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Abstract

In this paper, we present a large-deformation formulation of the mechanics of remodeling. Remodeling is
anelasticity with an internal constraint—material evolutions that are mass and volume-preserving. In this
special class of material evolutions, the explicit time dependence of the energy function is via one or more
remodeling tensors that can be considered as internal variables of the theory. The governing equations of
remodeling solids are derived using a two-potential approach and the Lagrange-d’Alembert principle. We
consider both isotropic and anisotropic solids and derive their corresponding remodeling equations. We
study a particular remodeling of fiber-reinforced solids in which the fiber orientation is time-dependent
in the reference configuration—SO(3)-remodeling. We define an additional remodeling energy, which is
motivated by the energy spent in living systems to remodel to enhance stiffness in the direction of loading.
We consider the examples of a solid reinforced with either one or two families of reorienting fibers and
derive their remodeling equations. This is a generalization of some of the proposed remodeling equations
in the literature. We study three examples of material remodeling, namely finite extensions and torsion
of solid circular cylinders, which are universal deformation for incompressible isotropic solids and certain
anisotropic solids. We consider both displacement and force-control loadings. Detailed parametric studies
are included for the effects of various material and loading parameters on fiber remodeling. It is observed
that during remodeling, there is a competition between the action of the internal strain energy function and
the remodeling energy (governed by the motivation to provide additional stiffness or strength). For a given
material, a remodeling process dominated by strain energy works to align fibers in a direction that minimizes
strain energy. On the other hand, a remodeling process dominated by the remodeling energy aligns fibers
in the direction of the maximum principal strain according to a constitutive choice. We finally linearize the
governing equations of the remodeling theory and derive those of linear remodeling mechanics.

Keywords: Nonlinear elasticity, material aging, remodeling, mechanics of growth, anelasticity, geometric me-

chanics.
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1 Introduction

The earliest study of remodeling goes back to the nineteenth century and the work of Julius Wolff [Wolff, 1870,
1873] who suggested that bone optimizes its mechanical properties by remodeling to maximize its resistance to
the load— Wolff ’s law (see [Ambrosi et al., 2019] for a detailed historical account of the theories of growth and
remodeling). Remodeling, growth, and aging are terms that are often used interchangeably in the literature
to describe the evolution of various material properties like mass density, stiffness, strength, or the natural
stress-free configuration. The earliest continuum mechanics-based model for remodeling—theory of adaptive
elasticity—is due to Cowin and collaborators [Cowin and Hegedus, 1976; Hegedus and Cowin, 1976; Cowin
and Nachlinger, 1978]. Some researchers have proposed to use the term remodeling to describe the material
evolution only when the mass density is not evolving [Ambrosi et al., 2011]. However, the mechanics of a
material with evolving mechanical properties, e.g., stiffness, is typically described very differently from those of
a material with an evolving natural configuration. The evolution of natural configuration is usually modeled by
introducing a time-dependent internal variable (‘remodeling tensor’). In this work, we follow Epstein [2009] to
consider remodeling to be the evolution of the natural configuration under conditions of constant mass density
and constant mechanical properties. Such an evolution may result from the growth and atrophy processes
at smaller length scales, but at continuum length scales, we assume they only contribute to an evolution of
the stress-free state. Thus, we construct a macroscopic continuum framework to describe the mechanics of
remodeling materials.

No general framework yet exists to describe remodeling. Part of the challenge to developing a mechanical
framework is that in biological materials—for which remodeling is most relevant, although natural state evolution
without growth can occur in other materials—various energy generation and dissipation processes are occurring
at the cellular level that are difficult to model at the continuum level. Most of the work in the literature utilizes
empirical relations to describe the evolution of a remodeling tensor based on various experimental observations.



Nevertheless, one concept that is often used to describe evolution laws for remodeling tensors is the semi-
physiological principle of homeostasis in living systems. Homeostasis is the state of steady internal physical and
chemical conditions maintained by a living system—a stable equilibrium for the body, e.g., body temperature
and pH. It is hypothesized to be the central motivation for all organic action. Hence, it has been proposed
that a living body remodels to achieve homeostatic stress, which is a preferred value of the stress field regulated
through growth and remodeling during regular physiological conditions [Goriely, 2017].! A linear homeostasis

law for a remodeling tensor F may look like ]FT‘(X7 t) =C-[o(F, F: X, t) — o*(X)], where C is a fourth-order
tensor representing essentially the resistance to remodel, o is the Cauchy stress, and o* is the homeostatic value
of the Cauchy stress. However, in many different kinds of pathological conditions and during rapid and large
changes in mechanical characteristics, homeostasis is clearly violated [Goriely, 2017]. Hence, the validity of this
principle is questionable.

We next provide a brief description of a few specific approaches to describe remodeling in various problems
(for a comprehensive review of the literature until the mid-1990s see [Taber, 1995]). Rachev [1997] studied the
remodeling of arteries under hypertension. It is known that arteries respond to an increase in their internal
pressure by remodeling. Rachev [1997] in his model assumed that arteries remodel under the constraints that
strains in the inner and outer layers, and the average circumferential stress remains unchanged due to changes
in the internal pressure. His model predicted that both the wall thickness and the inner radius of the artery
increase in the remodeling process. Driessen et al. [2003, 2004] proposed two models for the reorientation of
collagen fibers in soft tissues. Both models utilize an empirical first-order rate equation for remodeling that
does not depend on any material property. In the first model, which was applied to the aortic heart valve, they
proposed that fibers reorient to align themselves with the positive principal strain direction. However, they
found that this model is not capable of describing the typical helical architecture of collagen fibers in arteries.
So, in the second model, they proposed that fibers instead align with “preferred directions” in between principal
stretch directions. The preferred directions are independent of the initial fiber orientation and depend only on
the magnitude of the principal stretch. For large values of stretch, the preferred directions in their model align
with the principal directions of stretch. Hariton et al. [2007] proposed a similar model but one where fibers
reorient according to the principal stress directions.

Epstein [2009, 2015] clearly distinguished between remodeling and other types of material evolution, e.g.,
aging and pure growth. He defined a ‘material implant’ transformation (we will call it ‘remodeling tensor’) and
defined the energy function of a remodeling body using the material implant and an initial energy function. He
also studied the effect of the material implant on the symmetry group of a remodeling material. In particular,
he showed that under material remodeling, the material symmetry group remains essentially unchanged (more
precisely, the symmetry group at time ¢ is conjugate to that at time ¢ = 0 through the remodeling tensor). He
defined morphogenesis to be an aging process that involves a change in the material symmetry group.

