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Abstract

In this paper we formulate the initial-boundary value problems of accreting cylindrical and spherical
nonlinear elastic solids in a geometric framework. It is assumed that the body grows as a result of addition
of new (stress-free or pre-stressed) material on part of its boundary. We construct Riemannian material
manifolds for a growing body with metrics explicitly depending on the history of applied external loads
and deformation during accretion and the growth velocity. We numerically solve the governing equilibrium
equations in the case of neo-Hookean solids and compare the accretion and residual stresses with those
calculated using the linear mechanics of surface growth.
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1 Introduction

Mechanics of growing bodies has attracted many researchers in recent years partly because of the emerging
applications in biomechanics. Nonetheless, structures that are built by a process of accretion are common in
engineering, e.g. built up of a concrete dam in successive layers, metal solidification [Schwerdtfeger et al., 1998],
electrolytic deposition, layer-by-layer gluing of composites, wound rolls [Altmann, 1968; Yagoda, 1980], thermal
and laser-based 3D printing, etc. As examples of surface growth in Nature one can mention volcanic and
sedimentary rock formation, ice and snow cover build-up [Brown et al., 1972], formation of planetary objects
[Brown and Goodman, 1963], equilibrium shape configurations for rubble piles, the growth of biological tissues
[Skalak et al., 1997], etc.

In a growing body mass is no longer conserved and the body may be residually stressed. There are two
types of growth: bulk growth and surface growth (or accretion). In bulk growth, in the language of continuum
mechanics, material points are preserved; only the mass density and the natural (stress-free) configuration of
the body evolve. Because of its similarity with finite plasticity the idea of the decomposition of the deformation
gradient into elastic and growth parts was borrowed from plasticity (see [Sadik and Yavari, 2016a] for a historical
perspective). There are many theoretical and computational works in the literature of (bulk) growth mechanics,
see [Takamizawa and Matsuda, 1990; Takamizawa, 1991; Rodriguez et al., 1994; Epstein and Maugin, 2000;
Garikipati et al., 2004; Ben Amar and Goriely, 2005; Klarbring et al., 2007; Yavari, 2010; Sadik et al., 2016] and
references therein. In surface growth, instead, new material points are added to or removed from the boundary of
the body, meaning that the set of material points evolves in time. Moreover, the relaxed (natural) configuration
of the body explicitly depends not only on the surface growth characteristics (accretion flux, accretion velocity,
etc.), but also on the history of loading and deformation during surface growth. In the geometric language the
material manifold is time dependent and has a metric that depends on both the surface growth characteristics
and the loading and deformation during the accretion process. We should emphasize that the mechanics of
surface growth is much less developed compared to that of bulk growth perhaps because of its complexity.

The theoretical studies of the mechanics of surface growth go back to the 1940s and the work of Southwell
[1941] who analyzed thick-walled cylinders manufactured by wire winding of an initial elastic tube (see [Naumov,
1994] for a more detailed historical accounts of the mechanics of surface growth). Brown and Goodman [1963]
studied the problem of a growing planet subject to self-gravity. The analysis was carried out in the framework
of the linear theory of elasticity and the growing planet was treated as a hollow sphere made of an isotropic
elastic and compressible material. Their approach consisted in considering an incremental elastic problem at
each stage of surface growth in which the contribution of self-gravity was taken into account by replacing the
body force with a traction boundary condition representing the infinitesimal weight of the added layer. The
authors assumed that the infinitesimal contribution of stress, which can also be seen as the time rate of the
Cauchy stress &,! is compatible, and then they integrated it to obtain the total Cauchy stress as:

o(z,t) = /( )d'(x,s)ds +o(z,7(x)), (1.1)

1Note that here & is the rate of the Cauchy stress in an accretion process. Surface growth does not need to be parametrized by
time. However, if it is parametrized by time, then & is a time rate. One needs to be careful with time rates in nonlinear elasticity
as not every time rate is objective (frame-indifferent). Such issues do not arise in linear elasticity. In particular, linearizing any of
the objective rates of the Cauchy stress with respect to a stress-free configuration one simply obtains the partial derivative of the
Cauchy stress with respect to time.




where 7(x) is the time of addition of the particle occupying the position x (since they work in the setting of linear
elasticity it is possible to identify each particle with its spatial position). The second term is the stress tensor
on the accretion surface at the point x at its time of addition 7(z). In the case of an accreting planet resulting
from the addition of stress-free material, this term vanishes. They observed that stresses induced by surface
growth do not satisfy the Beltrami-Michell compatibility equations. This means that removing gravitational
forces the body would be residually stressed. In general, the final state of stress in an accreted body depends
on the way in which new material was added and the state of stress (and loading) during accretion.

Kadish et al. [2005] extended the work of Brown and Goodman [1963] to a rotating solid sphere. Their
approach consists of a decomposition of the stress tensor into a compatible time-dependent part and an incom-
patible time-independent part that represents the residual stresses that would remain if the external forces were
removed after completion of accretion. This is obtained by a time integration of the Cauchy stress rate & (that
is assumed to be compatible) leading to the following additive decomposition of the total stress:

o(z,t) = oz, t) + o°(2), (1.2)

where the first term is a time-dependent compatible stress field, and the second term is time independent
and represents that part of the residual stress that does not depend on the time of unloading. Since the time-
independent part does not satisfy the Beltrami-Michell compatibility equations, the problem is underdetermined.
However, all the unknowns can be calculated by imposing some additional boundary conditions on the accretion
surface that depend on the nature of the accretion process. For example, when the accreted material is stress-
free at the time of attachment, all the components of the stress tensor — and not just the traction vector — are
zero. They obtained a closed-form solution for this problem and used it to investigate the failure mechanisms
in accreted planets.

Solidification is another phenomenon in which surface growth is relevant. Schwerdtfeger et al. [1998] pre-
sented a linear model of solidification in a round continuous casting mold (assuming a state of generalized plane
strain with cylindrical symmetry) in order to calculate the residual stresses and investigate the formation of
an air gap between the solidified metal and the mold. They explicitly highlighted the fact that in bodies that
are subject to surface growth, e.g, solidifying bodies, there is no stress-free reference state for the body.? All
the equations were written in a rate form and the solution was integrated numerically using the known initial
conditions at the moment of solidification, following therefore a method that is basically analogous to the one
used by Brown and Goodman [1963].

Most of the existing works on surface growth that solve specific examples are restricted to small strains.
Metlov [1985] presented a finite deformation theory of viscoelastic aging solids subject to accretion and discussed
a couple of applications. The reason for considering aging and creep is that actual accretion processes usually
take a considerable amount of time and hence these phenomena become important. In his description each
particle is marked by a triplet (7*,v1,v?), where 7 is a time of attachment and (v!,v?) are coordinates on
the growth surface. Using convected coordinates, he constructed for each point a deformation gradient as a
composition of the prehistory of deformation and the deformation between the time of addition and the current
time. There are many other works on the mechanics of surface growth (some of which use a geometric framework)
by Russian researchers [Arutyunyan et al., 1990; Manzhirov, 1995; Lychev and Manzhirov, 2013a; Manzhirov,
2014; Lychev and Manzhirov, 2013a,b; Lychev, 2011]. Most of the recent works are formal. An exception is
the work of Drozdov [1998a,b] who considers three configurations for an accreting body: reference, natural,
and actual. These are local configurations with the natural configuration being stress free. His formulation is
motivated by the multiplicative decomposition of the deformation gradient into elastic and plastic parts in finite
plasticity. For nonlinear viscoelastic solids he models continuous accretion as a limit of discrete accretions and
solves a few interesting specific examples.

In the biomechanics literature, Skalak et al. [1997] discussed the kinematics of surface growth for biological
applications, e.g., growth of horns and seashells. They used the concept of generating cells, the material
points defining the accretion surface that generate new material along an arbitrary curve that is not necessarily
normal to the accretion surface. Ong and O’Reilly [2004] discussed surface growth in the context of rigid
body dynamics. They first formulated the kinematics of a deformable body undergoing surface growth using

2This is true, however, as we will show in this paper, one can find a stress-free reference configuration that is a Riemannian
manifold with a metric that depends on the accretion process. The material manifold, in general, is not flat and hence cannot be
realized in the Euclidean space. In other words, the material manifold is incompatible with the geometry of the Euclidean ambient
space.



convected coordinates, although with a restrictive global decomposition of motion into elastic deformation and
surface growth. Then they assumed that the body is rigid and obtained some modified kinematics and balance
laws for accreting rigid bodies. As an example, they solved the problem of a cylinder rolling on an inclined plane
while it is accumulating mass. Hodge and Papadopoulos [2010] proposed a theory of surface growth that they
considered to be a continuum theory. They freeze the motion of a body at a time 7 and postulate that going
from 7 to 7 4+ t, where t is a small enough time increment, motion can be globally decomposed into an elastic
deformation resulting in an intermediate configuration followed by a surface growth motion. In this theory they
have to worry about extensions of different fields into the accreted region. The main issue with this theory is
that it is, unfortunately, not a continuum theory; it is more or less an incremental theory with some questionable
postulates.

In bulk growth of a body, one is given a fixed set of material points. Bulk growth changes the local stress-
free configuration of the body at any point. This can be modeled by a Riemannian metric that depends on
the growth distribution [Yavari, 2010]. In surface growth the situation is different; here, the set of material
points is not fixed. In an accretion process, new material points may be added to or some existing material
points may be removed from the boundary of the body in its current configuration. In this paper, instead
of trying to formulate a general nonlinear theory of surface growth, we solve a few particular examples with
cylindrical and spherical symmetries in the setting of nonlinear elasticity. We believe that this will pave the
road for developing a general nonlinear theory of surface growth that we will discuss in a future communication.
We consider axisymmetric accretion of cylindrical and spherical bodies, i.e. we start from a cylinder or sphere
that at any instant of time is a cylinder or a sphere throughout the process of accretion. Our model problem
is a hollow cylinder or a hollow spherical ball that is under a time-dependent internal pressure. The loaded
body undergoes an accretion process in which stress-free (or pre-stressed) particles are continuously attached
to the body. Unloading the accreted body at any instant of time the body is residually stressed, in general.
In this paper, we are interested in deriving the governing equations of a nonlinear elastic body going through
this special type of surface growth. In our geometric framework, material manifold is time-dependent and has a
Riemannian metric that depends on the surface growth characteristics and the loading and deformation history
during accretion.

This paper is organized as follows. In §2, we tersely review some elements of Riemannian geometry and the
geometric theory of anelasticity and discuss some aspects of nonlinear surface growth mechanics in a geometric
framework. In §3 we analyze, as a prelude to continuous growth, a thick hollow cylinder that is deformed under
an internal pressure and while deformed is accreted by a single layer of stress-free material. We find the material
metric and show that it depends on the external loads during the accretion process and the thickness of the
added layer. We then formulate the continuous analogue of this problem in §4. We consider a thick hollow
cylinder under a time-dependent internal pressure while undergoing a symmetric and continuous accretion on its
outer boundary where the added material is assumed to be stress-free (or pre-stressed) at the time of attachment
to the body (outer accretion). We next assume that the growth surface is the inner boundary of the cylinder
(inner accretion), i.e. material is continuously added to the body on its inner boundary (the added material is
under a state of hydrostatic pressure or suction at the time of attachment). We linearize the nonlinear governing
equations and show that the accretion stresses are identical to those calculated using the linear surface growth
theory of Brown and Goodman [1963]. In §5 we study the outer accretion problem for a hollow thick spherical
ball. In §6, we numerically solve the governing equations of accreting cylindrical bars and spherical balls in the
case of an incompressible neo-Hookean solid. In particular, we calculate the residual stresses and demonstrate
the anelastic nature of accretion. Conclusions are given in §7.

2 Geometric Anelasticity and the Mechanics of Growth

In this section, we tersely review some elements of Riemannian geometry and the geometric theory of nonlinear
elasticity and anelasticity. For more detailed discussions, see [Marsden and Hughes, 1983; Yavari, 2010; Yavari
and Goriely, 2012a].

