-v)+pvXv+xX(pVv-v)];
=[(xXVv)(Vp-v)+x X (pVVv-Vv)];.

Therefore we can write
V- [xX(pv)]Qvl=>pV -v)(xX v)+(Vp-v)(xXVv)+xX(pVVv- V).

The balance of angular momentum then takes the form

X X {%(pv)—qu—pb} =—(pV-V)xX V)= (Vp-V)(xXV)—x X (pVv-v)+E:0T

or,

X X [%(pv)+va~v—V~o’—pb} =—(pV-V)(xX V)= (Vp-v)(xxVv)+E:0T

or,

x X [paa—‘t,+%v+va~v—V-a—pb:| =—(pV-V)(xX V)= (Vp-v)(xXV)+E:0T

The material time derivative of v is defined as

Therefore,

0
xX[pv—V.-0—-pbl=—-xX a—fv—&——(pv-v)(xx V)= (Vp-v)(xXxv)+E:aT.
Also, from the conservation of linear momentum
pv—V-oc—pb=0.

Hence,
9]
0=xX a—i)er(pV-v)(xx V) + (Vp-v)xxv)—E:oT

= (%+pV~v+Vp~v) (xxv)—E:07.

The material time derivative of p is defined as
op
b= —+Vp-v.
P ot p
Hence,
(p+pV -V)(xxv)—E:07 =0.

13



From the balance of mass
Therefore,

In index notation,
eijk Ukj =0.

Expanding out, we get
o12 —021 =03 023 —032=0; 031 —013=0.

Hence,

. Show that the balance of energy can be expressed as:
pe—o:(Vv)+V.-q—ps=0

where p(x, t) is the mass density, e(x, t) is the internal energy per unit mass, o (x, t) is the Cauchy stress, v(x, t) is the particle velocity,
q is the heat flux vector, and s is the rate at which energy is generated by sources inside the volume (per unit mass).

Recall the general balance equation

G rmoa] = [ ool n - ven neojas+ [ gnant [ nexoav.

In this case, the physical quantity to be conserved the total energy density which is the sum of the internal energy density and the kinetic energy
density, i.e., f = pe+ 1/2 p |v - v|. The energy source at the surface is a sum of the rate of work done by the applied tractions and the rate of heat
leaving the volume (per unit area), i.e, g = v - t — q - n where n is the outward unit normal to the surface. The energy source inside the body is the
sum of the rate of work done by the body forces and the rate of energy generated by internal sources, i.e., h = v - (pb) + p s.

Hence we have

%{/QP (6+%V'V> dV] :/anp <e+%V'V) (un*V-n)dA+/69(v-tfq-n)dAJr/Qp(v-bJrs)dV.

Let ©2 be a control volume that does not change with time. Then we get

/Q% {p <e+%v.v):| dV:—/89P (e—i—%v.v) (v.n)dA+/m(v.t_q.n)dA+/52p(v,b+s)dV.

Using the relation t = o - n, the identity v - (o - n) = (6 - v) - n, and invoking the symmetry of the stress tensor, we get

LAl (i)l =L (oo e anins v

‘We now apply the divergence theorem to the surface integrals to get

/Q%{P (e+%v-v)} dV:—/QV-[p (e-o-%v.v)v} dA+/QV'(‘7'V)dA—/QV'qu-F/g;p(V~b+s)dV.

Since €2 is arbitrary, we have

%[ﬁ (6+%V~V>} =-V- [,0 (e-&-%v-v)v} +V-(6:v)=V-q+p(v-b+s).

Expanding out the left hand side, we have

2o oo (3o (2 )
— e+-v-v]|==—(et=v-v — 4+ = —(v-v
ot |° 2 ot 2 P\ot T2 o

—% e+lvv + %4— a—vv
T oot 2 Poac PtV

For the first term on the right hand side, we use the identity V - (¢ v) = ¢ V - v + V¢ - v to get

1 1 1
V-{p (e+5v-v)v}: (e+5v-v)V-v+V{p <e+5v-v)}-v

1 1 1

:p(e+5v v)V-v+(e+5V-v)Vp~v+pV<e+§v~v>-v
1 1 1

:p(e+§v~v)V-v+(e+§v-v)Vp~v+pVe~v+5pV(v~v)~v
1 1 r

=p e+5v v| V.v+ e+§v-v Vp-v+pVe-v+p (Vv -v) v
1 1

:p(e+§v v)V-v+(e—l—gv-v)Vp-v+pVe-v+p(VVvv)~v.