Melnik and Goriely [2013] considered an incompressible elastic cuboid that is reinforced by two families of
mechanically equivalent fibers. The cuboid is under uniform far-field normal stresses. Assuming that the fibers
reorient themselves along the direction of maximum principal stretch [Menzel, 2005], they observed that fibers
slowly reorient towards the direction of the larger load. They also showed that the final fiber orientations depend
on the applied loads but not on the initial fiber orientations.

Grillo et al. [2016] and Di Stefano et al. [2019] presented a model for porous biological systems in which the
remodeling tensor evolves as a function of the stress. Motivated by the similarity between the anelastic processes
of remodeling and plasticity, they assumed that the remodeling tensor behaves like a plastic strain in response to
the stress. Moreover, in a separate work, Grillo et al. [2018] derived motivation from the evolution of the material
natural state in various phase-change phenomena to describe the reorientation of tissue fibers in response to
external loading with the Allen-Cahn type of partial differential equations. Allen-Cahn approach to describing
a phase change can be thought of as a balance of linear momentum coupled with a balance of generalized or
configurational forces [Fried and Gurtin, 1994; Gurtin, 1996]. The configurational forces act as driving forces
for remodeling. Grillo et al. [2018] chose their remodeling internal variable as the mean angle of the fibers and
described the free energy change upon remodeling through a remodeling free energy density. Topol et al. [2019]
considered a hollow cylinder made of an incompressible solid with two families of mechanically equivalent fibers
in a symmetric helical arrangement. They studied remodeling under a time-dependent inflation. They defined

n the last chapter of the monograph [Goriely, 2017] ten challenges of the mechanics of growth are listed. The present paper
contributes to problems related to Challenges #3 and #10.



a fiber survival kernel that models fiber creation and dissolution rates; see also [Topol et al., 2014, 2017].

Chudnovsky and Preston [1996, 2001] attempted geometric modeling for material aging. They considered
a four-dimensional material manifold whose metric can evolve with time and somehow model the change in
the material properties of the body. It is unclear if there is any benefit in using a four-dimensional setting
as the time parameters in the material and current configurations are assumed to be equal. In order to find
the dynamics of the material metric, they used a variational approach and assumed a Lagrangian density that
explicitly depends on the material metric. The Euler-Largange equations corresponding to the variation of the
material metric are called aging equations. A metric defines local distances, and a material metric corresponds
to natural distances in the body. A time-dependent metric has been used in anelasticity since the seminal works
of Eckart [1948] and Kondo [1949, 1950].? One may wonder if using a time-dependent material metric is the
natural object that models aging/remodeling and whether it would be possible to differentiate anelasticity from
aging in such a model.

This paper is organized as follows. In §2, we describe the kinematics and constitutive equations of remodeling.
This is done starting from a multiplicative decomposition of the deformation gradient into an elastic and
a remodeling deformation gradient, which is volume preserving. Material symmetry is discussed, and the
constitutive equations are written explicitly for isotropic, transversely isotropic, orthotropic, and monoclinic
solids. A two-potential approach is assumed, where energy storage and dissipation are described through two
scalar potentials. The dissipation potential is taken to be convex in the rate of remodeling tensor. The action
of the symmetry group on an arbitrary dissipation potential is discussed. An additional mode of energy storage
is identified that we call remodeling energy. The remodeling energy is defined as quantifying the tendency of
a material to evolve in response to the local state of strain or stress. Balance laws are derived in §3 using a
two-potential approach and the Lagrange-d’Alembert principle. This gives the balance of linear momentum and
a remodeling kinetic equation. We explicitly write the remodeling equation for isotropic, transversely isotropic,
orthotropic, and monoclinic solids. We also derive the remodeling equation, assuming that remodeling involves
only the reorientation of fibers in an isotropic matrix. We consider both a single family of fibers and two
families of fibers that are neither necessarily orthogonal nor mechanically equivalent. The first and second
laws of thermodynamics are briefly discussed, and it is shown that convexity of the dissipation potential in the
rate of remodeling tensor ensures that the second law of thermodynamics is satisfied. In §4, three examples
of material remodeling are carefully studied. The first example is the finite extension of a solid circular bar
reinforced by helical fibers. In the second example, two families of fibers are considered for the same bar. The
third example is the finite torsion of the bar in Example 1. These are all examples of universal deformations.
The governing equations of the nonlinear theory are linearized with respect to an initial stress-free configuration
in §5. Conclusions are given in §6.

2 Material Remodeling

2.1 Kinematics

Motion, reference, and current configurations. Let us consider a body that is made of a solid that
is undergoing a material evolution. A material evolution can be any time-dependent change in the reference
configuration of the body. The body is identified with an embedded 3-submanifold of the Euclidean ambient
space S and is denoted by B. Motion of the body is a one-parameter family of maps ¢; : B — C; C S, where
Ct = ¢(B) is the current configuration of the body (more precisely, motion is a curve ¢t — ; in the space of all
configurations of B). A material point X € B is mapped to = 2(X,t) = ¢ (X) € C;.

Ambient space metric. In a body, deformation is understood as the change of local distances between
material points. An elastic deformation is locally measured with respect to a local stress-free state. The body
deforms in the Euclidean ambient space, which has the flat metric g. With respect to a (curvilinear) coordinate
system {z%} the metric has the representation g = g, dr® ® dx’. For example, with respect to the cylindrical
coordinates {r, 0, z} this representation reads: g = dr @ dr + r?df @ df + dz ® dz. If {2} are the Cartesian
coordinates, g = 04 dz® ® da® = dz' @ dz' + dz? @ dx? + dz® ® dx3. The metric tensor on a given tangent space

2For bulk growth, a detailed description can be seen in [Yavari, 2010]. For accretion and ablation (surface growth), see [Sozio
and Yavari, 2017, 2019; Pradhan and Yavari, 2023].