Riemannian geometry. For a smooth n-manifold M, the tangent space to M at a point p € M is denoted
T,M. Suppose N is another n-manifold and ¢ : M — N is a smooth and invertible map. A smooth vector
field W on M assigns a vector W, to every p € M and p — W,, € T, M varies smoothly. If W is a vector field



on M, then ¥, W = T4 - W o9)~! is a vector field on ¥(M) called the push-forward of W by . Similarly,
if w is a vector field on (M) C N, then ¥*w = T(¢p~1) - w ot is a vector field on M that is called the
pull-back of w by 1. Let us denote F = T4. In the local charts {X“} and {2} for M and N, respectively,
F (a two-point tensor) has the following representation (when 4 is a deformation mapping, F is the so-called
deformation gradient of nonlinear elasticity)

oP*

F=F¢ —
oxA’

Agr @dat, Fla= (2.1)
where {(()XLA} is a basis for T), M and {dz"} is a basis for T} )1/(M), the co-tangent space, i.e. the dual space of
Ty (M), or the space of co-vectors (1-forms). The push-forward and pull-back of vectors have the following
coordinate representations

(W) = FuW4, (prw)? = (F 1) . (2.2)

A type (3)-tensor at p € M is a bilinear map T : T,M x T,M — R. In a local coordinate chart {X“} for
M
T(U,W) = TagU*W?5, (2.3)

where U, W € T, M.
(M, G) is a Riemannian manifold if M is a smooth manifold equipped with an inner product G, on the
tangent space T, M that varies smoothly in the sense that if U and W are vector fields on M, then

pr= Gp(Up, Wy) = (U, Wy)a,, (2.4)

is a smooth function. Obviously, G is a symmetric (3)-tensor field on M.

Suppose (M, G) and (N, g) are Riemannian manifolds and v : M — A is a diffeomorphism (smooth map
with smooth inverse). Push-forward of the metric G is a metric on ¥(M) C N, which is denoted by .G and
is defined as

(2 G)uip) (W) Wup)) = Gp (7 0)y, (U7 W),p) . (2.5)
In components
(w*G)ab = (F_l)aA(F_l)bBGAB~ (26)
Similarly, pull-back of the metric g is a metric in ¢ ~1(N') C M, which is denoted by 1*g and is defined as
(V" 8)p(Up, W) 1= 8y(p) (Vs U)y(p), (Vs W)y ())- (2.7)
In components
(v*8)ap = F*AF" 5gap. (2.8)

If g = ¥.G, or equivalently, G = ¢*g, ¢ is called an isometry and the Riemannian manifolds (M, G) and
(N, g) are isometric. Note that an isometry preserves distances.

Kinematics. In nonlinear elasticity a body B is identified with a Riemannian manifold (B8,G). A config-
uration of B is a smooth embedding ¢ : B — S, where (S,g) is the ambient space manifold with a (static)
background metric g. In most applications the ambient space is assumed to be the Euclidean space. We de-
note by VG and V& the Levi-Civita connections associated with the Riemannian manifolds (B, G) and (S, g),
respectively. The so-called deformation gradient F is the derivative map of ¢, defined as

F(X,t) = dpy(X) : TxB = T, (x)S . (2.9)
The adjoint of F is defined by
F'(X,1): T,,x)S = TxB, (FV,v)g = (V,F'Vv)g, VYV ETxB, veT,,xS, (2.10)

where ((,))g and ((,))g are the inner products induced by g and G, respectively. The right Cauchy-Green
deformation tensor is defined as C(X,t) = FT(X,t)F(X,t) : TxB — TxB. In the coordinate charts {X“} and



{z%} for B and S, respectively, C is written as: CAp = GMMF 1, FP 5gay. The Jacobian of the motion J relates
the material and spatial Riemannian volume elements dV (X, G) and dv(z,g) by dv = JdV and is given as

detg
= F. 2.11
J =1/ detGdet (2.11)

In classical nonlinear elasticity, a motion is a time-dependent map ¢; : B — S, from a fixed material manifold
(B, G) into an ambient space manifold (S, g). In the presence of surface growth, B is no longer fixed as material
points are added to or removed from the boundary of the body in its current configuration. For an accreting
body ¢; : By — S, where (B, G) is a time-dependent material manifold. The metric G explicitly depends on
the history of loading and deformation during accretion as we will see shortly in the examples of cylindrical and
spherical growing bodies.

In an accretion process new material is added to or existing material is removed from the growth surface
w¢, which is part of the boundary of the body in its deformed configuration, i.e. w; C ¢(9B;). The growth
surface in the material manifold is denoted by €;. For any X € B; we define a time of attachment 7(X) < ¢.
For X € By (the initial body), 7(X) = 0. Note that

Q= {X €B:7(X)=t}. (2.12)

Constitutive equations. In this paper we restrict our calculations to incompressible isotropic hyperelastic
solids. The left Cauchy-Green deformation tensor B* = ¢*(g*) has components BAZ = (F~1)4,(F~1)B, ¢,
where ¢? are components of gf. The spatial analogues of C* and B are

¢ = 0. (G), cap = (F‘l)Aa (F—l)B » Gap, and b* =, (GF), bob = F*, FP 5GAB. (2.13)

bf is called the Finger deformation tensor. Note that C and b have the same principal invariants, which we
denote by I, I, and I3 [Ogden, 1984]. For an isotropic solid the energy function W depends only on Iy, I,
and I3. It is seen that, for example, I; = trb = F“AFbBGABgab explicitly depends on the material metric. For
an incompressible (I3 = 1) and isotropic hyperelastic solid with energy function W = W (I3, I5), the Cauchy
stress has the following classic representation [Simo and Marsden, 1984]

ow ow ow
o= <—p - 212012) gh + za—hbii — Qasz_l’ (2.14)
where p is the Lagrange multiplier associated with the internal incompressibility constraint J = 1. It should be
emphasized that the Cauchy stress explicitly depends on the material metric G. It should also be emphasized
that we assume that the residually-stressed body is isotropic in its stress-free material manifold. In the current
configuration the body may not be isotropic. We assume that a growing body is initially stress-free (the initial
body is assumed stress free) and isotropic and that the added material is isotropic in its stress-free configuration.

Equilibrium equations. As surface growth is a slow process, one can ignore the inertial effects. The local
balance of linear momentum in terms of the Cauchy stress tensor reads

dive +pf =0, (2.15)

where f is the body force per unit deformed mass and div denotes the spatial divergence operator, which in

components reads
B) O.ab

b= "0
where 7%, is the Christoffel symbol of the Levi-Civita connection V& in the local chart {z®}, defined as
VE&5,0c = Y%be0q, (similarly, for the material manifold VCs,0c =T4pc04).

(dive)® = o + %A + 0Py (2.16)



The physical significance of a material manifold. In classical nonlinear elasticity one starts with a
reference configuration that is assumed to be stress free. Motion is then a time-dependent mapping from the
reference configuration into an Euclidean ambient space. In anelasticity (in the sense of Eckart [1948]), the
body is residually stressed and hence there exists no global stress-free reference configuration, in general, that
can be realized in the Euclidean ambient space. One may however, define local relaxed configurations using a
multiplicative decomposition of deformation gradient. A global stress-free configuration cannot be isometrically
embedded in the Euclidean ambient space, in general, due to its non-Euclidean geometry. In other words, a
global stress-free configuration of the body is incompatible with the geometry of the Euclidean ambient space.
This idea was introduced in the mechanics of defects independently by Kondo [1955a,b] and Bilby et al. [1955].
In a geometric formulation of anelasticity the material manifold has a geometry that depends on the source
of anelasticity. In the case of point and line defects the geometry depends on the (area or volume) density of
defects [Yavari and Goriely, 2012a,b, 2013a, 2014]. In thermoelasticity, the material metric depends on both
the temperature distribution and the thermal properties of the solid, e.g. (temperature-dependent) coefficient
of thermal expansion [Ozakin and Yavari, 2010; Sadik and Yavari, 2016b]. In bulk growth material metric is
explicitly time-dependent and is a function of the mass flux through the balance of mass [Yavari, 2010; Sadik
et al., 2016]. For inclusions (or inhomogeneities with eigenstrains) material metric explicitly depends on the
distribution of (finite) eigenstrains [Yavari and Goriely, 2013b, 2015; Golgoon et al., 2016]. After solving the
problem of surface growth of an infinitely-long cylindrical bar (or a hollow spherical ball) we will see that, as
expected, the material manifold is time-dependent and has a metric that is determined by the history of loading
and deformation during surface growth. Interestingly, neither the material manifold nor the material metric
is unique. We will see that there are infinitely many isometric Riemannian material manifolds that are all
equivalent in the sense that stress (and particularly residual stress) does not depend on the particular choice
of a material manifold from this equivalence class. In the material manifold the growing body is stress-free by
construction. Having a material manifold a nonlinear surface growth problem is transformed into a classical
nonlinear elasticity problem as long as the non-trivial geometry of the material manifold is taken into account
properly. We will demonstrate this idea for accreting cylindrical and spherical bodies in this paper.

3 Attachment of a Stress-Free Layer to a Deformed Infinitely Long
Thick Hollow Cylinder

In this section we formulate the boundary-value problem of the attachment of a single stress-free layer on the
outer boundary of a deformed hollow cylinder. The motivation for studying this problem is to gain some insight
on the effect of a single accretion layer on the stress-free material manifold of the body. The calculations of this
section can be viewed as a prelude to the discussion of continuous surface growth in §4.

We consider a stress-free and infinitely long hollow cylindrical bar with inner and outer radii R; and Ra,
respectively, subject to an internal pressure p;, which is specified (see Fig.1(a)). In the deformed configuration
(Fig.1(b)) the inner and outer radii are r; and r9, respectively. While keeping the internal pressure a layer
of stress-free material (for the sake of simplicity we assume the same material®) of thickness A is added to
the outer boundary of the body through surface growth (accretion) (see Fig.1(c)). If the internal pressure is
removed the accreted body would be residually stressed (see Fig.1(d)). Note that this problem is very similar
to the classical shrink-fit problem [Antman and Shvartsman, 1994] and can be solved using standard methods
of nonlinear elasticity. Here we present an alternative approach that will be useful in a systematic analysis of
continuous surface growth that will be discussed in the next section. The idea is to find a Riemannian material
manifold in which the accreted body is stress free. Note that such a material manifold may be incompatible
with the geometry of the Euclidean ambient space. This idea is schematically described in Fig.2. Only the
configurations shown in Figs.2(b) and (c) are physically observable. Fig.2(b) shows the loaded body with a
layer of stress-free material added to it and Fig.2(c) depicts the residually-stressed accreted body after it is
unloaded. In Fig.2(a) we show the initial stress-free body and the stress-free layer that will be attached to it
after the initial body is deformed. Note that the stress-free configurations in the Euclidean ambient space are
detached, i.e., a global stress-free configuration is incompatible with the geometry of the Euclidean ambient
space and this is why the accreted body will be residually-stressed after the removal of external forces (here the

3By the “same material” we mean that the undeformed hollow cylinder and the stress-free added layer have the same energy
functions.
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Figure 1: Discrete Accretion: (a) An annulus (annular cylinder) of inner and outer radii R1 and Rz, respectively, in its stress-free
configuration in the Euclidean ambient space. (b) The deformed annulus under a specified internal pressure p;. (c¢) The deformed
annulus with a layer of stress-feee material of thickness A attached to its outer boundary. (d) The residually-stressed accreted body
after removal of the external forces (here the specified internal pressure p;).

internal pressure p;). Next we will construct a connected Riemannian manifold in which the accreted body is
stress-free by construction (Fig.2(d)).
3.1 Construction of a material manifold

As the cylindrical bar is infinitely long we can model it as a 2D annulus with polar coordinates (R, ©) and (r, 6)
in the reference and current configurations, respectively. The ambient space is equipped with the flat Euclidean
metric that in polar coordinates reads*
1 0
g—<0 7“2)' (3.1)

The (disconnected) Euclidean stress-free configuration shown in Fig.2(a) is the union of two sets, i.e., By =
By U Bar , where

T ={(R,O): R <R<Ry, 05O <21}, Bf={(R,0):m<R<r+A, 0<0<2n}. (3.2)
Here, we know that
_ 1 0
GO=G+:(O RQ)' (3.3)

Let us consider the following maps. The deformation of the initial hollow cylinder loaded by an internal pressure
p; is denoted by v, : By — S. The trivial map (identity map) of the stress-free accreted layer into itself is
denoted by 9¢ : B — S. The connected material manifold is denoted by B = B~ UB* and is shown in Fig.2(d)
where

B ={(R,©):RI<R<Ry, 0<0<2r1}, B"={(R,O):R<R<Ry+A,0<0<2r}. (34)

4This simply means that the square of the distance between two points with coordinates (r,0) and (r + dr,0 + d) is ds? =
dr? + r2de>.



Figure 2: Discrete Accretion: (a) Stress-free configurations of the initial body and the accreted layer in the Euclidean ambient space
S. (b) Loaded body with a layer of stress-free material added to its outer boundary. (c) Residually-stressed accreted body after
removal of the external forces. (d) Riemannian material manifold (B, G) of the accreted body. Note that the configurations (a),
(b), and (c) lie in the Euclidean ambient space (S,g). In the incompatible Riemannian material manifold there are no residual
stresses.