For the second term on the right we use the identity V - (ST - v) = § : Vv 4 (V - S) - v and the symmetry of the Cauchy stress tensor to get
V-(6-v)=0:Vv+(V.0)-v.
After collecting terms and rearranging, we get

Je

1
(@—i-pv-v—f—va) <e+5v~v>+(pa—v+pVV'v—V~a—pb)~v+p (8t

ot 5 +Ve-v)+—a:Vv+V-q—ps:O.

Applying the balance of mass to the first term and the balance of linear momentum to the second term, and using the material time derivative of the
internal energy

é:a-l-Ve-v

we get the final form of the balance of energy:

’pé—a-:Vv—&—V-q—ps:O.‘

. Show that the Clausius-Duhem inequality in integral form:

d / q-n ps
— pndV)Z/ pn(up —v-n)dA— —dA—i—/—dV.
dt ( Q o0 (tn ) o T T
can be written in differential form as
pi>-v. (2] 422
> T T

Assume that €2 is an arbitrary fixed control volume. Then u,, = 0 and the derivative can be take inside the integral to give

0 q-n ps
—(pn def/. pn(v-n dAf/ ——dA + —dVv.
Qat( ) o0 (v-m) oo T oT

Using the divergence theorem, we get

1o} ps
— dv > — . dv — . dv —dV.
[ Gemavz— [ v-rvav- [ v <T> [ 2

e}

Since €2 is arbitrary, we must have

ot T T
Expanding out
% 02> (o) v —pn (Vo) - (D) 22
ot ot = K T T
or,
Op on q ps
i > nVp-v—pVn-v-— V-v)-V. =]+
1P g 2 Ve v p VY pn(V-v) (T>+T
or,

op on q ps
LT v v - - >_v. | = iy
( t+ p-v+p v>n+p( t+ n V) < >+

Now, the material time derivatives of p and 7 are given by

. Op . On
= iVov: =L +Vn-v.
p=o, v Ve Vi = Vv

Therefore,

) , q ps
V- >V =|+22.
(p+pV -v)n+pn=> <T>+T

From the conservation of mass p 4+ p V - v = 0. Hence,
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oo

. Show that the Clausius-Duhem inequality

can be expressed in terms of the internal energy as

-VT
p(é—T’i])—a:va—q .

Using the identity V - (¢ v) = ¢ V - v + v - Vy in the Clausius-Duhem inequality, we get

R - A L . 1V v 1 L P8
pn = T T o pnz-57V-a-q T T

Now, using index notation with respect to a Cartesian basis e,

1 0 or 1
v =— (T ej=—(T72%) =—ej=——-VT.
<T> O ( ) € ( ) Oz € T2
Hence,
. 1 1 ps . 1 1
pn2—5Voatmq VI+ - or an—;(V-q—psHﬁq-VT-
Recall the balance of energy
pée—oc:Vv+V.q—ps=0 = pe—oc:Vv=—(V-q—ps).

Therefore,
1

T

q-VT

1
pn > (péfa:Vv)Jrﬁq-VT — pnT >pé—0o:Vv+ T

Rearranging,

q-VT

pé—=Tn) —0oc:Vv<—

. For thermoelastic materials, the internal energy is a function only of the deformation gradient and the temperature, i.e., e = e(F,T).
Show that, for thermoelastic materials, the Clausius-Duhem inequality

-VT
p(é—Tﬁ)—a’:VvS—q
can be expressed as
0 0 vT
(—efT) n+(p—€fo' F*T) F<—(1
on OF T
Since e = e(F,T), we have
. Oe ~+ae
é= : —
oF an "
Therefore,
de . Oe q-V7T Oe de . q-VT
— F+ —n—-Tn) - Vv < — — =T 7 —:F—-0:Vv< — .
P (8F +8 n 77) o v or (877 )n—i-paF o v <

Hence,

or,
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. Show that, for thermoelastic materials, the balance of energy
pe—oc:Vv+V.q—ps=0.
can be expressed as
pTn=-V.-q+ps.
Since e = e(F,T), we have
. Oe . Oe .
é=—:F+4+ —n.
oF on

Plug into energy equation to get

de . Oe
— F —n—0o:V V-q-— =0.
P oF +pann c:Vv+V.q—ps
Recall,
de Ode
L7 d — =c.-FT.
an )
Hence,

(6 - F 1Y F4pTHn—0:Vv+V.q—ps=0.
Now, Vv =1 = F - F~1. Therefore, using the identity A : (B - C) = (A - CT) : B, we have
c:Vv=0c:(F-F )= -FT).F.

