
PLATE BENDING ELEMENTS



Behavior of Plates
The behavior of plates is similar to that of beams. They 
both carry transverse loads by bending action. 

Plates carry transverse loads by bending and shear just like 
beams, but they have some peculiarities

. 

x

yz
Simply supported edges

Si
m

ply
 su

pp
or

te
d 

ed
ge

s



Behavior of Plates
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Plates undergo bending 
which can be represented 
by the deflection (w) of the 
middle plane of the plate

u
vw

w(x,y) w(x+dx,y)

w(x+dx,y+dy)w(x,y+dy)

δw/δx

δw/δy

The middle plane of the plate undergoes deflections w(x,y). The top 
and bottom surfaces of the plate undergo deformations almost like a 
rigid body along with the middle surface. 



Behavior of Plates
Thin plate theory - does not include transverse shear 
deformations
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Behavior of Plates



Behavior of Plates
Note that the stresses vary linearly from the middle 
surface. Just like bending stresses in beams. 
Also note that the shear stresses (τxy) produced by bending 
also vary linearly from the middle surface. 
The shear stresses τyz and τzx are present and required for 
equilibrium, although the corresponding strains are 
assumed negligible. Parabolic variations of the stresses 
are assumed. 
The bending stresses can be simplified to resultant 
moments (Mxx, Myy, Mxy). These moments are resultants of 
the linear stress variations through the thickness



Mindlin Plate Theory

The transverse shear deformation effects are 
included by relaxing the assumption that plane 
sections remain perpendicular to middle surface, 
i.e., the right angles in the BPS element are no 
longer preserved.

Planes initially normal to the middle surface may 
experience different rotations than the middle surface 
itself
Analogy is the Timoshenko beam theory.  



Mindlin Plate Theory

θx and θy are rotations of lines perpendicular to the middle surface 



Procedure for FEM Formulations



Shape Functions

Natural bilinear shape functions

Hierarchical functions



Corner node displacements and mid-side rotations



Transverse shears Relationship
(Mindlin Plate )

Discrete Kirchhoff Element



STRAIN-DISPLACEMENT EQUATIONS



THE QUADRILATERAL ELEMENT STIFFNESS



STATIC CONDENSATION



MEMBRANE ELEMENT WITH 
NORMAL ROTATIONS



Procedure for FEM Formulations



Development of the element

1. The starting point is the nine node quadrilateral 
element, 16 DOF2. 

2. The next step is to rotate the mid-side relative 
displacements to be normal and tangential to each side 
and the relative tangential displacement is set to zero, 
reducing the element to the 12 DOF 

3. The third step is to introduce parabolic normal 
displacement constraints to eliminate the four mid-side 
normal displacements and to introduce four relative 
normal rotations at the nodes 

4. The final step is to convert the relative normal rotations 
to absolute values and to modify the shape functions to 
pass the patch test. This results in the 12 by 12 
element stiffness with respect to the 12 DOF



Membrane element (4-nodes) + 4 mid-side nodes

N5 = (1-r2) (1-s) / 2 N6 = (1+r) (1-s2) / 2

N7 = (1-r2) (1+s) / 2 N8 = (1-r) (1-s2) / 2

Interpolation functions (i = 5:8)
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Ni (r,s) vi
i = 5

8

Displacement Interpolation Extension

r
s

Ni

P6

P2

P5

P1

P7P4

P8



Introduction of Drilling Rotations

P1

P2 

P3

P4 Δθj

Δθi

Δuij

Δux

Δuy

i

j i = 1, 2, 3, 4

j = 1, 2, 3, 4

Δuij = Lij /8 (Δθj – Δθi )

αij

Δux = cos αij Δuij = cos αij Lij /8 (Δθj – Δθi )

Δuy = sin αij Δuij = sin αij Lij /8 (Δθj – Δθi )

u(r,s) =  Σ
 

Ni (r,s) ui +   Σ
 

Ni (r,s) Δθi
i = 1

4

v(r,s) =  Σ
 

Ni (r,s) vi +   Σ
 

Ni (r,s) Δθi
i = 1

4

i = 5
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i = 5
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δT = [u1 , v1 , Δθ1 , u2 , v2 , Δθ2 , u3 , v3 , Δθ3 , u4 , v4 , Δθ4 ]

Lij

v

u



STRAIN-DISPLACEMENT EQUATIONS

Stiffness Matrix



One element test

Correction to avoid shear locking

P = 100

σx = 2P/(ht) = 100

B12 =  B12 – 1/A ∫ B12 dA

P = 100

t = 1

h = 2

ErrorPatch test verification 
( Bruce Irons, 1972)

Theoretically

εx

εy =    B11 B12

τxy

u
Δθ



SAP 2000

One element test (applying correction)

P = 100

σx = 2P/(ht) = 100

P = 100

t = 1

h = 2

Theoretically

Ok



Implementation of Elastic Static and Dynamic Analyses 

Input

Coordinates Restraints Material

K,M assemblage
(LMR4)

Spectral Analysis

Connectivity Load cases

Static Analysis

u = K \

 

F Time History Analysis
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Nodes & Elements
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,θz - Animations



-50 0 50 100 150 200 250 300 350 400 450 500

0

50

100

150

200

250

1 

2 

3 

4 

5 

6 

7 

8 

9 

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39 40 41 42 43 44 45 46

47 48 49 50 51 52 53 54

55 56 57 58 59 60 61 62

63 64 65 66

67 68 69 70

71 72 73 74

75

76

77 78 79 80 81 82 83

84 85 86 87 88 89 90

1  2  3  4  5  

6  7  8  9  10 

11 12 13 14 15 

16 17 18 19 20 

21 22 23 24 25 

26 27 28 29 30 

31 32 33 34 35 

36 37 38 39 40 

41 42 43 44 45 

46 47 48 

49 50 51 

52 53 54 

55 56 57 58 59 60 61 62 63 

64 65 66 67 68 69 70 71 72 

73 74 75 76 77 78 79 80 81 

82 83 84 85 86 87 88 89 90 

91 92 93 94 95 96 

97 98 99 100 101 102

103 104 105 106 107 108 109 110

111 112 113 114 115 116 117 118

119 120 121 122 123 124 125 126

x
y

Element side = 30 cm
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= 0.167
ρ= 2e-3 kg/cm3

ζ

 

= 5 %

Ramp Force

A wall of masonry



SHELL ELEMENTS



A SIMPLE QUADRILATERAL SHELL ELEMENT



APPLICATION CONSIDERATION

Shell Element Joint Connectivity and Face Definitions



Mesh Examples Using the Quadrilateral Shell 
Element



Shell Element Stresses and Internal Forces



Shell Element Stresses and Internal Forces



Internal Force and Stress



Internal Force-Stress Relationship



MODELING THE GEOMETRY



GEOMETRY AND DOFS OF NUMERICAL ANALYSIS 
ELEMENTS



FRAME-SOLID CONNECTION



SHELL-SOLID CONNECTION



FRAME-SHELL CONNECTION
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