A’ > 0 has not been specified; any positive value is admissible. A convenient choice is A’ = A. Deformation
mapping from the material manifold into the loaded configuration (Fig.2(b)) is denoted by ¢ : B — S. We
define ¢, = | B and ¥ = 9| B These maps must satisfy the following properties:

YT(BT) =4 (By), ¢T(BY) =g (By) (3.5)
They have the coordinate representations
qZJO(Ra 6) = (TO(R)a 8)7 w(Ra 6) = (T(R)7 @) (36)

Note that ¢~ (R,©) = (r(R), ©) can be calculated using the governing equations of nonlinear elasticity as will
be explained in the following and for ¥+ (R, ©) = (r(R), ©) any differentiable r(R) that satisfies r(Rs) = 75 and
r(Rg + A’) = r2 + A is admissible. The material manifold (B, G) is isomorphic to the disconnected Euclidean
stress-free configuration, i.e. (B, , Gy ) and (B~,G™) are isometric and the isometry map is n = (y ) Lot~ :
B~ — By . Similarly, (B7,G¢) and (BT, G1) are isometric. However, knowing that the accreted layer in the
deformed configuration is stress-free, equivalently, (BT, GT) is isometric to (1§ (Bd),g). In summary we have

i) (B7,G7) and (B, , Gy ) are isometric and hence
G™ =7"Gy = ((vg) " ov7) Gy = (¥7)" o (¥ )+Gg - (3.7)
ii) (BY,G7T) and (¢f (B),g) are isometric and thus

G =g (3-8)



Therefore, we have
/2
Ri<R<R,: G—z(”(R> i )
0 7%
2 0 (3.9)
Ry <R< Ryt A G+=(’“()

where A’ is such that r(Ry + A’) = 75 + A. Choosing A’ = A,” any differentiable function n(R) that satisfies
n(R1) = Ry and n(R2) = Ry is admissible. We will show that the stress distribution is independent of the choice
of an admissible 1. In particular, for the sake of simplicity we choose n(R) = R, i.e., 7(R) = ro(R), meaning
that B~ is trivially given by B .

Calculation of the map ¢~ (R,0) = ¢; (R,0) = (10(R),0) = (r(R),©) and the outer radius of the
deformed initial body ro. Next we calculate the configuration r(R) and the corresponding stress distribution
in the region Ry < R < Rs when the internal pressure p; is being applied. Let us assume that the initial annulus
and the accreted layer are both made of the same incompressible isotropic solid (in their stress-free states) with
energy function W = W(Iy,I5). The material metric is G = diag{1, R?}, and the deformation gradient is
F = diag{r'(R), 1}. Therefore, the incompressibility condition reads

[ detg _r(R)r"(R) _
=) g detF = S =1 (3.10)

from which, denoting ro = r(R3), one obtains

r?(R) = R — R3 +r3. (3.11)
Using (2.13), the Finger tensor reads
R2
b* = (&) ? : (3.12)
0 &
The principal invariants of b are
r2(R) R?
L = I =1. 3.13
1 R2 + r2(R)’ 2 ( )

Note that (b=1)3 = ¢ = ga™mgb"¢, . and thus

1 7'2(5) 0
b= R R 3 (314)

0 #=#m

The Cauchy stress is written as o = (—p + I,3) g* + ab? — 3b™!, where a = 2?)7”1/ and = 2%7 and in polar
coordinates it reads

R? r*(R)
[ P AFmalB) + (1-58) (R) 0 _
o = .
(R) | a(R) R? '\ B(R)
0 _rg(R) + Rt (1 - r2(R)) 72(R)
The only non-trivial equilibrium equation is the the radial equilibrium equation that is written as
rr 1
agT + ;J” —ro? =0. (3.16)
This is simplified to read
do™ R* R R
dR r4(R) R
We know that ™" (R;) = —p;. Thus, integrating the above ODE from R; to R, one obtains
R 4
a(z) + B(z) x
"(R) = —p; 1-— dz. 3.18
o""(R) Di + /R1 - i (z) -z ( )

5We will work with a similar choice in the continuous accretion case in the next section.
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We know that 0""(R2) = 0, and therefore

/Rz a(x) + () {1 - rf4 } dz = p;, (3.19)

Ry €T (z)

which determines the unknown 75 in (3.11).

Calculation of the map ¢ (R,©). For the outer layer BT for which Ry < R < Ry + A’ any differentiable
map ¥+ : BT — S that satisfies

Y (R2,0) = (12,0), YT (R +A,0)=(r2+A,0), ©¢cl0,2n), (3.20)
is admissible. Choosing A’ = A, the simplest choice for ¢T is ¢+ (R,0) = (R — Ry + 12, 0), i.e.
r(R)=R—Ry+r2, Ro<R<Ry+A. (3.21)

Therefore, we have the following material metric tensors in the two layers:

ngRSRgi G_:(l O),

0 R?
X . (3.22)
. + _
Ry<R<Ry+A: G _<o (R—R2+r2)2>'

Notice that G~ (Ry) = Ry> # 13 = G+9° (R2). This discontinuity of the material metric will induce residual
stresses in the unloaded configuration of Fig.2(c).

3.2 Calculation of residual stresses for an incompressible isotropic solid

We now calculate the residual stress distribution when p; is removed. In this configuration the boundary between
the initial body and the accreted (secondary) body is a circle (infinite cylinder) of unknown radius 73. We denote
the deformation from the reference configuration into the residually-stressed configuration by (7, é) = (7,0) and
hence 75 = 7(R2), see Fig.2. Note that 7o # ro, in general. We have the following boundary and continuity
conditions: ™" (Ry) =" (Re + A’) =0, 6™ (R, ) = 6""(R] ), and #(Ry ) = #(RY).

For Ry < R < Ry, G = diag{1, R?} and g = diag{1,7*(R)}. Therefore, incompressibility gives #?(R) =
R? + 72 — RZ, with 75 to be calculated. The Cauchy stress has the form given in (3.15) with 7 instead of 7.
Therefore, the radial component of the Cauchy stress reads (note that p; = 0)

5 (R) /R a@) + f(z) {1 ”54)} d. (3.23)

Ry x A (a

I

In particular

Ry 4
5" (Ry) = / alz) + B(z) [1 " } dz. (3.24)
R, x (x)
For Ry < R < Ry + A, G = diag{r'*(R),7%(R)} and g = diag{1,7%}. Therefore, incompressibility implies
that 72(R) = r?(R) — r3 + 73. The principal invariants of b in this region read
- P(R) rR)

I = AR L =1 (3.25)

<

Hence, the Cauchy stress in this region has the following representation

’I"2 f2
~p(R) + Hta(R) + (1- 54 ) B(R) 0

(R) , «(R) r2(R)\ B(R)
0 B+ (- =)

&(R) = (3.26)




Using the radial equilibrium equation, one obtains

5""(R) =6""(Ry) + /

Ro r(x)
- /"“” a§) +B(6) {1 N A
s 3 (€ —r3 +73)°
where 62 = 6""(R5 ). We know that 6""(R2 + A’) = 0 and hence

/Rz a(z) + B(z) {1 - z* ] dx+/:(R2+A/) a(§) + B(E) [1 G & ] dé =0, (3.28)

s z 22 — R} +73)? ) 3 Pori+7g)?
which is the equation that determines the unknown constant .

Remark 3.1. Note that the residual stress distribution is independent of the choice of ¥+ (R,0) = (r(R),©).
One should keep in mind that to be more precise the material manifold for ro <7 < ro + A is identified by the
inverse of the map r(R). Hence, choosing another map # the corresponding ring in the material manifold has
radius R = #71(r). For this choice, Eq. (3.27) becomes

i TR a(€) +BO) ¢
5 (R)_02+/ﬁ e e e (3.29)

Noting that #(R) = r(R) one observes that 6" (R) = 6""(R), as expected.

(3.27)

}d&

Remark 3.2. If the added material is different from the material of the initial body (note that energy functions
are defined with respect to their stress-free configurations) the calculations do not change much. Suppose
the initial body has an energy function W& = W (I1,I) and the accreted body has the energy function
W) = W) (I1,I5). The material metric would not be affected. However, in this case o and § functions are
defined as

W () w®
Ri<R<Ry: 04228 75:28 )
ol ol (3.30)
oW (@ oW (@ '
<R< A =2 =2 .
R < R< Rot @ 8]1 ’ B 8[2

4 Continuous Surface Growth of an Infinitely Long Thick Hollow
Cylinder

In this section we formulate the initial-boundary value problem of symmetric accretion of a thick hollow cylinder
made of an incompressible isotropic hyperelastic solid. We consider two cases: outer and inner accretions. In
the outer accretion problem stress-free (or pre-stressed) material is continuously added to the traction-free outer
boundary of the deformed cylinder. In the inner accretion problem, material is continuously added to the inner
boundary of the deformed body. We will see that the governing equations include a nonlinear partial integral
equation that will be solved numerically for a neo-Hookean solid. We will linearize the governing equations of
the nonlinear surface growth and will show that the resulting stresses are identical to those calculated using the
linear theory of Brown and Goodman [1963].

4.1 Outer Accretion

Let us assume that the initial stress-free body is an infinitely-long solid cylinder with inner radius R; and outer
radius Rg. At time ¢, under an internal pressure p;(t), the outer radius in the current configuration is 7o(t).
We assume that accretion velocity is normal to the boundary with magnitude uy(t). This means that in the
infinitesimal time interval [t,t + dt] a stress-free ring of thickness u4(t)dt is added to the deformed body. The
metric of the Euclidean ambient space in polar coordinates (r, #) reads

s=(0 0 )- (41)

In the material manifold B we use the polar coordinates (R, ©).
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(a) ()

Figure 3: Continuous Outer Accretion: (a) The material manifold (B, G). The outer radius at time t is s(t). At a later time t+dt
the outer radius is changed to s(t) + Ug(t)dt. (b) The deformed annulus under a specified internal pressure p;(t) with a layer of
stress-feee material of thickness ug(t)dt attached to its outer boundary during the time interval [t,t+dt]. (c) The residually-stressed
accreted body after removal of external forces (here the internal pressure p;(t)).

4.1.1 Kinematics and material metric

We assume motions of the form (r,0) = (r(R,t),®), and hence the deformation gradient reads
[ (R,t) O
b (70 0, »

where r'(R,t) = %. We assign to each layer at radius R in the material manifold a time of accretion 7(R).
This map is assumed to be invertible, meaning that there is no ablation during the surface growth process. We
indicate its inverse with s = 77!, which assigns to each time the radius of the accreted ring. We assume that
7(Rp) = 0. In this problem the growth surfaces in the material manifold and the current configuration are

defined as

Q:={(s(2),0):0<O <2n}, wr={(r(s(t),t),0):0<6<2n}. (4.3)
Note that
Lo (s).1) = ﬁ(8(75) £)s(t) + %(S(t) t) =r'(s(t),t) Ug(t) + V" (s(t), 1) (4.4)
dt " OR ’ ot T ’ g o ’
where V' = % is the radial component of the material velocity on the growth surface and Uy(t) = $(¢). We

observe that in the absence of accretion, the spatial velocity of the material points lying on the outer boundary
is simply V"(s(t),t). This means that

ug(t) = r'(s(t), t) Ug(t). (4.5)
Note that we are assuming that growth velocity is normal to the boundary both in the reference and the current
configurations. For ¢t = 7(R), (4.5) can be rewritten as

(R, 7(R)) = 7'(R) ug(7(R))- (4.6)

Similar to our discussion of the discrete accretion problem, for the sake of simplicity of calculations, we assume
that in the reference configuration in the time interval [t,t+ dt] the set s(t) < R < s(t) 4+ uy(t)dt is added to the
material manifold. This choice corresponds to setting Ugy(t) = u,4(t). Therefore, from (4.5) we conclude that

r’(s(t),t)=1 or 7 (R,7(R))=1. (4.7)
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Also, the choice U, (t) = ug4(t) implies that

s(t) = / wy(n)dn + Ro. (4.8)

To simplify the calculations, we assume that the spatial growth velocity is constant, i.e. u,4(t) = up > 0. Hence

R-R
s(t) = Ro +uot, or  7(R) = — 0. (4.9)
0

In this case, (4.7) reads

¥ (Ro +ugpt,t) =1 or 7 (R, k- R“) =1. (4.10)
Ug

Note that any non-negative function of ¢ whose set of zeros has no limit points would be an acceptable choice
for Uy(t) and will have a corresponding consistent material metric.
For R; < R < Ry, we know that the material metric has the following representation in polar coordinates.

G:((l) o > (4.11)

For Ry < R < s(t), the accreted ring at any instant of time ¢ is stress-free and hence the material metric at
R = s(t) is the pull back of the metric of the Euclidean ambient space metric, i.e.