T,.S is used to calculate the dot product of vectors. More specifically, given two vectors u,w € T, S, their dot
product is denoted by {u, w) g = U’ w® gap. The inverse of the spatial metric is denoted as g* with components
¢® such that ¢%°ge = 0g. A metric induces natural isomorphisms between the tangent space and cotangent
space, namely the flat operator that maps a vector to its corresponding co-vector (1-form)

b:T,C — T,C
(2.1)
w = w* >—>wb=gabwbda@a,
Jdx®
and the sharp operator that maps a co-vector (1-form) to its corresponding vector
g:7.C —T,C
0 (2.2)

w = w, dz® — wt = g“bwb

Oxo

Material metric. When a body is stress-free in the Euclidean ambient space, the metric g induces the
Fuclidean metric G on B. In this state, the natural distances in the body are those that are seen by an observer
in the Euclidean space. In the presence of anelastic effects, remodeling, aging, etc., the natural distances in
the body may differ from those seen by the Euclidean observer. The natural distances are measured using a
material metric G that is non-flat, in general, and explicitly or implicitly depends on the non-elastic process
that the body is undergoing. In a material (curvilinear) coordinate system {X“}, the material metric has
the representation G = GapdX4 ® dXPB. For example, if {X4} are Cartesian coordinates G = dap dX4 ®
dXP = dX' @ dX' + dX? ® dX? + dX® ® dX3. As another example, in spherical coordinates {R,©, ®},
G =dR®dR+ R?*dO ® dO + R?sin> © d® @ d®. The flat and sharp operators corresponding to the material
metric are defined similarly to (2.1) and (2.2). The natural volume element of the Riemannian manifold (B, G)
at X € Bis denoted by dV(X). The corresponding volume element in the current configuration at x = p(X) € C
is denoted by dv(z). The Jacobian of deformation relates the deformed and undeformed Riemannian volume

elements as dv(z) = JdV (X), where?
det
J = \/d;(g;detF. (2.3)

Covariant derivatives. On a general manifold, vector fields cannot be intrinsically differentiated (an intrinsic
derivative of a tensor field is another tensor field independent of coordinates) unless the manifold is equipped with
an extra structure—an affine connection. For a Riemannian manifold, there is a unique natural connection—the
Levi-Civita connection (natural in the sense that it is metric compatible and has vanishing torsion, i.e., it is
symmetric). Let us denote the Levi-Civita connections associated with the metrics G and g by V& and V8,
respectively. For example, given vector fields U, W € TB, and u,w € T'S, the covariant derivative of W along
U, and the covariant derivative of w along u are denoted as VSW and VE&w, respectively. With respect to the
the local coordinate charts {X“} and {2} they have components WA| g UE. and wp u®, respectively, where

owA
0xXB

ow?
+ T4 WY, w® + 7% w°, (2.4)

A _
W= b= "550

and T 5 and % are Christoffel symbols of V& and V&, respectively, and have the following relations with
the metrics: ¥%pe = 29°% (ghbc + Gheb — Ghek)s and T pe = 2GAK (Ggp,c + Gkep — Gpe k).

Velocity and acceleration. The material velocity is a vector field V : B x RT™ — TC, defined as V(X,t) =

% € Ty, (x)C, and in components, V*(X,t) = %“’;(X, t). We write V(X)) = V(X,t). The spatial velocity

is defined as v;(z) = V; 0, '(z) € T,C, where x = ¢;(X). Thus, v : ¢;(B) x Rt — TC. The convected

3The natural volume form of the Riemannian manifold (B, G) is a 3-form that at X € B is denoted by pg(X) and in a coordinate
chart {X4} has the representation pg(X) = Vdet GdX! A dX2 A dX3, where A is the wedge product of differential forms. The
corresponding volume form in the current configuration at * = ¢(X) € C is denoted by pg(z) and in a coordinate chart {z®} has
the representation pg(z) = v/det G dz' Adz? Adz3. The Jacobian of deformation relates the deformed and undeformed Riemannian
volume forms as p*pug = J pg.



velocity is defined as ¥, = ¢jv, = Tgofl oV 0 W = F~!.V.* The material acceleration is defined as

A(X,t)=DEV(X,t) = V%,(X)t)V(X, t) € T, (x)S, where Df is the covariant derivative along the curve ¢;(X)

in C. In components, A% = ‘98—‘/: + 7%, VPV¢. The spatial acceleration is defined as a;(x) = A; o ¢; *(2) € T,C.

In components, a® = % + %vb + 7%.v0¢. Equivalently, the spatial acceleration can be expressed as the
material time derivative of v, i.e., a = v = %—‘t’ + V8v. The convected acceleration is defined as [Simo et al.,
1988]
* 8’1’,: * 6’1/,5 b
dt = Pt (at) = W + Vittg’y/t = E + V«ci/t’yt . (25)

Deformation gradient. The so-called deformation gradient, which is the derivative of the deformation map-

ping is denoted by F(X,t) = Typ(X) : TxB — T,C;, where TxB and T,C; are the tangent spaces of B at X

and C; at z, respectively. With respect to local coordinate charts { X4} and {z} for B and C, respectively, F

has the following representation

0p*(X,t) 0
X4  Ozo

The adjoint of deformation gradient F*(X,t) : T;C, — T% B is defined such that

F(X,t) = ®dXA. (2.6)
(a,FW) = (F*a, W), YW € TxB, a c T;C;, (2.7)

where T%B and T, C, are the co-tangent spaces of B and X and C; at x, respectively, and (.,.) is the natural
paring of 1-forms and vectors, e.g., (w, w) = w, w® F* has the following coordinate representation

* o 3@“ (X, t) A (9
F*(X,t) = de ® Bga " (2.8)
The transpose of the deformation gradient FT (X, ) : T,C; — Tx B is defined as
(FU,w), = (U,F'w)g, YU€eTxB, weT,C. (2.9)

This implies that in components (FT)Aa = GABFYg gy, or FT = GIF*g.