Plugging into the energy equation, we have
o:Vv+pTnNn—0c:Vv4+V.q—ps=0

or,

pTn=-V-q+ps.

. Show that, for thermoelastic materials, the Cauchy stress can be expressed in terms of the Green strain as

0
a:pF~£'FT.

Recall that the Cauchy stress is given by

Oe T Oe 1 Oe
TP SR 75 =P e kTP R,

ij .

The Green strain E = E(F) = E(U) and e = e(F,n) = e(U,n). Hence, using the chain rule,

Oe de OE de de OEp,

—_——— . — —_— = .
OF OE OF OF;,  OEy, OFy

Now,

1 1 1
E:i(FT-Ffl) = Elm:E(FlTp Fpmfalm):i(ppl Fom — 8im) -

Taking the derivative with respect to F', we get

OE 1 (oFT OF OF 1 / OF, OFpm
_ ( -F+FT~7) — lm:§( plem+Fpl P )

OF 2\ OF OF OF,;, OF,;, OF;;,
Therefore,
1 de (OFT o OF T 1 de [ OFy OFpm
=—pl=—=:|——= F+F'.— )| F = == Fpm + F Fji .
M [8E <8F + ap)} 7= 5P [aElm (aFHc R T )} ik

Recall,

0A OA;; AT 0A;;

_— = Y= 6ik 5jl and —_— = = 5jk (51'1 .

0A 0Ag; 0A 0Ak
Therefore,

1 Oe 1 Ode
Tij =5 P [m (8ps S1k Fpm + Fpi s 6mk)] Fjp = 3P {m (01 Fim + Fy 6mk):| Fy

or,

1 Oe Oe 1 oe\T Oe T
= | =2 B+ 2 | Fy - |F- (2 F.- 2| F
i 2p[aEkm * 96, } ko=@ 2”[ (aE) + 8E}

17



12.

or,

1 9e\T Ode
—ZpF. | =
7TTr {(w) *

From the symmetry of the Cauchy stress, we have

c=(F-A)-FT ad oT=F.-(F-AT=F.AT. . F7T
Therefore,
de [ Oe T
OE ~ \OE
and we get
7]
o=pF- e FT .
OFE
For thermoelastic materials, the specific internal energy is given by
e=¢e(E,n)

where E is the Green strain and 7 is the specific entropy. Show that

. 1 .
i(e—Tn):—Tn—l——S:E and

dt £0 dt

po

where py is the initial density, 7" is the absolute temperature, S is the 2nd Piola-Kirchhoff stress, and a dot over a quantity indicates the

material time derivative.

Taking the material time derivative of the specific internal energy, we get

| .fFT.
OF

and c=0T — A=AT.

d 1 . 1 .
—(e—-Tn——S:E)y=-Tn——S8:E

po

oe . = 0Oe
e=C B+,
oE on
Now, for thermoelastic materials,
*§ and S = E
= o TPBE
Therefore,
1 . 1 .
e=—S:E+Tn. = e—Tn=—S:E.
PO PO
Now,
d(T Yy=Tn+Tr
dt n)=4n n-
Therefore,
. d . 1 . d . 1 .
ée——Tn)+Tn=—8:E = —(e—-Tn=-Tn+—8S:E.
dt P0 dt PO
Also,
d 1 1 . 1 .
—|—S:E|=—S:E+—S:E.
dt \ po PO PO
Hence,
. d . d 1 1 . d 1 . 1 .
e——Tn)+Tn=—|—8S:E|-—S:FE = —|e-Tn——S:E|=-Tn—-—8:
dt dt \ po L0 dt £0 £0

o _ 1

- lsmm, W=
OE  po

ar

_ﬁ(Ev T) >

. For thermoelastic materials, show that the following relations hold:

Og

dg

1 -
77E(SvT)x -
oT

= (S, T
95 7o 7(S,T)

where ¢ (E, T) is the Helmholtz free energy and ¢(S, T') is the Gibbs free energy.