G(s(t)) = vig(r(s(t),t)), or equivalently G(R) = goj(R)g(r(RJ(R))). (4.12)
In components, this reads (c.f. (2.8))
GAB(S(t)) = GAB(R) = FaA(R,T(R))FbB(R,T(R))gab(T(R, T(R))) (4.13)
Thus, we have
_( "Rr(R) 0 _(1 0 (! 0
G= ( 0 (R, 7(R)) ) = ( 0 (R, 7(R)) ) “lo e(rmm) ) O

where we have used (4.9) and (4.10). Therefore, the material manifold is an evolving Riemannian manifold
(Bt, G), where

B, ={(R,0):0<0 <2m R <R<s(t) = Ry+uot}, (4.15)

and
RI<R<Ry: G=( > 0
1> >~ 49 . - 0 R2 ’
) 0 (4.16)
Ry < Ry4upt: G= 0 T‘Q(R7R;f0) .
The incompressibility condition reads
det g
7=V qer g 9 (4.17)

For R; < R < Ry this implies that r(R,t)r’(R,t) = R, and therefore
r?(R,t) =7r3(t) + R* — R3, R; < R< Ry, (4.18)

where 7 (t) := r(Ry,t). For Ry < R < R + ugt, incompressibility implies that

r(R, ) (R, 1) = (R, R= RO) , (4.19)

Uo
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which can be integrated for example between Ry and R to give

R

2r (:c w—RO) dz, Ry <R < R+ uot. (4.20)

Uo

F2(R,t) = r2(Ro, ) +/

Ro

Note that the first term on the right-hand side of the above equation only depends on ¢, while the second
term depends only on R, i.e. incompressibility dictates that r2(R,t) has an additive decomposition into an

R-dependent and a t-dependent function. Defining 7(R) :=r (R, R%UR“) we can write

R
r2(R,t) = r2(t) +/ 27(x)dz, Ry < R < Ro+ uot. (4.21)
Ro

Remark 4.1. In the case of constant growth velocity u,(t) = ug, as we mentioned earlier U, (t) = uq is not the
only choice. One can choose, for example, Uy(t) = Uy for any constant Uy (Uy > 0). Note that the material
manifold explicitly depends on the constant Uy. In this case, the material manifold and metric have the following
representations

By ={(R,0):0<0 <2m, R <R<s(t)=Ry+Upt}, (4.22)
and
RI<R<Ry: G=( 1 Y
1> >~ 0 - 0 R2 )
(LO)2 0 (4.23)
Ro<R<Ry+Upt: G= o
0 T2<R,R&f0)

Note that, similarly to what was shown in the case of discrete accretion, the accretion stresses will be independent
of this choice. In other words, the material manifold is not unique. However, the material manifolds given by
Egs. (4.22) and (4.23) are equivalent in the sense that using any of them the same stresses are calculated. This
will be shown in Remark 4.3.

4.1.2 Calculation of stresses for an incompressible isotropic accreting cylinder

We next calculate the stress field during the accretion process. For R, < R < Ry, Finger tensor b and b™!
have the same forms as given in (3.12) and (3.14), while principal stretches have forms identical to those in
(3.13). Using equilibrium equations, the radial Cauchy stress has the following expression

rr . Ra(m,t)—i—ﬁ(a:,t) _ at
o (R,t) = pl(t)—i—/R1 - [1 7"4(a:,t)] dx. (4.24)

For Ry < R < Ry + ugt, the Finger tensor b?, and b~ read

7"2(R) 0 ’l"f(R,t) 0
bl = < rz((l):;:,t) . > . b l= ( 72(R) 2(R) > . (4.25)

7 (R) 0 TI(R,t)
The principal invariants of b read
r2(R,t) 7 (R)
I = : I, =1. 4.26
YTORR) R (4.26)
The Cauchy stress in this region has the following representation
FZ(R) TZ(th)
[ R0+ e + (1= )8R o o
(R,t) a(R,t) 7“(R) B(R,t) :
0 —2mn T et (1 - rz(R,t)> T2 (R1)
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Using the radial equilibrium equation, the radial Cauchy stress is calculated as

07-T(R7t):0w(Ro7t)+/RI: az,t) + B(z,1t) [1_ r“(x))} dx

7(x) r4(x,t
o [ ol [

We know that o™ (s(t),t) = 0% (s(t),t) = 0.° In particular, for the radial component this gives us

/RO oz, 1) + B, 1) {1 - 7"4(1:, t)} i /R““”t alw,t) + Bz, 1) [1 _ @) ] de = pi(t).  (4.29)

Rl z Ro ’F(.’,C) T4(‘/'E7 t)

Here the unknowns are ro(t) and #(R) with the initial conditions r4(0) = #(Ry) = Ry. Note that (5% is the
physical component corresponding to ¢%%.)

R ) = RO (R0 = o7 (Rot) + | ) - 2D

2@R) (R, )] [a(R,t) + B(R, 1)]. (4.30)

Therefore

r2(s (s
7 (s(0).0) = 0" s(0,1) + | ) = T fa(s(0,0) -+ (o100 =0 (4.31)

as by definition 7(s(t)) = r(s(t),t), i.e. the above condition is trivially satisfied.
In the case of a homogeneous neo-Hookean solid, «(R,t) = p and S(R,t) = 0. In this case, Eq. (4.29) is

simplified to read
Ro 1 4 Ro+uot 1 =4 (t
/ {14”“" }der/ - {1 . x)]dx—‘m(). (4.32)
R T ri(z,t) Ro 7(z) r4(z, 1) 1z

In summary, we have the following problem in the triangular region {(R,t) € R?*|Ry < R < Rg + uot, t € Rt }:

r(R, t)r' (R, t) = (R, K- R0> ,

Ug

/RR A e o L /RR+ [t mep =t

T(Ro,O) - Ro,

where the first equation is a partial differential equation, the second is a nonlinear integral equation, and the
third is the initial condition. Note that the condition r(Ry,0) = Ry implies that for By < R < Ry, r(R,0) = R.
Furthermore, we assume that the internal pressure satisfies p;(0) = 0.

Remark 4.2. Suppose that the accreted body is inhomogeneous and is made of a material possibly different
from that of the initial body. This would not affect the material metric. However, for the accreted body
(Ry < R < 5(t)), the energy function is inhomogeneous, i.e. W = W (R, I, I5) = W(r(R), I, I5). This means
that the functions a and § in the interval Ry < R < s(t) should be modified as follows

OW (R, I, 1)

OW (R, I, 1>)
ol ’ '

a(R,t) =2 oL,

p=2 (4.34)
Remark 4.3. We now prove that the stress distribution is 1ndependent of the choice of Uy > 0 in (4.23). We
denote the radial coordinate in the new material manifold by R. For Ry < R < Ry, R = R. We know that

in the two material manifolds the time of attachment of a layer of stress-free material should be the same,

61t is assumed that the material added to the boundary in the current configuration is stress-free and hence at r2(t), stress
tensor, and not just the traction vector, vanishes.
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ie. 7(R) = 7(R). Note that R = Ry + uor(R). Similarly, R = Ry + Up7(R) = Ry + Upr(R). Thus, for
Ry < R< Ro+upt
Uo) Uo

R(R) = Ry (1 o + u—OR. (4.35)

Let us denote the radial component of the deformation mapping with respect to the new material manifold by
7(R,t). We also know that r(R,t) = 7#(R,t). Thus

7(R) = #(R,7(R)) = #(R,7(R)) = (R, 7(R)) = 7(R). (4.36)

It is straightforward to show that with respect to the new material manifold (4.23), b¥, b=!, I, and I, will
remain unchanged and hence the stress distribution will not change. In other words, the Cauchy stress is
independent of the choice Uy > 0.

Remark 4.4. Suppose the accreted ring (cylinder) is not stress-free. This means that if the ring added at time
T(R) is allowed to relax, its radius in the relaxed configuration will be x(R) # 7(R). We still choose Uy = uyg,
i.e., (4.10) is still valid. What changes now is that the material manifold inherits its metric from the relaxed
(or natural) configuration, and not from the deformed configuration. Denoting by dA the thickness of this ring
in its local relaxed configuration, we can express incompressibility as

27 x(R)dA = 277 (R)ugdt, (4.37)

where uodt is the thickness of the added material in the deformed configuration. Thus, dA/uedt = #(R)/x(R).
In the material manifold the thickness is uodt as well because of our choice Uy (t) = u4(t). Therefore, the local
deformation gradient from the material manifold to the local relaxed configuration is

F,(R) = ( Q? (1’ ) (4.38)

Z

We also know that in the local relaxed configuration the metric g, is Euclidean, and it is written as

1 0
gx(R) = ( 0 \2(R) ) (4.39)
Now the material metric is G = x*gy, i.e.
7 (R) 0
G(R)=| X¥*® . (4.40)
0 X*(R)

Note that for y(R) = #(R) we recover the stress-free case. Note also that det G = 7%(R) is independent of
X(R), and hence the incompressibility equation remains. The kinematics and stress analysis in the initial body
(R1 € R < Ry) remains unchanged. For Ry < R < Ry + uot, the Finger tensor b? and b~ read

2(R) T2(Rat)
bl = sy O b l=[ xX¥® 0 (4.41)
1 ) x*(R) ) '
0 0
x*(R) r4(R,t)

The principal invariants of b read

_ AR XE(R)

h=""m w2 b (4.42)
The Cauchy stress would have the following representation
*(R) * (Ryt)
[ R0+ e + (1 e )ﬁ(R, ) 0 2 s
(R,t) (R,t) (R) | B(Rt) ’
0 —Eg et (1 - ré(R,t)) 2 (R.D)
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The radial Cauchy stress is written as

o) =y [ D X,

Ro X2 (z) (2, 1)
o o a(e,t) + Bz, t) [, at
=—pi(t) + /R 1 " {1 5 (m)} dzx (4.44)
R a(z,t) + Bz, t) _ X4(w)
" /R e [1 - r4<x,t>] =

If we assume that the outer boundary is traction-free at all times we have the boundary condition o"" (s(t),t) = 0.
Therefore

/R° a(z,t) + Bz, 1) {1 ! }dﬁ / Falet) + Bt o [1— X (@) ]dxzpi(t)- (4.45)

R x B r4(x,t) Ro X2 (z) r(x,t)

When the added layer is pre-stressed it can be shown that

—60 _ O_rr TQ(R7 t) _ X2(R) o
" (R,t) = 0" (R,t) + [ 2R r%R,t)} [a(R,t) + B(R,t)]. (4.46)

Thus

7 (s(t)) 3 x2(s(t)) s )
{ (s(t)) r2(s(t)):| [a(s(t),t) + B(s(t),1)]- (4.47)

It is seen that unlike the previous case, 79 (s(t),t) # 0, in general.

4.1.3 Calculation of residual stresses for an incompressible isotropic accreting cylinder

Suppose at some time t = t,, the accretion process stops. For any ¢ > t,, if one removes the internal pressure
the accreted body would be residually-stressed. The residual stress distribution depends on the accretion
characteristics (here the constant growth velocity ug) and the history of the applied loads in the time interval ¢ €
[0,,], i.e., the history of the internal pressure {p;(t),t € [0,t,]}. Material metric of the additively manufactured
cylinder has the following representation:

1 0
Ri<R<Ry: G:(O R2>’
(4.48)

1 0
Ro<R<R,: G<O TQ(R)>.

Note that the function r(R,t) and hence 7(R) = r (R, R;fo) have already been calculated. The motion from
the material manifold to the residually-stressed configuration (under no applied loads) is denoted by ¢ : B — S,
where in polar coordinates we have: ¢(R,0) = (7,60) = (F(R),0), see Fig.3. Using the incompressibility
constraint one obtains

7*(R) = #*(Ro) + R* — R, Ry < R < Ry,

R (4.49)
72(R) = 7(Ry) + / 92(a)de, Ro < R< R,

Ry

where 7(Ryp) is an unknown that will be determined after enforcing the boundary and continuity conditions. For
the deformation mapping ¢ we have

~2 2
=B B R <R<R,
2T w50)
-~ _2 .
LW TR R <R<R.
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In the absence of applied loads the boundary conditions read: 6" (R1) = ¢""(R,)=0. One then has the following
distribution of radial Cauchy stress (the continuity of traction 5" (Ry) = ¢"" (R ) has been enforced):

Ry < R<Ry: 5rr(R)/R a(z) + B(x) {1 ff4 ]dz,

Ry T (z)

Ry < R<Ry: 5"(R)=5""(R)+ |a(R) + A(R)

o a(z) + B() at  a(x) + B(z) ™ (x) oy
IO [N P CELET
R x 7(z) R, T(x) 7(x)
Similarly, for the physical circumferential Cauchy stress component we have
=~ ~rr ~ 2 7 R R2
Ry<R<Ry: 6"(R)=5"(R)+ |a(R)+ 5(R)] [’"éz ) _ fQ(R)} ,
(4.52)
(R)}

> } 7(R) T
r(R)  7(R)

Note that, in general, 7#(R,) # 7(R,), and hence 6%?(R,) # 0. The unknown constant #(Rp) is determined using

the following condition

5" (Rq) :/RO &(x) + f(a) {1 v ]dx+/Ra &) + () [1— 4(”5)} dz = 0. (4.53)

R x (@) Ro r(z) 7 (x)
Remark 4.5. For a neo-Hookean solid, in the initial body (R; < R < Ry), d6""(R)/dR has the same sign as
7(Ro) — Ro, i.e. the radial component of the Cauchy stress is either strictly increasing or strictly decreasing.
Similarly, d5%(R)/R has the same sign as —(#(Ro) — Rp). In the secondary body (Ry < R < R,) the critical
points of 6""(R) are the zeros of 7#(R) — 7(R) = 0.