Other measures of strain. There are different measures of strain in nonlinear elasticity and anelasticity
[Marsden and Hughes, 1983; Ogden, 1997; Goriely, 2017; Yavari and Sozio, 2023]. Consider two vectors in the
current (deformed) configuration u,w € T,,C. Their dot product is calculated using the ambient space metric g
as

(u,w), = (FU,FW), = (U, W)r., (2.10)

where F*g = F*gF = p*g = C’ is the pulled-back metric or the right Cauchy-Green strain. To clarify this
definition, in components

(u,w), = uw’gay, = (F*aF" g goy) UAWP = CapU*W? (2.11)
and hence Cyp = F% 4 o F¥ 5, which is the pulled-back metric. Note that
Chp =G"™Cuyp = (GMFy guy)F'p = (FT)Ab Ftg, (2.12)

and hence C = FTF, which is the familiar definition of the right Cauchy-Green strain.
Next, consider two vectors in the reference configuration U, W € Tx3. Their dot product is calculated
using the material metric G as

<<U7W>>G = <<F_1uaF_1W>>G = (u, W>>F*G’ (2.13)

where F,G = F*GF ! is the push-forward of the material metric and is denoted as ¢, which is the spatial
analog of the right Cauchy-Green strain. In components, ¢, = F~4,Gap F 5B,

4For linearization purposes the convected form of the balance of linear momentum is convenient and this is our motivation for
reviewing the convected quantities.



If instead of spatial and material vectors, 1-forms and their dot products are considered, the left Cauchy-
Green strain can be defined as Bf = ¢*g!. Its spatial analogue is defined as b? = ¢,G! = FG!F*. In
components, BAB = F~4, F~8, ¢* and b*® = Fo,F’5 GAB. The tensor b is defined as b = bfg. Similarly,
c is defined as ¢ = gfc’. Thus, cb = glc’blg = g!F *GF 'FG!F*g = g'F *GG!F*g = g'F*F*g = glg =
ids. This means that b = ¢!, Similarly, B = C~!.

2.2 Constitutive equations

For a material undergoing remodeling or aging, the energy function is explicitly time-dependent. For remodel-
ing/aging solids, this set is time-dependent, in general.> The X-dependence of the energy function models the
inhomogeneity of the body, while the explicit dependence on time ¢ models material remodeling/aging. Note
that g is a fixed background metric in the ambient space while G = G(X,t) is a time-dependent material
metric that is used to calculate the natural local distances in the body and models anelastic effects, e.g., defects,
thermal strains, growth, remodeling, etc. Material mass density pg = po(X,t) can be explicitly time-dependent,
e.g., in the case of growing or aging materials.

2.2.1 Material remodeling

We follow Epstein [2015] and define a time-dependent remodeling tensor F = F(X,t) that at X € B is a linear
map from the tangent space T'x B to itself, i.e., F(X,t) : TxB — TxB. It is assumed that the initial body has
an energy function W = W(X,F, G,g). The material evolution is called remodeling if [Epstein, 2015]

W(t, X, F,G,g)=W(LX,FF ' G,g). (2.14)

This is equivalent to assuming a multiplicative decomposition of the deformation gradient into an elastic and
a remodeling part: F = FF, and W = W(X7f,é,g) (see [Sadik and Yavari, 2017] and [Yavari and Sozio,
2023] for a detailed history of this decomposition in anelasticity). Notice that F is the push-forward of the total
deformation gradient by F, i.e., F = F,F. Thus, W(t, X,F, G, g) = W(X,F.F,G,g).

2.2.2 Material metric

Suppose the initial body is stress-free. Its natural metric is the flat metric G induced from the Euclidean
ambient space. At X € B consider two vectors U; and Us in T'xB. Their dot product is given as (U1, Ug)g.

When the body undergoes a remodeling process at time ¢, these vectors are mapped to the vectors FUl and
FU,, respectively. The dot product of the new (time-dependent) vectors is calculated as

(FU,, FUy) g = (U1, Ua)y, (2.15)

&
This means that G = F*G = F*GF (in components, Gap = IE‘MA éMN ﬁNB) is the metric that can be used to
calculate the natural lengths and angles in the remodeling body. This is the material metric of the remodeling
body. This metric is identical to the material metric in anelasticity, which is unsurprising as remodeling is a
special anelastic process.

At X € B and at time ¢ = 0 consider a volume element dVy(X). If this volume element is allowed to
remodel independently of the rest of the body, at time ¢, its volume in the Euclidean ambient space would be

s

dVy(X) = J(X,t) dVp(X), where

det G(X)

G det F(X,t). (2.16)

J(X,t) = det F(X, )

The material tensor F represents a remodeling process if it is volume preserving, i.e., j(X, t) = det ]?‘(X, t)=1,
for all X € B and the entire remodeling time interval. In summary, remodeling is an isochoric anelastic process,
which is a direct consequence of having assumed that there is no mass growth or resorption.

5 As we will see, in remodeling, the symmetry of the material is preserved in the sense that the symmetry group is time-dependent
according to Noll’s rule, i.e., push-forward via the remodeling tensor.



The remodeling tensor F can be understood as a local change of reference configuration, and F.F = FF!
is the transformed deformation gradient, or deformation gradient with respect to the new local reference con-
figuration. The three local configurations and the linear maps between them are schematically shown in the
commutative diagram of Fig. 1.

(TXB7 G)

Figure 1: The local remodeling transformation.

The following summarizes the content of the material metric in simple words. Suppose that at time ¢, the
remodeling body is partitioned into many small pieces, and each piece is allowed to relax independently of the
rest of the body. The local relaxation map is F. These relaxed pieces cannot be put back together in the
Euclidean ambient space, and this is due to the incompatibility of F. For a local relaxed piece, the natural
distances and angles are measured using the flat metric of the Euclidean space G. The same lengths and angles
can be calculated in the global reference configuration if the pulled-back metric F*G is used. This metric has
non-vanishing curvature, in general, and hence, remodeling may induce residual stresses.