Also show that N
oS

_py O
Pan

T

9E _ 0n
or ~ 98-

and

18



Recall that
Y(E,T)=e—-Tn==e(E,n)—Tn.

and
1
9(8,T)=—-e+Tn+—S:E.
PO
(Note that we can choose any functional dependence that we like, because the quantities e, 7, E are the actual quantities and not any particular
functional relations).

The derivatives are

o e 1o W _
OE OE po ' T
and
9 105 o 1 99 _
S  podS T po or
Hence,
a1 . o . dg 1 - og
— =—8SET); —=-nET); —=—ES,T); —==18,T
8Epo()aT n()aspo()aTn()
From the above, we have .
O o 9 108
OTOE  OEST OE  pooT
and 5 ) B
o i 1
9 _ 99 . o _10E
oToS 080T oS po OT
Hence,
oS _ on . 0B 0n
or ~ " BE ar ™ a8
. For thermoelastic materials, show that the following relations hold:
Oe(E,T) 0 )
ar T ar aT?
and , 5
0&(S,T) on 1 ) 092§ 025
=T —+—8S:—=T—+ 8
oT oT + 00 orT oT? + o08oT
Recall, .
and
1 1 -
§(S,T)=g=—e+Tn+—8:E=—-&8,T)+T7H(S,T)+ —S: E(S,T).
PO PO
Therefore, .
0¢(E, T) 0oy on
_— = — E,T T —
o~ ar T1EDT o
and B
98(S,T) 85 on 1 oE
=—— ST)+T —+—8: —.
or ar TS D+T o+ S 5p
Also, recall that R N
. o on %y
ET) =—— L __ 7
BT ==55 = o~ arz
_ 93 o 0%
T) = =2 0 _ 77
WS =50 = o5~ o7z
and B )
- 0§ OFE 0%g
E(S,T)= — E —— = _
(8. 1) =r0 59 or ~ " aser
Hence,
0e(B,T) _ . 00 _ . 0%
aT T T2
and
~ 1 A T 2~ 2..
86(57T)7T@ 75:07E:T789+ : 9°g .
orT oT  po orT oT? 080T




15. For thermoelastic materials, show that the balance of energy equation

pTn=-V-q+ps
can be expressed as either

. a8
pCoT=V-(k- VT)+ps+fT—

E
oT
or
1 OFE . OF
Cp——S: T=V- vT)+ - — T —
P ( e aT> (k-VT)+ps o ar
where 0¢(E, T 0e(S, T
J_GABT) o GAS.T)
orT orT
If the independent variables are E and T, then
N . of o1
=n(E,T — =L E+_~LT.
n="0(E,T) =25 EBtar
On the other hand, if we consider S and T to be the independent variables
. . aﬁ 817
=7n(S,T = S+ —
n=1(S,T) =25 a7 L
Since A .
on 1095 on Cv 63 10E 07 1 x
OE podT 8T T 88 po OT ' or — T\ " po
we have, either
108 . Oy
H=—— 95 gy g
po OT T
or -
1 O0E . 1 1 OF .
)= S+ =|Cp——8:— | T.
e ( LA 8T>

The equation for balance of energy in terms of the specific entropy is

pTn=-V-q+ps.

Using the two forms of 7, we get two forms of the energy equation

oS .
P % EypC,T=-V-
oo L aT +p q+ps

and

OE . . p OF .
—T— S C,T——8S:—T=-V- .
oo OT +pCp 5 oT q+ps

From Fourier’s law of heat conduction

q=—-k-VT.
Therefore,
a8
PO By O, T =V (k- VT)+ps
po OT
and _
OFE . . P OFE .
L A CpoT——8:—T=V-(-VT .
oo o7 +pCp P (k )tps
Rearranging,
; 88 .
pCyT=V- (k- VT)+ps+—T— E
po OT
or,
1 OE \ . OE .
plCp——8:— | T=V- (k- VT)—i—ps——T— S.
PO or po OT

20

: S

0B

tor

)



16. For thermoelastic materials, show that the specific heats are related by the relation

00 oT T
Recall that
Oy = 0e(E,T) T on
oT oT
and ~ ~
Cp = 86(8‘?T) —p 9, pios ‘;—f
Therefore, _
- Co=1 pios:gi;_ l
Also recall that

n=n(E,T)=17(S,T).