=

4.1.4 Accretion stresses in the linearized theory

In this section we calculate the accretion stresses when strains are small. We do this using two approaches. In
the first method, we linearize the present nonlinear theory with respect to a trivial stress-free configuration. In
the second approach we follow Brown and Goodman [1963]. We will see that the two methods lead to identical
solutions as expected.

Linearization of the nonlinear governing equations. In nonlinear elasticity one can linearize the kine-
matics and the governing equations with respect to any motion. Usually, linearization is done with respect to a
stress-free configuration. However, this is not always the case; the so called small-on-large theory of Green et al.
[1952] is linearization about a finitely-deformed and stressed configuration. In geometric elasticity, in order to

linearize one needs a reference motion <o,0 and a one-parameter family of motions . such that ._g :soﬁ [Marsden
and Hughes, 1983; Yavari and Ozakin, 2008].

Let us consider a one-parameter family of motions @, that are assumed to be axisymmetric, i.e., (R, 0) =
(re(R,t),0,t). Here we linearize about the stress-free configuration ¢ (R,0) = (R,0), ie., re—o(R,t) = R.
Note that this reference motion corresponds to deformation of a hollow cylindrical bar under no external forces
going through accretion by adding stress-free layers to its outer boundary. The variation field is defined as

d
5tpt(R7 @) = % ssze(R’ 97 t) (454)

This is what in linear elasticity is called the displacement field.” For the special variations we consider here
only the radial displacement component is non-zero and is defined as

or(R,t) = 4

=] R, (4.55)

e=0

This implies that dro(t) = or(Ro,t) and 67(R) = dr (R7 R;fo)'

THowever, in linear accretion mechanics there is a subtly in defining the displacement field. The displacement field for the new
material points is defined with respect to their positions at the time of attachment. For surface growth of a cylindrical bar, this
means that U(R, ©,t) = 0pi(R, ©) — dp,(g)(R, ©).
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Kinematics. For R; < R < Ry, for the perturbed motions we have r2_,(R,t) = r2(Ro,t) + R> — R3. Taking
derivative with respect to € on both sides and evaluating at ¢ = 0 one obtains

or(R,t) = %m(t), (4.56)

where dro(t) = dr(Ro,t). Knowing that r(R,0) = R, one concludes that ér(R,0) = 0 (note that for ¢ = 0,
Ry < R< Ry). For Ry < R < s(t)
R
r2(R,t) = r2(Ro, 1) +/ 27 (x)dx. (4.57)
Ro

Again taking derivative with respect to € on both sides and evaluating at ¢ = 0 one obtains

Ro IR
or(R,t) = —dro(t) + —= o7 (z)dx. (4.58)
R R Jg,
Evaluating (4.58) at t = 7(R), one gets
1R _ Ry
- 0 (z)dx = 07 (R) — —dro(7(R)). (4.59)
R Jp, R
Substituting the above relation back into (4.58) one has
_ Ry
dr(R,t) — 0F(R) = = [0ro(t) — dro(T(R))]. (4.60)

Accretion stresses. Let us start with a neo-Hookean solid and linearize the surface growth-induced stresses.®

We consider a one-parameter family of applied internal pressures (p;)(t) and assume that (p;)c=o(t) = 0. With
an abuse of notation, we denote the linearized pressure field by p;(¢) (instead of dp;(t)). For Ry < R < Ry, for
the perturbed motions from (4.24) we have

o (R, ) = —(p;)e(t) + /R £ {1 - f} dz. (4.61)

Ry x € (I, t)
Taking derivative with respect to € on both sides and evaluating at € = 0 one obtains

R
0™ (R, t) = —pi(t) + 4#/ @ dx. (4.62)
Ry

Using (4.56) we have
1 1
60,TT(R, t) = —pl(t) + 2/1R0 (2 — 2) 57‘0(7‘;) (463)
R? R

For Ry < R < Ry + uot, from (4.28) one has

R —4
rr rr M TS (.Z')
t) = t 1-— . 4.64
O (R7 ) O (R07 )+ LO 7:6(1') |: Té(x,t)] dx ( 6 )
Therefore "

1 1 0 t) — oF

0™ (R, t) = —pi(t) + 2uRo (2 - 2) Sro(t) + 4u / M dz, (4.65)
Rl RO Ro X

8In this particular problem, for an arbitrary isotropic incompressible solid instead of x one would have the following constant

(8W aw>
2( 0+ o
or, ' ol

I1=2,I5=1
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and using (4.60) we obtain

R
00" (R, t) = —pi(t) + 2uRy (1% - ;2) oro(t) — 4,uR0/ dro(r(x)) dz. (4.66)

We know that o7"(s(t),t) = 0 and hence o™ (s(t),t) = 0. Therefore

L1 L, [P ero(r(@) [ pi(t)
(Rf sZ(t)) oro(t) 2/RD 3 dx = SuRg’ (4.67)

Taking derivative with respect to ¢ of both sides one reduces the above integral equation to the following simple

ODE: B 2() i)
Sro(t) = —L 22 P 4.
o) = 5ty 52(0) - 12 69
Integrating this ODE from 0 to ¢ and noting that 6r(Rg,0) = 0, one obtains
R ["s*(n) pi(n)
oro(t) = — / 2 dn. 4.69
0= 2k Jy ) g o)
Therefore, substituting into (4.60), we have
Ry [T s*(n) pi(n)
6rR,t—5fR:—1/ S0 D) 4, 4.70
(R —or(h) =g | P dn (4.70)

As was mentioned earlier, the left-hand side of the above relation is what is defined to be the radial displacement
in linear surface growth mechanics. Note that once the difference dr(R,t) — é7(R) is known, one can calculate
dr(R,t) by solving Eq. (4.59) for 67(R).

Taking time derivative of both sides of (4.66) we obtain

T (1) = ~i(0) + 20 35— ) Bl (471)

Integrating the above relation from 7(R) to t and using the condition o™ (R, 7(R)) = 0, we have

R\ [* s%(n) pi(n)
00" (R,t) = —pi(t) + pi(T(R)) + ( — 1) / = dn. 4.72
(B0 =@ +pe )+ (15 ) [ G (472)
Linearizing (4.30) we get (6% = r2¢%? is the physical circumferential component)
_ _ 4p _ _ 2R} " s%(n) pi(n)
66% (R, t) = 66" (R, t) + — [0 t)— & =465""(R,t —1/ e 4.
PR ) =807 (Ro0) + (R0 —or(R)) = 007 (R) + g [ S PG @)
which leads to ) ) )
_ R 57(n) pi(n
6% (R, t) = —pi(t) + pi(7(R +<1+1)/ ———————2dn. 4.74
(B0 =@ +p )+ (14 ) [ GO (474)

Calculation of accretion stresses using the linear theory of Brown and Goodman [1963]. Next
we solve the symmetric accretion problem of a hollow cylindrical bar in the setting of linear elasticity. We
follow Brown and Goodman [1963], but instead of using the external radius s(t) = Ro + uot as the independent
variable we use time. We indicate with U® (R, t) the radial displacement, with p;(¢) the internal pressure, with
o(R,t) the Cauchy stress tensor, and with p(R,t) the pressure field. All these quantities are considered in the
framework of linearized elasticity.
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In the initial body, i.e, for Ry < R < Ry, where strains are compatible, the linear problem consists of the
following governing equations:

R R
%LR(R, t) + w =0 (incompressibility condition),
our UR(R,t Rt
ofR(R,t) = 2MW(R’ t) — p(R,t), 0®9(R,t) = 2u 1(%3’ ) _ p(R; ) (constitutive relations),
9o RR RR(R ¢
gR (R,t) + %J) — Ro®®(R,t) =0 (radial equilibrium equation).
(4.75)
The boundary and continuity conditions are o®%(Ry,t) = —p;(t) and o%%(Ry,t) = o®F(R{,t). From the
incompressibility condition we can write the radial displacement as
R
UR(R,t) = Ul (t) =2 (4.76)

R’
where UE(t) = UR(Ry,t) is an unknown function to be determined. Therefore, the equilibrium equation is
simplified to read

oo (R, t RoUE(t
o (Ret) _ g, Bl t), (4.77)
OR R3
which, taking into account the traction boundary condition at R = Ry, leads to
R R
RoUyt(t 1 1
"R (R,t) = —p;(t) +/ 4/1072,() dz = —pi(t) + 2uRy (2 - 2) Ug'(t). (4.78)
Ry x Rl R
From (4.75)2 we know that 69 (R, t) = 0% + 4uU* /R, which gives us
_ 1 1
799 (R,t) = —pi(t) + 2Ry (R2 + R2> UR(Ry, ). (4.79)
1
Now one can write /"% (Ry,t), which is denoted by o¢(t), as
1 1
Uo(t) = URR(Ro,t) = —pi(t) + 2uRy <.RQ + .RQ> UOR(t) (480)
1 0

For Ry < R < Ry + ugt = s(t), following [Brown and Goodman, 1963], the incremental problem for the
growing incompressible cylinder at time ¢ is written as:

oUR UR(R,t) . . "
W(R’ t)+ —r = 0 (incompressibility condition),
TR TR(R,t)  p(R,t
oPR(R, 1) = QM%LR(R,IS) —p(R,t), ¢9°(R,t) = QMU }(E]j’ ) _ p(gé ) (consitituive relations),
oG RR SRR(R ¢ -
g (R0 + % — R69®(R,t) =0 (radial equilibrium equation).

(4.81)
The boundary conditions for this incremental problem are 6% (R, t) = 50(t) and 67 (s(t),t) = 0, where &¢(t)
is the rate of the radial stress in (4.80) at the interface with the initial body, i.e.

. . 1 1 .
1 0
Therefore, from Eqs. (4.76), (4.78) and (4.79) one obtains
UR(R,1) = "2 Uf ), (4.83)
RR . 11\ -, . 1 1\ ,p
(R, t) = 6o(t) + 2uRy B Uy (t) = —pi(t) + 2uRo =R Uyt (t), (4.84)
1
- . 1 1 3 . 1 1 .
799(R,t) = 6o(t) + 2uRo (R2 + R2> URt) = —pi(t) + 2uRo (R2 + R2> UE(@). (4.85)
0 1
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The function Udt(t) can now be obtained using the condition 67 (s(t),t) = 0, i.e.

R s°(t) pi(t)

Ufi(t) = Y 4.86
Note that ) ) .
UB(t) = or(Ro,t), TR (R, t) =060 (R,t), &°°(R,t) = 0" (R,1). (4.87)
Moreover, the total displacement and stress fields are given by
t t
URRO = UNRAR) + [ OBy (R0 =o(Rer(R)+ [ sk (455)
7(R) 7(R)

where o*%(R, 7(R)) = 0, 099 (R, 7(R)) = 0, and U®(R, 7(R)) = 0. Therefore, as expected, the two approaches
lead to identical solutions.

Residual stresses. Integrating Eqs. (4.70), (4.72) and (4.74) by parts, one obtains

s?(t) pi(t)  RIR pi(r(R))  woRi [T s(n) pi(n)
Ut(ER.t) = 2uR 52(t) ROR-RE 2 | uR / () (s2(n) — RP)? .
2 2 2 t s ’
RR(R 4) 22 28 2pl( )+ 2ug B2 (1—;) / (R)Mdn, (4.89)
599(R. 1) = 22 223+R (0 - R2RR2PZ( (R)) + 2ug R} (1+ g;) /(R) Mdn.