2.2.3 Material Symmetry

For the initial elastic body at time ¢ = 0 the material symmetry group Gx at X € B with respect to the reference
configuration (B, G) is defined as

W(X,FK,G,g) = W(X,F,G,g), VK eGx<Orth(G), (2.17)

for any deformation gradient F, where K:TxB— T 'x B is an invertible linear transformation, and Orth(é) =
{Q:TxB — TxB | Q*GQ = G}, and Gx < Orth(G) means that Gx is a subgroup of Orth(G).
Let us denote the symmetry group of the remodeling body at time ¢ by G(X,t), and hence

W(t, X, FK,G,g) = W(t, X,F,G,g), VKeGx <Orth(G), (2.18)

for any deformation gradient F', where K : T'x B — T'x B is an invertible linear transformation. Given K e Q X,
one can write

W(t,X,F,G,g) =W(X FF ' G,g)
(X,FF'K,G,g)
(X,FF~ 1KFF 1G,g)
(t,

(2.19)

w
W
w

t X, F(F'KF),G.g).

which 1mphes that FIKF ¢ Q(X t), ie., F-1GxF C G(X,t). Now suppose K € G(X,t), and hence
W(t X,FK,G,g) = W(t X,F,G,g). Thus

W(X,FF ' G,g) = W(X,FKF ' G,g)
= W(X,FF'FKF ! G, g) (2.20)
= W(X,FF(FKF ), G, g),
which implies that FKF-! ¢ Gx, ie., ﬁg(X, t)l?‘_1 C Gx, or equivalently, G(X,t) C F~1GyF. Therefore
G(X,t) =F 1GxF = F*Gy, (2.21)

i.e., the material symmetry group at time ¢ is the pull-back of that at time ¢ = 0 by the remodeling tensor. This
is the so-called Noll’s rule [Noll, 1958; Coleman and Noll, 1959, 1963, 1964] and is identical to what Epstein
[2015] obtained.



2.2.4 Isotropic solids
For an isotropioc solid, the energy function is materially covariant, i.e., if Z: B — B such that Z(X) = X, then
W(X,Z*F,Z2*G,g) = W(X,F, G, g). This is a local property and one can write it as

W(X,A*F,A*G,g) = W(X,F,G,g), (2.22)
where A : Tx B — Tx B is any invertible linear transformation. Thus

Wt X,F,G,g) = W(X,F.F,G,g) = WX, FF.F,FGg =W(X,FG,g), (2.23)

where A = F was chosen and G = F*G is the material metric. In coordinates Gap = }:_'MA é’MN FNB.
Objectivity implies that W = W(X, C’,G), where C* = F*g = F*gF. Therefore, we have concluded that the
energy function of an isotropic remodeling body is identical to its initial energy function if one replaces the flat
initial material metric G by the (evolving) material metric G [Yavari and Sozio, 2023].

For an isotropic solid, W depends only on the principal invariants of C”, i.e., W = W(X, fl, 132, 103), where

L =trg C=C"y = Cap G*P,
1

r 1 A B 1 NAM ABN
IQZE(I%—tréCQ):g(I%—C BC A):i(I%_CMBCNAG G ), (2.24)
b
Iy = detC = 9
det G

From (2.24), for an isotropic remodeling body we have W = W (X, I, I», I3), where

I =trgC° = C*:G! = C45 GAP

_ 1 21 _ 1 0o AM ~BN
Iy = 5 [Il trq C ] =5 (Il CuCna G G ) s (2.25)
det C° det C° detC* .
I?) = = o — = — = 13 .
detG  (detF)2detG  detG
For an isotropic solid, the Cauchy stress has the following representation [Doyle and Ericksen, 1956]°
) _ _ _ _
0=—=[(LWo+ LWs)gl+Wib! — LW;yc!] . (2.26)
van
For an incompressible isotropic solid I3 = 1, and hence
o=—pg'+2W,bf —2W,cF, (2.27)

where p is the Lagrange multiplier associated with the incompressibility constraint J = /I35 = 1.

2.2.5 Anisotropic solids

Material anisotropy can be described by the so-called structural tensors. When structural tensors are added to
the list of the arguments of the energy function, it becomes an isotropic function of its arguments [Liu, 1982;
Boehler, 1987; Zheng and Spencer, 1993; Zheng, 1994; Lu and Papadopoulos, 2000], or materially covariant in
the setting of anelasticity [Lu, 2012; Yavari and Sozio, 2023]. We assume that the initial body has an energy
function W = W(X, F, ./OX, é, g), where A is a collection of structural tensors that describe the anisotropy class
of the material. The time-dependent energy function of the remodeling body is defined as

Wt X,F,G,g)=W(X,FF 1A G,g). (2.28)

6The standard measures of stress are discussed in Remark 3.2.



Knowing that W is a materially covariant function, we can write
W(t,X,F,G,g) = W(X,F.F,A,G,g)
= W(X,F*F,F,F*A, F*G, g) (2.29)

r

W(X,F,F*A,F*G,g).

Therefore, for an anisotropic remodeling body
W(t,X,F,G,g) = W(X.A,G,g), (2.30)

where A = F*A and G = F*G. In other words, the functional form of the energy function of the remodeling
body is identical to that of the initial body. The initial flat material metric and the initial structural tensors
are replaced by their pull-backs by the remodeling tensor. This is consistent with what Yavari and Sozio [2023]
derived for general anisotropic anelasticity.

Transversely isotropic solids. For the initial body the energy function has the form W = I/T/(X7 C’, ./OX, G),
where A = N®N is a structural tensor [Doyle and Ericksen, 1956; Spencer, 1982; Lu and Papadopoulos, 2000].
Including the structural tensor, the energy function becomes an isotropic function of its arguments and can be

rewritten as L
W =W(I,I,13,14,I5), (2.31)

where Iy, I, and I3 are defined in (2.24) and
[i=N-C-N=NANPC,p, I[5=N.-C*>.N=N.C'G!C’ N=NANPCpyCM,. (2.32)

At time ¢t > 0 the remodeling body has the energy function W = W(X, C’,A,G), where A=N®N = F*A =
F~ !N ® F~!N. From (2.30) and (2.31), the energy function can be written as W = W (I3, I, I3, Iy, I5), where

L =trC=C%,, I, = det C trgC ™! = det(C4p)(CHPp, I3=detC = det(C*p)

2.33
I;=N-C-N=NANBCup, I;=N-C>.N=N-C'GIC’ - N=NANBCpp cM, (2:33)

Note that I; = (N,N) ¢, = (F7!N,F~'N) ¢, and I; = (N, N) g gzco = (F'N,F'N) o v
For a transversely isotropic solid, the Cauchy stress has the following representation [Ericksen and Rivlin,
1954; Golgoon and Yavari, 2018a,b]

o= LW+ I3W3)gh+ Wb — I W,ycf + Wyn@n+ W5 [n@ (b'gn) + (bfgn) ®n]} . (2.34)

2
vz i
For an incompressible transversely isotropic solid I3 = fg =1, and hence
o =—pg'+2W;b? —2W,c’ + 2W,n®n+2W;5 [n® (b’gn) + (b’gn) @ n] , (2.35)

where p is the Lagrange multiplier associated with the incompressibility constraint J = /I35 = 1.