Therefore, keeping S constant while differentiating, we have

o1 _0q OB o)

or 0B oT " or’
Noting that £ = E(S , T'), and plugging back into the equation for the difference between the two specific heats, we have

on OE 1 OF
Cfcv:T737 —S: —.
P OE 0T ' po  ~ OT

Recalling that
on 108

OE ~  po OT
we get

1 9S8\ OE
Cp—Co=—|S-TZ=):=.
P p0< 8T> orT

17. For thermoelastic materials, show that the specific heats can also be related by the equations

T po 0T ' po T

1 2 1 T
G0 - Ls 2B 0B (v 0By g 0B ToB (05 0B
0 oT oT OEOE 0T OE 0T

Recall that

o]
S=po oo = po FB(S,T),T).

Recall the chain rule which states that if

9(u,t) = fz(u,t),y(u, 1))

then, if we keep u fixed, the partial derivative of g with respect to ¢ is given by

dg _of ox  of oy
ot Oz ot By ot
In our case,
U:Sa t:T7 g(s’T):Sv x(S,T)zE(S',T), y(S»T):Tz and f:PO f
Hence, we have

Taking the derivative with respect to 7" keeping S constant, we have

0 1
dg 8 8f OE Of o
— = = po — . — 4+ =
oT T oE 0T oT T
or,
of OB _of
T 9E " oT  oT
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Now,

_ 9 of _ 9% g Of _ %

9E  oE omoE ™ ar ~ oTOE

Therefore,

OFE

9%y OE 0%y 0 (aw) OE 0 (aw)
OE )

T 9E0E ' oT ' 9TOE  OF ‘ot T ar
Again recall that,
0 1
i - _ 8
OE  po
Plugging into the above, we get
9% OE 108 19SS OE 1 0S8

= et = — 0 — + .
OEOE OT  po 0T po OE 9T = po OT
Therefore, we get the following relation for 9.5 /9T

os 9% OE __0S OE
or = " 9E0E 9T = OE  oT
Recall that
1 oS\ OE
Cp—Co=—(s5-T722).22.
P po( 6T> T

Plugging in the expressions for 9.5 /0T we get:

1 2 E\ 0E 1 E\ OE
Cp—C’U:—(S+Tp0 ¢ .9 )-8 = (S+T85-‘9 )-8

00 OEOE 8T ) 0T  po OE 0T ) 8T’
Therefore,
1 OF 0?2 OE\ OE 1 OE T ([0S OE\ OE
Cpfcv:—S:—JrT( v :—):—:—S:—Jr—(—:—):—.
00 aT OEOE 0T ) 0T ~ po oT ' po \OE 8T ) oT

Using the identity (A : B) : C = C : (A : B), we have

po AT ' po AT

1 OFE OE 0%y OE 1 OE T OE 0S OE
—Cy=—8:—+T : D — : —— | == —
G -C Sior (8E8E a:r) o (8E aT)

00 oT ar

. Consider an isotropic thermoelastic material that has a constant coefficient of thermal expansion and which follows the St-Venant
Kirchhoff model, i.e,
ap=al and C=X1Q®1+2ul

where « is the coefficient of thermal expansion and 3 A = 3 K — 2 u where K, p are the bulk and shear moduli, respectively.
Show that the specific heats related by the equation
1 2
Cp—Cy=—latr(S)+9a* K T] .
PO
Recall that,

1 T
Cp—Cy=—8S:ag+ —ag:C:agp.
) )

Plugging the expressions of ac; and C into the above equation, we have

Cp—Cv:iS:(OzI)—l—Z(al):(/\I®1+2/4|):(041)
po p0

a 2T
=—u(S)+ 1:(AN1Q®1+2pl):1
PO PO
a o2 T
=—u(S)+ 1:(Atwr(1) 1+2up1)
PO
a a?T
=—u(S)+ BAu(1)+2utr (1))
PO PO
o 32T
=—u(S)+ (BA+2u)
PO PO
atr(S) 9a2KT
= + .
PO PO

Therefore,

1 2
Cp—Cyp=—Jau(S)+9a” KT] .
PO
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