If at time ¢, we stop surface growth and remove the internal applied pressure, we would observe residual
stresses in both the initial and the secondary bodies. In the linear theory of accretion these stresses can be
calculated using superposition. For the cylinder of internal radius R; and external radius s(t,) = R + ugta
loaded by an internal pressure —p;(t,) (unloading) and traction-free at the external radius one has

LR?  s*(ta)  pilta)
Uunloadmg(Ra ta) = 75?82@@) — R% [ s
R? s%(t,) — R?
Ulﬁﬁoading(Ra ta) = R;S2Et 3 — Rgpi(ta), (491)
a 1

R? s%(t,) + R?
R;SQE%;_R%EQO- (4.92)

(4.90)

&@@ i (Ra ta) = -

unloading

Adding the above to their corresponding values at the end of loading one obtains the residual displacement and
the residual stresses as:

RE_pi(r(R) | wli [* () piln)

R (R 1 4.
Ures(R ) R2 _ R% 2/14 /JzR R;?O (82(77 _ R%)z dn7 ( 93)
R} s(n) pi(n
“0 1
R2 R—-R RE\ (" s(n) pi(n)
799 (R, t ) ; ) 4 2ugR2 (1 + 29 / AP <A P 4.
res (Rota) = =2 g vy ) T2 (M 2o ) oy Py - 22 (4.95)

4.2 Inner Accretion

In this section we consider an infinitely-long thick hollow cylinder under a specified time-dependent internal
pressure p;(t). Initially the inner and outer radii of the cylinder are Ry and Ry, respectively. We assume that
material is continuously added to the cylinder on its inner boundary. The outer boundary is assumed to be
traction free (see Fig.4).
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(a)
Figure 4: Continuous Inner Accretion: (a) The material manifold (B, G). The inner radius at time t is S(t). At a later time t+dt
the inner radius is changed to S(t) — Ug(t)dt. (b) The deformed annulus under a specified internal pressure p;(t) with a layer of
stress-feee material of thickness ug(t)dt attached to it during the time interval [t,t + dt]. (c¢) The residually-stressed accreted body
after removal of external forces (here the internal pressure p;(t)).

4.2.1 Kinematics and material metric

Again, for the sake of simplicity of calculations, we assume a constant growth velocity u; > 0 and work with
the choice Uy (t) = uq4(t) = ui. In this problem the time-dependent material manifold is

B, ={(R,0):0<0<2r St =R —wut<R<Ro}. (4.96)

Note that in order to avoid interpenetration of matter we assume that 0 <t < %.

The ambient space metric and the deformation gradient have the same forms as those of the outer accretion
example. Again, we assign to each layer at radius R in the material manifold a time of accretion 7(R), which is
assumed to be invertible with inverse S = 7~!. We assume that 7(R;) = 0. Note that u,(t) = r'(S(¢),t) Uy(t),
where Uy(t) = S(t). Equivalently, '(R,7(R)) = 7'(R) us(7(R)). The choice Uy(t) = u,(t) implies that
r'(S(t),t) = 1 or equivalently r'(R,7(R)) = 1. For constant growth velocity uy(t) = u1 > 0 one has

_Ri-R

S(t) = Ry —ut, or 7(R) "
1

(4.97)
For R; < R < Ry, the material metric is flat and has the representation G = diag{1, R?} in polar coordinates.

The material points attached to the growth surface at time ¢ are in a state of hydrostatic pressure with
magnitude p;(t) (when p;(t) < 0 this would be a hydrostatic suction). In the time interval [t,¢ + dt] a ring of
radius r(S(t), t) with thickness uydt is attached to the deformed body. Assuming that the body and the attached
particles are made of an incompressible material, if this ring (which is in a state of hydrostatic pressure or suction)
is unloaded its radius would remain r(S(t),t), i.e. 7(S(t),t) is the radius of the accreted ring in its stress-free
configuration as well. Therefore, for S(t) < R < Ry, we have

G(S(t)) = vig(r(S(t),t)), or equivalently G(R) = @i(R)g(r(Rm(R))). (4.98)
Hence

G- ( ; TQ(R’OT(R)) ) (4.99)
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For uy(t) = uq, this is simplified to read

1 0
G(R) = ( 0 7"2 (R, R1—R) ) . (4100)
uy
Therefore, in summary, the material manifold is an evolving Riemannian manifold (B;, G), where
B:={(R,0):0<0 <27m,5t) <R< Ry}, (4.101)

and

1 0
S(t)gRSRl G(o T2<R,RIR)>’

ut (4.102)
Ri<R<Ry: G= 10
1> = 0 - - 0 R2 .
Let us define #(R) := 7 (R, RL:R ) Using the incompressibility constraint we obtain
Ry
S(t)<R<Ry: r*R,t)=r*Ry,t —/ 27(x)dx,
(<R<Ry: 2RO =r*(But) — [ 2@ w103

< Ry: 7%(R,t) =71*(Ry,t) — R? + R

R <R

4.2.2 Calculation of stresses for an incompressible isotropic accreting cylinder

The stress calculation is very similar to that of the outer accretion problem. For R; < R < Ry, the radial Cauchy
stress component has the following expression (the boundary condition o"" (R, t) = 0 has been enforced):
4

o (R, 1) = _/RRO a(z,t) ;5(:17715) [1 _ T4écx’t)] d. (4.104)

For S(t) < R < Ry, the radial Cauchy stress component reads

L S o
Ro oz x rt Bz x P (x .
R

Note that o™ (S(¢),t) = —p;(t) and thus
Ro alz,t) + B(x,t) x4 B a(z,t) + B(x, t) 7 (z) o
/ —— T ae {1 — } da +/S [1 - ] dr = p;(t). (4.106)

R @ r(x, ) ® () r(x, 1)

Note that similar to the outer accretion problem, o”"(S(t),t) = —p;(t) implies that %°(S(t),t) = —p;(t).
In the case of a homogeneous neo-Hookean solid, (4.106) is simplified to read

/RR 2|1 o [+ /Si ol <§:x3r>} =10 (4.107)

Eq. (4.107) can be expressed in terms of the function r(R,t) and its spatial derivative r'(R,t), leading to the
following problem in the triangular region {(R,t) € R}|R; —u;t < R< Ry, 0<t < %}:

r(R, O (Rot) = 7 (R, clz i R) ,

U
Ry 1 4 R1 1 — 4 )
/ 1ho z N aw +/ i@t o il (4.108)
R, @ (r*(Ry,t) + 2% — RY)? Ri—uye T(@, )1 (z,t) 1
T(Rl,O) = Rl.

Note that the condition r(R;,0) = R; implies that for By < R < Ry, r(R,0) = R. We also assume that
pi(0) = 0.
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4.2.3 Calculation of residual stresses for an incompressible isotropic accreting cylinder

After the completion of inner accretion at time ¢t = t, < R;/uq, the material metric has the following represen-
tation in polar coordinates:

1 0
R, <R<R:: G(O TQ(R’RIUZR) )

Ri<R<Ry: G:<1 0 )

(4.109)

0 R?

where R, = Ry —uit,. Again, the deformation from the material manifold to the residually-stressed conﬁgyra—
tion (under no applied loads) is denoted by ¢ : B — S, where in polar coordinates we have: ¢(R,0) = (7,0) =
(F(R),©), see Fig.4. Using the incompressibility constraint one obtains

Ry
W< R< P =72 - 27(z)d.
R, <R< Ri: 7(R)=7"(I) /R P(z)dz, (4.110)

Ri<R<Ry: #(R)=7*R)) - R?+ R?

where 7(R;) is an unknown that will be determined after enforcing the boundary and continuity conditions. For
the residual deformation mapping ¢ we have

~2 A
n=CW L T 1 Ro<R<R,
P2(R) ~ 7(R)
., ; (4.111)
=W R 1 R<R<R
1= R2 ’,:2 (R) ’ 2=14, 1> 0
In the absence of applied loads the boundary conditions read: 6" (R,) = &""( ):0 One then has the following
distribution of radial Cauchy stress (the continuity of traction 5" (R;) = ¢""(R;) has been enforced):

Ro ~ 3 Ry ~ > .
mo<nen: o [t HEA [1_ s }dx_/ () + () [1 ) 7:1(95)] .
n @ A YT e T ) @
. SR = a(x) + ) [} at |
R1§R§R0 g (R)——\/R - |:1—7:4(m):|dx
Similarly, for the physical circumferential Cauchy stress component we have
~ =2 52
Ry<R<Ry: 3(R)=3"(R)+ [a(R) + 3(R)] [;2§R§ ;Egﬂ ,
i (4.113)
2 2
RI<R<Ry: &°(R)=5"(R)+ [d(R) + B(R)} [r]g? ) _ 7;?}2)}
The unknown constant 7(Ry) is determined using the condition 6""(R,) = 0, which is written as
fo a(z) + B() at M a(z) + B(=) M),
f, R - ag e G [ R o sy

4.2.4 Accretion stresses in the linearized theory
Next we calculate the accretion stresses when strains are small. We consider a one-parameter family of motions
@, that are assumed to be axisymmetric, i.e., pc(R,0) = (r(R,t),0,t) and linearize about the stress-free

configuration ¢ (R,0) = (R,0), i.e., 7e—o(R,t) = R. For Ry < R < Ry, the perturbed motion reads r2(R,t) =
r2(Ry,t) — R? + R?. Taking derivative with respect to €, and evaluating at € = 0, we obtain

5r(R,t) = %&1( ), (4.115)
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where dry(t) = ér(R1,t). Knowing that r(R,0) = R, one concludes that ér(R,0) = 0. Note that for t = 0,
R; < R < Ry. For S(t) < R < Ry we have

Ry
r2(R,t) = r2(Ry,t) — / 27 (2)da. (4.116)
R
Thus
or(R t)*ﬁé (t)l/Rl(SA( )d (4.117)
r(R,t) = —-or 7/, 7(z)dz. .
Evaluating (4.117); at t = 7(R), one obtains
[ A Ry
- = 0t (x)dx = 67(R) — —=r1(7(R)). (4.118)
R Jr R
Substituting the above relation back into (4.117) one gets
dr(R,t) — oF(R) = % [0r1(t) — ori(T(R))]. (4.119)
Let us define oW oW
n = 2 (a],l 8]2) 11=27]2=1. (4120)

Similar to the outer accretion problem, we consider a one-parameter family of applied internal pressures (p;).(t)
((pi)e=o(t) = 0) and with an abuse of notation denote the linearized pressure field by p;(¢). Similar to the
linearization of stresses for the outer accretion problem we have the following linearized radial Cauchy stress.
For R; < R < Ry, using (4.115), we obtain

Ro §r(x,t) 11
M =—4 ’ =-2 — - = . 4.121
00" (R, t) M/R - dx uRy (R2 R%) dr1(t) ( )
For S(t) < R < Ry,
Ry Ry — Ar
o (R,t) = —4u/ Lﬂjz’t)dx - 4u/ Mdm. (4.122)
Ry T R T
Using (4.117), we can simplify the above equation as
1 1 Br G (x,t) — 0 (x)
00" (R,t) = =2 — — =5 | dri(t) — 4 ———dx. 4.12
7 (R0 = 2t (g = g ) ora(0) —an [ D S0 (1129
From (4.119) one obtains
1 1 Br §ry (1(z))
00" (R,t) = =2 — — = | ori(t)+2 ————dx. 4.124
o™ (R,t) uRy (R R%) ri(t) + /R 3 x ( )
Imposing 66" (S(t),t) = —p;(t) one obtains
1 1 B gy (7(2)) pi(t)
— — | ori(t) — 2 dx = t>0. 4.125
(7)o [, e = G 1> (412

Taking derivative with respect to ¢ of both sides one reduces the above integral equation to the following simple
ODE: 2 52(1) pu(t)
- R t) pi(t
5 (1) = 0 AT 4.126
n) =5 2 — 52(1) (4.126)

Integrating this ODE from 0 to ¢ and noting that ér;(0) = 0, one obtains

_ _R§ (" 8%(n) pi(n)
2uRy Jo R(Q)*SQ(U)

or(Ry,t) dn. (4.127)
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Therefore, substituting into (4.119), we have

Ry [ S%(n) pi(n)

5r(R,t) — 67(R) = 2 P g 4.128
L0 =0 = 3R [,y T~ 520 (4129
Taking time derivative of both sides of (4.124); we obtain
— Ry S2(t) pi(t)
ST (Rt) = — =2 — 1) =2 e, 4.129
o) (m >%sm) (4.129)

Integrating the above relation from 7(R) to ¢ and noting that do" (R, 7(R)) = —pi(7(R)), we have

50" (R,t) = —p;i(T(R)) — (gg - 1) T(IR) M dn. (4.130)

As regards the component §6%%(R, t), linearizing (4.30), valid in the case of inner accretion as well, we obtain

) _ 4p _ _ 2R3 [ S%(n) pi(n)
6% (R,t) = 66" (R, t) + — [6r(R,t) — 67(R)] = 66" (R, t) + —2 =V 0 an, 4.131
(R,t) (R,t) R[ (R,t) (R)] (R,t) R ). B2 52(n) n ( )

which leads to

R3 ) t Mdg (4.132)

—~00 = —p. (T —
(50’ (R,t) - pz( (R)) + <R2 + 1 T(R) R(Q) - 52(77)

Residual stresses. Suppose surface growth stops at time ¢, and one removes the internal applied pressure.
In the linear theory of accretion residual stresses can be calculated using superposition. For the cylinder of
inner radius S(¢) and outer radius Ry loaded by an internal pressure —p;(t,) (unloading) and traction-free at
the external radius one has