Orthotropic solids. In an orthotropic solid, at every point, there are three mutually orthogonal material
preferred directions. In the initial body these are denoted by N1, Ng, and N3 A possible choice for structural
tensors are A1 = N1 ® Nl, A2 = N2 ® Ng, and Ag = N3 ® N3 However only two of them are independent
as Aq + Ay + A3 = I. Without loss of generality, we take A, and A, to be the independent structural tensors.
Including the structural tensors, the energy function becomes an isotropic function of its arguments and can be
rewritten as o

W =W(ly,1s, 13,14, I5, 16, I7) , (2.36)

where Iy, I, and I3 are defined in (2.24) and
I;,=N;-C-N; =N{NECup, Iy=N;-C>.N; =N;-C"G!C"-N; = NN Cgpy CM 4,

=Ny -C-Ny=N'NPCup, I; =Ny-C? Ny=Ny -C'G'C"-Ny = Ni!NE Cpp CM 4. (237)
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At time ¢ > 0 the remodeling body has the energy function W = W(X, C’ Ay, A, G), where A; = N; ®N; =
F*A; =F 'N; @ F !Ny, and Ay = No®@ Ny = F*Ay = F !N, @ F !Ny, From (2.30) and (2.36), the energy
function can be written as W = W(Iy, I, I3, I4, I5, I, I7), where

L =trC=C%,, I, = det C trgC ™! = det(C*B)(C~HPp, I3 =detC =det(Cp),
I,=N-C-N, =NNPCsp, I;=N;-C* N, =N, -CG'C" N, = N NECpp CM 4,

Is =Ny -C-Ny=NiNECup, I; =N, -C? Ny =N, -C'G*C" - Ny = NANE Cpp CM 4.
(2.38)
For an orthotropic isotropic solid, the Cauchy stress has the following representation [Smith and Rivlin,
1958; Spencer, 1986; Golgoon and Yavari, 2018a,b]

92 _ _ _ _ _ _
o= ﬁ{ (IQ Wo + I3 Wg) gﬁ + Wy bf — I3 W, ct +Wing ®ny + Wy [nl ® (bﬁgnl) + (bﬁgnl) ® nl]
3
+Weny®@ny + Wo [1’12 ® (bﬁgng) + (bﬁgng) ® 1'12] } .
(2.39)
For an incompressible orthotropic solid I3 = I3 = 1, and hence
o = —pgﬁ + 2W1 bti — QWQ Cjj + 2W4 n; @np + 2W5 [Ill & (bﬁgnl) + (bngnl) ® Ill] (2 40)

+2Weny @ ny + 2Wx [1’12 ® (bﬁgng) + (bﬁgng) ® 1'12] ,

where p is the Lagrange multiplier associated with the incompressibility constraint J = /I35 = 1.

Monoclinic solids. A monoclinic solid in its initial state has three material preferred directions 1<11(X ),
N3 (X), and N3(X) such that N; - N2 # 0 and N3 is normal to the plane of N7 and Ny [Merodio and Ogden,
2020]. The energy function of a monoclinic solid depends on nine invariants [Spencer, 1986]:

W =W(X, I, Iy, I, 14, I5, Is, Ir, Is, Io) . (2.41)
The first seven invariants are identical to those of orthotropic solids. The two extra invariants are defined as
N, CoNy,  fy=2?,  F=N N (2.42)

At time ¢t > 0, the remodeling body has the energy function W = W ([Iy, I, I3, 14, I, Ig, I7, Is, Iy), where the
first seven invariants are identical to those given in (2.38), and

Is=ZIN;-C-N,, Iy =12, Z=N; -N,. (2.43)

For a monoclinic solid, the Cauchy stress has the following representation

2 _ _ _ _ _ _
g = ﬁ{ (I2 W2 + .[3 W3) gﬁ + W1 bﬁ — Ig W2 CTi —+ W4 n; ®n, + W5 [Ill (24 (bﬁgnl) + (bﬁgnl) & Ill]
3
+Wens ®@ny + W7 [ny @ (bPgny) + (bfgns) @ na] +Z Ws (n; ® np +np @ ny) } .
(2.44)
For an incompressible orthotropic solid Is = Is = 1, and hence
o = —pgji + 2W1 bt — QWQ Cji + 2W4 n; ®ny + 2W5 [Ill X (bugnl) + (bﬁgnl) X Ill] (2 45)

+ QWG ns @ no + 2W7 [ng X (bﬂgl’lg) + (bﬂgng) X ng] —+ 2IW8 (111 ®Nng +no ® 1’11) s

where p is the Lagrange multiplier associated with the incompressibility constraint J = /I35 = 1.
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2.2.6 Dissipation potential

Remodeling is a dissipative process. This means that in any mechanical formulation of remodeling, dissipation
due to the evolution of the remodeling tensor must be taken into account. Let us assume the existence of
a dissipation potential (or Rayleigh dissipation function) ¢ = gb(X,F,FT‘,]g‘,G,g). Objectivity implies that

¢ = é(X, Cb,f‘,f,G). Let us assume that ¢ is a convex function of F [Ziegler, 1958; Ziegler and Wehrli,
1987; Germain et al., 1983; Goldstein et al., 2002; Kumar and Lopez-Pamies, 2016]. The generalized force that
corresponds to the evolution of remodeling tensor is related to the dissipation potential as

_9¢

B, = -— (2.46)
OF
Convexity of ¢ in F implies that
o(X,C" F.F.q) + 22(x,C° B F,G): AF < o(X,C" F.F + AF,G). (2.47)
OF

Let us choose AF = —F. Thus
a? (Xa va ﬁ‘a ﬁv G) F > ¢(Xa va ﬁ‘a ﬁv G) - ¢(0) >0, (248)

JOF

as ¢ attains its minimum for F = 0. The left-hand side is the entropy production. Therefore, we conclude that

the entropy production is non-negative when ¢ is convex in F (see §3.4 and Eq. (3.86)).
The dissipation potential is invariant under the material symmetry group, i.e.,