_1&3 SQ(ta) pi(ta)
2 R R2—S2%2(t,) p
S%(t)) R:— R?
RR _ a 0
Uunloading(R7 ta) - R2 R% — Sz(ta)pi(ta)» (4134)
| S(t.) R+ R
R? R2—S2(t,)

UR (R, tq) =

unloading

(4.133)

99 (R, tq) =

unloading

pita). (4.135)

Adding the above to their corresponding values at the end of loading one obtains the residual displacement and
the residual stresses as:

R3R pi(r(R)  wiRl [*  S(n) pi(n)
Urlzs R,t = — 0 d + ! , d’l],
S AT HR Jo(ry (R = S2(n)?
R? S pin)
oRE(R {) = —2u, R2 (0 —1>/ T, 4.136
(R, 1) o | 2o ~(r) (R3 —S2(n))? ( !
2R2 R} o S(n) pi(n)
GOO(Rt) = — 2= pi(T(R)) + 2u1 R% | =% 1/ vz -
7 (B t) = — i (r(R) + 20 B 1) |

5 Surface Growth of a Thick Hollow Solid Sphere

In this section we consider continuous accretion of a hollow spherical ball under a time-dependent internal
pressure. We assume that the initial stress-free body is a hollow spherical ball with inner radius R; and outer
radius Ry. At time ¢, under a specified internal pressure p;(t), the outer radius in the current configuration is
ro(t). Note that we assume that the pressure p;(t) is apriori specified and the inner radius of the ball is part
of the unknowns to be solved for. Similar to the cylinder problem in §4, we assume that accretion velocity is
normal to the boundary with magnitude u,(¢) in the current configuration. For a hollow ball we only consider
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outer accretion, i.e. material is continuously added on the outer boundary of the spherical ball. The metric of
the Euclidean ambient space in spherical coordinates (r, 6, ¢) reads

1 0 0
g=1|0 r? 0 . (5.1)
0 0 72%sin?6

In the material manifold B we use the spherical coordinates (R, O, ®).

5.1 Kinematics and material metric

We assume motions of the form (r,0,¢) = (r(R,t),©, ®), and hence the deformation gradient reads

r(R,t) 0 O
F = o 10|, (5.2)
0 0 1

where (R, t) = %. Again we assign to each layer at radius R in the material manifold a time of accretion
7(R). This map has the inverse s = 77!, which assigns to each time the radius of the new spherical layer in
the material manifold. It is assumed that 7(Ro) = 0 and ro(t) = r(s(¢),t). Again we choose U,y (t) = u,(t) and
assume that u,(t) = up > 0. We still have the relationships r’(s(¢),t) = 1 and s(t) = Ro + uot.

For Ry < R < Ry (the initial body), the material metric has the following representation in spherical

coordinates.
1 0 0

G=| 0 R2 0 . (5.3)
0 0 R%sin?0

Assuming an incompressible solid J = /72 /R? = 1, one finds
r3(R,t) = r*(Ro,t) + R* — Ry, Ry < R<Ry. (5.4)

The accreted shell at any instant of time ¢ is assumed to be stress free and hence G(R) = ¢} ) g(r(R, 7(R))).
In components, this reads Gap(s(t)) = Gap(R) = F*A(R,7(R))F’p(R,7(R))gas(r(R,7(R))). Therefore, for
Ry < R < Ry + ugt we have

(R, 7(R)) 0 0 1 0 0
G = 0 r2(R,7(R)) 0 = 0 2R, 7(R) 0 . (5.5)
0 0 r?(R,7(R))sin?© 0 0 r?(R,7(R))sin?©
For the special case of uy(t) = uo, this is simplified to read
1 0 0
G=| 0 (R E) 0 . (5.6)
0 0 r2 (R, @) sin? ©
ug

Assuming that the accreted body is made of an incompressible solid we have

R—-R
r?(R,t)r' (R, t) = r? (R, - 0) . (5.7)
0
The above equation can be integrated between Ry and R to give
R
r3(R,t) = 3(Ro, t) +/ 3r? (m, szo) dx, Ro < R < Ry+ ugt, (5.8)
Ro

from which, defining ro(t) = r(Rp,t) and #(R) = r(R,7(R)), we obtain a decomposition analogous to (4.21):

R
r3(R,t) = r3(t) +/ 37%(z)dx, Ry < R < Ry + ugt. (5.9)
Ro
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5.2 Calculation of stresses for an incompressible isotropic accreting spherical ball

Next we calculate the stress field during the surface growth. For R; < R < Ry, Finger tensor bf and b~! are
given by

R* r*(R,t)
" r4(R,t) 0 0 1 Ri 122 0
1 2
0 0 wsre 0 0 sEhare

The principal stretches read
R N 2r2(R,t)
- (Rt R

Therefore, the Cauchy stress has the following representation

r*(R,t) 2R?
b= "pi* s (5.11)

I

—p+ f—:a + 222 0 0
1 r? R? r
o= 0 7z [_p'i‘ﬁOK‘F (ﬁ"i’ﬁ) 6} 0 . (5.12)
0 0 m%ﬂ*%a*(%*%)ﬂ}
The non-trivial radial equilibrium equation is written as
Tr 2
8;0 + ;O’TT —ra? — (rsin? 0)o?® = 0. (5.13)
This is simplified to read
90" (R, 1) 2 RS r?(R, 1)
= — R,t Rt)|. 5.14
R (R, 1) { (R, 1) o(B,1) + —pg— AR,Y) (5-14)
We know that o™ (Ry,t) = —p;(t), and hence, integrating the above ODE from R; to R, one obtains
R 6 2
2 x r(z,t)
"R, E) = —py(t - )+ — " B(x, 1) da. 5.15
) = =n)+ [ 1= ] ot + S| e (5.15)
For Ry < R < Ry + ugt, the Finger tensor b¥, and b~ read
F4(1%) ’r’il(R,t)
. (Rt ? 0 . r(R) FQ(()R) 0
bt = 0 ) (1) , b= 0 RS 720 . (5.16)
0 0 =mare 0 0 %

The principal invariants of b are written as

7 (R) r%(R,t) r(R,t) 7 (R)
L = 2 : I, = : 2 . 5.17
Ve TP em e BT m) e 47
The Cauchy stress in this region has the following representation
—p+ La+258 0 0
o — 0 L [*er L+ (;é+;é) ﬂ} 0 - (518)
0 0 m[_p+ga+(§+§)5}
Using the radial equilibrium equation, the radial Cauchy stress component is calculated as
R =6 2
: 2 7 () r(x,t)
"(R,t) =0"" t —_— |l - —— t t)| d
o (B 1) =" (o, )+/RO r(x,t) [ rﬁ(x,t)] [a(x’ )+ 72 (x) pla.1)| do
Ro 9 28 r?(z,t)
= —p;(t 1— ,t : )| d 5.19
01+ [ g |1~ g [0+ w0 (19

! /RR o [ ey [o0 + a0 de



We know that 0" (s(t),t) = 0%(s(t),t) = 0. In particular, for the radial component, this gives

/RO 2 | {1— T6“””6 } {a(x,t)—kﬁgfz’t)ﬂ(x,t)} do

r, Tzt (z,t)
' (5.20)
Ro+uot ) fﬁ (33) 7‘2 (37, t) B
* /R @) [1 - rG(x,w} {a(“) TR P “’“] de = pilt).

Note that

} [a(R, £) + ’“;gfé?,@m, t)} . (5.21)

609(}37 t) — 5¢¢(R,t) _ U’"’"(R7 t) N TQ(R,t) [ fG(R)

P2(R) | SR

Therefore, 5%9(s(t),t) = 6%?(R,t) = 0 are trivially satisfied. In the case of a homogeneous neo-Hookean solid,
a(R,t) = p and B(R,t) = 0. In this case, (5.20) is simplified to read

A e Lo = (B = DR (5:22)

One obtains the following problem in terms of the function r(R,t) in the triangular region {(R,t) € R?|Ry <
R < Ro+wugt, t e RT}:

R
0

/ N 1 - 2 ot /R”W L= t)  pilt) (5.23)
2 - )

™ (r3(Ro,t) + R~ RY) (*(Ro,t) + R® — RY) Ro (1) 2p

T(R07 0) = ROv

wl=

analogous to the one that was discussed in §4 for a cylindrical bar.

5.3 Calculation of residual stresses for an incompressible isotropic accreting spher-
ical ball

Suppose that at some time ¢t = ¢,, the accretion process stops. The material metric has the following represen-
tation in spherical coordinates:

1 0 0
RI<R<Ry: G=| 0 R? 0 ,

0 0 R%sin?0

1 0 0 (5.24)
Ry<R<R,: G=| 0 TQ(R,R;fO) 0

0 r2 (R, R%f”) sin? ©

Note that the function r(R,t), and hence r (R, R;fo), has already been calculated. The motion from the
material manifold to the residually-stressed configuration (under no applied loads) is denoted by ¢ : B —
S, where in spherical coordinates we have: @(R,0) = (7,6,¢) = (F(R),0,®). Using the incompressibility

constraint one obtains

7*(R) = (Ro) + R® — Rj, Ry < R < Ry,
R . 5.25
(R) = 7(Rp) +/ 372 <x QCURO) dz, Ry < R <R,, (5:25)
Ro 0
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where 7(Rp) is an unknown that will be determined after enforcing the boundary and continuity conditions. In
the absence of applied loads the boundary conditions read: 6™ (R1) = ¢""(Rq)=0. One then has the following
distribution of radial Cauchy stress (the continuity of traction 6" (R, ) = ¢""(Rg ) has been enfoced):

RI<R<Ry: &”(R)_/R 2 [1— v Ha(a:)Jri(f)ﬂ(z)] dz,

R, T() 76 (z)
Ro<R<R.: &"(R)= /R R % [1 - 7%] [a(m) + Fx(f)ﬂ(x)] do (5.26)

v [ s 1 ] oo+ ot e

Similarly
7:2 6 f2 ~
Ri<R<Ry: ¢"R)=6%(R)=6"(R)+ zg,f) [1 — ﬂfR)} [&(R) + ]gj)ﬁ(R)} ,
L - . i (5.27)
Ry < R<Ros 3R = 5() =7 () + S 1= T | ar)+ i)
The unknown constant 7(Rp) is determined using the condition 6" (R,) = 0, or
"2 o a(z () x)| dx 2 _ @) a(z () x)|de =
o 7 = ) [o0+ T e [ 55 [1- ] oo+ o] a0 w2

5.4 Surface growth stresses in the linearized theory

Linearization of the governing equations and stresses is similar to that of an infinite cylindrical bar. For
Ry < R < Ry, for the perturbed motions we have r3(R,t) = 72(Ry, t) + R® — R3. Taking derivative with respect
to € on both sides and evaluating at e = 0, one obtains

R
or(R,t) = ﬁéro(t), (5.29)
with dro(t) = 0r(Rp,t). For Ry < R < Ry + ugt
, R
r3(R,t) = r2(Ro,t) + / 372 (z)dz. (5.30)
Ry

Again taking derivatives with respect to € on both sides and evaluating at ¢ = 0, one obtains

sr(R.1) = 05 (t)+1/R2 57(z)d (5.31)
r(f, —R2r0 2 Roccrx xT. .
Evaluating (5.31) at t = 7(R), one obtains
1B R?
— | 2x07(x)dx = 67(R) — =267 (Ro, T(R)). (5.32)
R Jg, R?

Substituting the above relation back into (5.31), one has

_ R?
or(R,t) — 07(R) = R—g [0r(Ro,t) — dr(Ro, 7(R))] . (5.33)
For R; < R < Ry, the linearized radial Cauchy stress reads

R Sr(x,t 1 1
5™ (R, t) = —pi(t) + 124 / LQ) do = —p;(t) + AuR> <3 - 3> Sro(t), (5.34)
R xr Rl R
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where we used (5.29). For Ry < R < s(t) we have

1 1 R §r(x,t) — or(x
S (R,t) = —p;(t) + 4uR2 <R3’ - R3) dro(t) + 12,u/R % dx. (5.35)
1 0

Using (5.33) we obtain

1 1 B 55ro((x))
rr _ 2 0
50 (R,t) = —pi(t) + 4uR2 <R3 - R3> Sro(t) — 3/R T e (5.36)
We know that o7"(s(t),t) = 0 and hence o™ (s(t),t) = 0. Therefore
1 1 Fotet 6870 (7 ()) pi(t)
— — —=— | 6ro(t) — OOTONTE)) g = t . 37
(R% s3<t)) rolf) 3/R o gm0 (5:37)

Taking derivative with respect to ¢ of both sides one reduces the above integral equation to the following simple

ODE:
R} s3(t) pi(t)

Sro(t) = TS0 S (5.38)
Integrating this ODE from 0 to ¢ and noting that 67 (Rg,0) = 0, one obtains
t
bro(t) = 45;2 /O 53% P %’% dn. (5.39)
Therefore, Eq. (5.33) is simplified to read
b st
or(R,t) — 4MRZ /TR 30 dn, (5.40)

which, after solving (5.32) for §7(R), allows one to find or(R,t). Taking time derivative of both sides of (5.36)
we obtain

- 1 1
50-7“7"(R,t) = —pz( )—‘1-4/,6R2 <R3 — R3> (ST(R(), ) (541)
Integrating the above relation from 7(R) to t and noting that do"" (R, 7(R)) = 0, we have
Ry s%(n) pi(n)
00" (R, t) = —p;(t i(T(R 11— —= ————=dn. 5.42
() =) ey + (1= 1) [ Sy (5.42)

Similarly, the other two non-zero components of the Cauchy stress have the following linearized expressions

3 t 83 .
66" (R, t) = 66%%(R,t) = —pi(t) + pi(T(R)) + (1 + QRR3> / . M dn. (5.43)

Residual stresses. We follow the same approach that was used for the cylinder examples. The unloading
fields are

R} s32(ta)  pi(ta)
te) = ——=
Uunloadlng(R7 ) R2 83( ) R?, 4,U
R} $3(t,) — R?
ﬁmpl( a)s
R} 3s 3(ta)+R3p (t)
RS $3(ta) — R}

)

okl (R,tq) =

unloading

(5.44)

599 dine (R, ta) =

unloading
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Integrating Egs. (5.40), (5.42) and (5.43) by parts, and adding (5.44) we obtain the following residual fields:

R—Ry
R3R Pi ( u ) SugRS [te s2(n) pi(n)
B (Rt L 0 0 1/ Ry A
R T 4MR2 e (50n) — R >4
oFR(R,t,) = 3uoR3 (1 - ) / 33 ](%Z)) dn, (5.46)

3_ Ry R RYN [ s*(n) pi(n)
60 — ¢¢ — 1 3 1 K . .4
00res(R,t) = 0076i (R, t) = —5 13— 3 P ( o ) + 3uo Ry ( + 2R3> L_RO 50— mIE ™ (5.47)

©o

6 Numerical Examples

In this section we present some numerical examples of surface growth for cylindrical and spherical bodies made
of neo-Hookean solids.

6.1 Numerical solution of the governing equations

We introduce an auxiliary problem to (4.33) in which the original cylinder is the result of accretion “from

nothing” with no internal pressure. The auxiliary problems of inner accretion of a cylindrical bar and outer

accretion of a spherical ball are Slmllar The domain of the auxiliary problem is the region R; < R < Ry + ugt,

and has its starting time at t* = —Lo=R1  Now we show that this approach is equivalent to the problem (4.33).
For t* <t <0 the governing equatlonb (4.33) read

R-R
r(R, ) (R t) =r (R, 0) for Ry < R < Ry +uot, t* <t <0,

Ug
Ro+uot 1 =4
/ - {1— Z(m) ]dsz for t* <t <0, (6.1)
Ro () r(z,)
T’(Rl,O) = Rl.

It is straightforward to check that r(R,t) = R is a solution of this problem. This means that at time ¢ = 0 we
obtain the stress-free cylinder of internal radius R; and external radius Ry. For ¢ > 0 the problem becomes

R—R
r(R,t)r'(R,t) =7 (R, 0> for Ry < R < Ry + uot,
U
Ro+uot 1 =4 (t
/ - {1— Z (z) }dx:pl( ) for t >0, (6.2)
R 7(x) r(z,1) p
’/’(Rl, O) = Rl,
where the integral can be rewritten as
Ro =4 Ro+uot  q 4
/ L PR C) dw—i—/ I PO P (6.3)
r, T(z) ri(x,t) Ro 7(z) r(z,t)
Note that in the region R; < R < Ry, since t* < R%fo < 0, we simply have 7(R) = r (R, R;ioRO) = R. Thus,
we obtain the following two problems
(Rt =R fOI‘ngRS]%Q7
{1 Z(x } dr =P s (6.4)
rd(x,t) %
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and

R—-R
r(R,t)r'(R,t) =7 (R7 O) for Ry < R < Ry + uot,
U
Ro 4 Ro+uot =4 .
J 1{1‘4:6}61“/ zE [1_ ; m)]dm:pzu) for ¢ >0, (65)
Rq x r (l‘,t) Ro T(LE) r Jl,t) w
’/‘(Ro,O) = Ro,

which is consistent with (4.18) for the initial body and is identical to (4.33) for the secondary body. Therefore,
considering a single domain R; < R < Ry + ugt starting at time t* with p; = 0 for t* < ¢ < 0 is equivalent to
solving the governing equations in two different domains starting at time 0. We solve the auxiliary problem in
our numerical simulations, as it is numerically more convenient. For the problem (6.5) we use finite differences,
while the nonlinear equations, including (4.53) for the residually-stressed configuration, are solved using the
Newton-Raphson method.

6.2 Numerical results

In the following examples we normalize stresses by the shear modulus g and work with the dimensionless time
t/t, and the dimensionless radial coordinate R/R;. We also assume that Ry/R; = 1.25 and R,/R; = 2.25,
which means that ug = Ry /t, = 1.

(a) (b)
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Figure 5: Outer surface growth under a monotonically increasing internal pressure p;(t). (a) The inner, interface, and outer
radii and their linear counterparts as functions of time. (b) The radial and circumferential residual stresses and their linear
counterparts.

Example 1. Fig.5(a) shows the time dependency of the radii of the inner and outer boundaries of a cylinder
under outer accretion and also that of the interface between the initial and the secondary bodies in the current
configuration, and their linear counterparts. The cylinder is under the monotonically-increasing pressure shown
in the figure. It is seen that for ¢ > 0.5¢, the nonlinear effects are quite noticeable. Fig.5(b) shows the profiles
of the radial and circumferential residual stresses and their linear counterparts. It is seen that the nonlinear
circumferential stress is more than twice as much as the linear one at some points. Note that the linear and
nonlinear stresses do not attain their minima and maxima at the same points. Also, note that as was explained
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Figure 6: Inner surface growth under a momnotonically increasing internal pressure p;(t). (a) The outer, interface, and inner
radii and their linear counterparts as functions of time. (b) The radial and circumferential residual stresses and their linear
counterparts.

in Remark 4.5, in the initial body, i.e. for 1 < R/R; < 1.25, " is strictly increasing while &% is strictly
decreasing. Note also that the circumferential component of the residual Cauchy stress changes sign along the
thickness of the cylinder. Fig.6 shows the same quantities for the inner accretion of the cylinder. We observe
the same change of sign of the circumferential component of the Cauchy stress. For the outer accretion of a
spherical ball, Fig. 7 shows the same quantities that were discussed for the cylinder examples.

Example 2. In Fig.8 we compare two outer accreted cylinders that are manufactured under cycles of internal
pressure or suction. It is seen that the nonlinear deformation and residual stress fields in the two cylinders
are quite different. Note also that under internal pressure the nonlinear stresses and radial displacements are
larger (in absolute value) than their linear counterparts, while under an internal suction the linear quantities
are larger. However, as expected, the linear displacement and residual stress fields are the same up to a sign in
the two cases.

Example 3. Next, in Fig.9, we consider two cylinders that have identical dimensions. One (outer accreted
cylinder) is built in an additive manufacturing process starting with an initial tube. The other one (non-
accreted cylinder) has no residual stresses. For the outer accreted cylinder we consider two cases: one additively
manufactured under an internal pressure and one manufactured under an internal suction. The maximum value
of pressure or suction is 0.1y as shown in Fig.9. Each cylinder is loaded under an internal pressure or suction of
magnitude p. = 0.3u. The radial stress o does not seem to change much with or without surface growth. The
difference is evident especially for 7%°. In Fig.10 we make the same comparison for inner accretion, obtaining
similar results. These observations indicate that stress distribution under service loads may be reduced by
controlling the residual stress distribution in an additively-manufactured cylindrical bar.

Example 4. In Fig.11 the stiffness of an inner accreted cylinder is compared with that of its corresponding
non-accreted cylinder. We consider two cases: accretion under an internal pressure and accretion under an
internal suction. The radial displacement of the inner boundary is calculated with respect to the position that
corresponds to p. = 0, which is R, for the non-accreted cylinder and 7(R,) for the accreted one. Displacements
are normalized using R;. Note that when p; and p. have opposite signs the accreted cylinder is stiffer than the
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Figure 7: Surface growth of a spherical ball under a monotonically increasing internal pressure p;(t). (a) The inner, interface,
and outer radii and their linear counterparts as functions of time. (b) The radial and circumferential residual stresses and their
linear counterparts.

non-accreted one. This observation suggests that the stiffness of an additively manufactured structure can be
controlled by controlling the surface growth process.

Example 5. In Fig.12 the history of the inner radius of a cylinder during an outer surface growth under two
different loading cycles is shown (Ry/R; = 1.25 and R,/R; = 2.25). It is seen that in both the nonlinear and
linear solutions the final radius is different from its initial value. This is due to the anelastic nature of surface
growth even for a hyper-elastic solid.

7 Conclusions

In this paper we formulated the initial-boundary value problems of surface growth for cylindrical and spherical
bodies made of nonlinear elastic solids. To simplify the calculations we restricted ourselves to incompressible and
isotropic materials. As model problems we considered infinitely-long hollow cylindrical bars and hollow spherical
balls. While a cylindrical body is under a time-dependent internal pressure (or suction) material is continuously
added to either its outer or inner boundary. For a hollow spherical ball stress-free material is added to its outer
boundary. Our goal was to calculate the time-dependent stress field during accretion and the residual stress
field after the completion of accretion. We solved these problems in the framework of geometric anelasticity.
We first constructed a family of Riemannian material manifolds. The growing body is stress-free at any instant
of time in its material manifold. We calculated the material metric and observed that it depends on the history
of loading and deformation during surface growth and the accretion velocity. Having a material manifold the
surface growth problem is transformed into a classical nonlinear elasticity problem with an evolving reference
configuration. We showed that calculation of accretion stresses for an incompressible solid is reduced to solving
a nonlinear partial integral equation. We then linearized the nonlinear governing equations about a stress-free
equilibrium configuration and showed that the resulting linear partial integral equation gives displacements and
stresses that are identical to those calculated using the linear theory of accretion of Brown and Goodman [1963].
The governing equations were solved numerically in the case of a neo-Hookean solid. We also calculated the
residual stresses.
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Figure 8: Outer surface growth under internal pressure ((a), (b)) or internal suction ((c), (d)) cycles. (a) and (c) show the
inner, interface and outer radii and their linear counterparts as functions of time. (b) and (d) show the radial and circumferential
residual stresses and their linear counterparts.

Extending the present theory to non-normal surface growth of arbitrary-shaped bodies will be the subject
of a future communication. Another extension of the present work would be modeling surface growth in thin
shells. Recently, Sadik et al. [2016] formulated a nonlinear shell theory with bulk growth. Kinematics of a shell is
described by the first and the second fundamental forms that evolve in the material manifold as a result of bulk
growth. It would be interesting to see how the fundamental forms of an accreting shell depend on the history of
loading and deformation during surface growth. Other interesting problems for future work would be taking into
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Figure 9: Comparison between an accreted and a non-accreted cylinder both with inner and outer radii R1 and Rq, respectively,
loaded by an internal pressure or suction pe/p = 0.3. The outer accreted cylinder was loaded during the accretion process by p;(t).
(a) pi(t) > 0 and pe > 0, (b) p;(t) > 0 and pe <0, (¢) pi(t) <0 and pe > 0, (d) p;(t) <0 and pe < 0.

account material anisotropies and compressibility, surface growth under twist or uni-axial tension/compression,
and the effect of pre-stress of the accreting material on the stiffness of an additively-manufactured structure.
The present nonlinear theory of surface growth can potentially be used for optimizing an additive manufac-
turing process for achieving best stiffness and smallest stresses under service loads of the structure. Knowing
the service loads one may reduce the stresses by controlling the residual stresses. The factors that affect the
residual stress distribution are: loading during surface growth, speed of adding material, and the state of stress
of the added material at the time of attachment to the structure. The nonlinear surface growth theory presented
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Figure 10: Comparison between an accreted and a non-accreted cylinder both with inner and outer radit R, and Rg, respectively,
loaded by an internal pressure or suction pe/p = 0.15. The inner accreted cylinder was loaded during the accretion process by
pi(t). (a) pi(t) >0 and pe > 0, (b) pi(t) >0 and pe < 0, (c) pi(t) <0 and pe > 0, (d) p;i(t) <0 and pe < 0.

in this paper will be useful in solving such optimization problems.
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