(X, FK,K*'F, K*F,G,g) = ¢(X,F,F.F,G,g), VK €Gx <Orth(G), (2.49)

for all deformation gradients F and remodeling tensors f, where Orth(G) = {Q : TxB — TxB | Q*GQ =
QGQ* = G}, K*F = K’lf‘K, and K*F = K*F = K~'FK. If the structural tensors are added to the list

of arguments of the dissipation potential, it becomes an isotropic function. Thus, ¢(X,F, f‘,f‘, G,A,g) is an
isotropic function.
We follow Kumar and Lopez-Pamies [2016] and assume the following form for the dissipation potential

H(X,F.FF G A g =-F AXFFGAg) F=-F5F°pABP, (2.50)

1
2

N

where A(X, F, 167‘7 G, A, g) is a positive-definite fourth-order tensor.” Objectivity implies that A(X, F, I%, G, A g) =
A(X, C’, C’, G, A). Notice that the fourth-order tensor A has the major symmetries but does not need to have
any minor symmetries. Isotropy of ¢(X,F, ﬁ, f‘, G, A, g) implies that

»

K 'FK:A(FK,FK,G, KA, g): K 'FK — F:A(F,F,G, A, g):F, VF. (2.51)
As this holds for arbitrary f, one concludes that®
K*A(F,F,G,g) = A(F,F,G,g), (2.52)
i.e., A is an isotropic tensor. Thus, the most general form for this tensor is [Jog, 2006]

AABCD =1 5%(58 + 72 5£5g + 13 GAcGBD . (2.53)

"Recall that the rate of energy dissipation is written as % F > 0. If the dissipation potential is quadratic, then 9¢ . F= 2¢.

r
OF OF
81In incompetents, (K*A) 4Bl = K~ 4KB ;K- K oKP [ A/ L.
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Or, equivalently

Aapcp =1 GapGep +1m2GapGpe +13GacGBD - (2.54)
Thus 96 . .
—— = FM oy 68+ FPa+ns Gan FM v GNP (2.55)
OFAp
Or
3¢
T (tI‘ F) I+ T2 F + 13 GFG (256)
OF

where n; = n;(X, C, é), i=1,2,3, and tr F = }?'Cc. The dissipation potential corresponding to (2.53) is written
as 1 . 2 1 . . 1 . .
¢ = 5771 (ﬁAA) + 5772 ﬁAB ﬁBA + 5773 GAcﬁCDGDBﬁAB . (2.57)
Let us introduce the new indices I' = { AB} such that {11,12,13,21,22,23,31,32,33} +> {1,2,3,4,5,6,7,8,9}.
Then the dissipation potential can be rewritten as ¢ = %AFA FrFa. The tensor A is positive-definite if and only
if the 9 x 9 matrix A, which has three distinct eigenvalues, is positive-definite. Thus, A is positive-definite if
and only if
3m+ne+n3>0, m4+n3>0, —n+n3>0. (2.58)

2.2.7 Remodeling energy

In addition to the strain energy function and dissipation potential, we assume a third energy that quantifies
the tendency of the material to remodel in response to strain and stress. We call it the remodeling energy and
denote it as W = W(X ,CP, f, G). Here, we discuss it for a specific class of remodeling problems, namely fiber
reorientation in solids reinforced with one or two families of fibers.

Let us consider a body that has a distribution of fibers. At X € B the fiber has a G-unit tangent that is
denoted by N(X,t). For this class of remodeling solids, we assume the following forms for the remodeling energy:
W= W(X C’,N, G). In fiber-reinforced solids, fibers tend to reorient themselves in response to applied forces.
In the hterature, it has been postulated that fibers orient themselves along the direction of maximum stretch
or normal stress. Let us assume that at X € B, there is a G-unit material vector M(X,t) that the fiber tends
to rotate towards. We call this the fiber preferred direction, which explicitly depends on the state of strain and
stress at X € B. This can be the direction of maximum principal stretch, the direction of maximum tensile
stress, etc. Obviously, M(X,t) depends on C” either directly or mdlrectly (through the constitutive equations
of the material). Thus, one can write the remodeling energy as W= W(X M, N, G) (with an abuse of notation
we are using the same symbol W for this energy). Obviously, this energy is objective as all its arguments are
material tensors. It should be noted that N and —N define the same fiber orientation, i.e., N € RP>—the
projective plane. Similarly, M and —M define the same fiber preferred direction. Therefore, the remodeling
energy must be invariant under either or both transformations N — —N, and M — —M. One way to ensure
this invariance is to write (again with an abuse of notation) W= I/f/(X, MM,N®N,G).

Example 2.1. As examples of remodeling energy, let us consider the following two choices
r 1 r
W(X,M,N,G):iﬁM (M-N)?, W(X,M,N,G) = kypy [M-N]|, (2.59)

where k)7 is a scalar that can, in principle, depend on C”, i.e., Ky = K (X, C’, G). In our numerical examples
in §4 we will assume that k; is a material constant.

Let us next consider a body that is reinforced by two families of fibers that are not necessarily mechanically
equivalent. At X € B the fibers have the G-unit tangent vectors N1 (X,t) and Ny(X,t). Let us denote their
corresponding fiber preferred directions by M;(X,t) and My (X, t), respectively. The remodeling energy has

the following form: W= W(X M; @M, M ® My, N; ® N1, N2 ® No, G). As examples of remodeling energy,
let us consider the following two choices

13
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W = FhM (M, - N;)? + PRLE (M, - No)?, W(X,M,N,G) = kp1 My - Ny| 4+ kp2 |Mg - Na|,  (2.60)
where ka1 = ka1 (X, C°, G) and kpro = kar2(X, C?, G) are scalars. In the numerical examples in §4.2, we will
assume that the two fiber families are mechanically equivalent and k71 = K)o = K IS a constant.

3 Balance Laws

In this section, we derive the governing equations of remodeling bodies in a variational setting. In addition to
the standard governing equations of nonlinear elasticity, a remodeling equation is derived. Its explicit form for
different types of remodeling and material anisotropy classes is given in detail.

3.1 Conservation of mass

The mass density field in the initial body is denoted as py = po(X). At time ¢, mass density at the same
material point is denoted by po(X,t). At X € B and at time ¢ = 0 consider a volume element dVo( ). Mass
of this volume element is dm = po(X) dVp(X). Under the local change of reference conﬁguratlon F at X € B,
the volume element is transformed to dV;(X) = J(X, t) dVo(X), where J(X7 t) = det F, and hence, dVi(X) =
(det ].5‘) dVo(X) = dVp(X). It is assumed that remodeling is mass conserving, ie., dm = po(X)dVp(X) =
po(X,t) dVi(X) = po(X,t) dVo(X), and hence, po(X,t) = po(X).

3.2 The Lagrange-d’Alembert principle

The governing equations of a body undergoing finite deformations while remodeling can be derived using the
Lagrange-d’Alembert principle. Spe(nﬁcally, one has the two 1ndependent variations (¢, 5F) The Lagrangian
density is defined as £ = T—W +¢( det F— 1), where T = 2po||VH3 = 1po(V, V), is the kinetic energy density,
and ¢ = ¢(X,t) is a Lagrange multiplier field corresponding to the internal constraint detF = 1. According to

the Lagrange-d’Alembert variational principle, the physical configuration of the remodeling body satisfies the
following identity [Lanczos, 1962; Marsden and Ratiu, 2013]:

to to to
/Ldth+/ /B 5Fdth+/ /po (B, 5p) dth+/ / (T,00),dAdt =0, (3.1)

for any variation fields d¢ and 5]?‘,9 where B and T are, respectively, the body force per unit mass and the
boundary traction per unit undeformed area. We next find the Euler-Lagrange equations corresponding to d¢
and 6F separately.

e ¢ variations:'® Note that 6£ = §7 — 6W. It can be shown that

d
0T = = [PV V)| = pol(A. b)), (3.2)
where A is the acceleration vector. Knowing that d¢ (X, t1) = dp(X,t2) = 0, the first term on the right-hand
side will not contribute to the variational principle. Also, note that [Yavari and Golgoon, 2019]

ow ow

91t is assumed that d¢(X,t1) = dp(X,t2) = 0, and 51'7;(X,t1) = 6ﬁ(X, t2) = 0.
101t should be noted that in the absence of remodeling, the Euler-Lagrange equations corresponding to d¢ variations would be
identical to those of classical hyper-elasticity.
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where Vi is the covariant derivative of ¢.'! Thus!?

- fowav == [ o (G +90) + (ov 5 ) -3+
/K3§Wde /B{Dlv(aF dp | + | Div 5F op| dV

(3.4)
ow ow
=— =N, 0p), dA /(D' —)-5 av
| (&N sa aas [ (o e ) doav.
where N is the G-unit normal vector of dB.'3 Hence, (3.1) is simplified to read
tg t2
/ / D1v ) + poB — poA, ) dth—i—/ / -g —N 0, dAdt =0. (3.5)
t1 aF t1 88
On the Dirichlet boundary dpB, ¢ = 0, and hence
t2 oW t2 oW .
Di ﬂ—) B — p,A / / T-gl——N Adt = )
| Lo (€55 )+ B -pasaavas [ o gfiN s, da=0, 50

where OxB is the Neumann boundary.!* Therefore, the variational principle gives us the balance of linear
momentum and the Neumann boundary conditions:

Div ( 882/) + poB =poA, in B,

g OW &

& oF

Remark 3.1. If the remodeling material is incompressible a term p(J—1) is added to the Lagrangian density.

In this case, 6L = 6T — W +pdJ = 6T — W + pJF~1:6F. The Euler-Lagrange equations and natural
boundary conditions (3.7) are modified to read

(3.7)
N=T, on OnB.

ow
Div {—pJ F!+ gﬁa—F} + poB = pgA, inB,

oW (3.8)

aF}N T, on OnB.

{—pJF*1 +g

Remark 3.2. As a consequence of the second law of thermodynamics P = gﬂ%—vg is the first Piola-Kirchhoff
stress with components P4 = g0 OW_ 15 et ys first recall that the Cauchy, the first Piola-Kirchhoff, and

OF?
the convected stress tensors are related to the energy function as
ow 2 0W 2 oW
P =of -7 >y 3.9
Sor 7T Jog® J 0C> (3.9)

They are also related as S = F7!P = JX = JF 'oF*. The balance of linear momentum (3.7)1, i.e.,
DivP + poB = poA, in terms of the Cauchy stress reads divg o + pb = pa, where p, b = Bo ™!, and a
are spatial mass density, spatial body force, and spatial acceleration. divg & and Div P have the components
U“b‘b and P“A| A, respectively, defined as

O_ab|b _ Jab,b +Jac,ybcb +06b7acb7 PaA‘A _ PaA’A + PaBI\AAB +PCAFbA'7abc i (310)

One can write the balance of linear momentum entirely with respect to the reference configuration by pulling
back the spatial balance of linear momentum to the reference configuration, i.e., ¢} (divg o) + ¢ (pb) =
©f (pa). Thus [Simo et al., 1988]

divey 3+ 0%, = o ¢, (3.11)

where ¥ = ¢fo is the convected stress, #; = ¢;b is the convected body force, and g = p o ¢;.

11§y has coordinates §p® 1A =00 Fby = FbA(Jgo’b + 7% 09°) = 0% + 7% be Fb 4 5p°.

12gt is the inverse of the spatial metric with components g®® such that g*¢ g., = I

13This means that (N, N)}G =NANBG,p=1.

141t is assumed that the boundary of the body is the disjoint union of the Dirichlet and Neumann boundary, i.e., 88 = 8p BUON B.

15The second law will be discussed in §3.4, but it would be more convenient to discuss the balance of linear momentum in terms
of different stress measures here.
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e OF variations: For these variations, 7 = 0. One can write

ow ow
W =—=:0G+ ——:0A. 3.12
oG oA ( )
The collection of structural tenors depends on the type of anisotropy. For example, for transversely isotopic

solids A = N ® N, and hence

SA=—-F ' SFNoN-NgF '§FN. (3.13)
Thus SW oW
SA A= 2k~ SANeN: 5F. (3.14)

Note that 6G = §(F*GF) = (6F)*GF + F*GsF. Hence

ow
G -

N N ., OW LOW -
: [(0F)*GF + F*GoF| = 2GF o . 6F = 2F Gog OF. (3.15)

The variation of det F is calculated as o(det f‘) = (det ]?‘)FT"*:(S]?‘ =F*:6F. Thus, (3.1) is simplified to read

to »
/ / _oF- *G— bW NeN g~ 22| skavai—o. (3.16)
OA oF
Therefore, the remodeling equation for transversely isotropic solids reads
ai’:qf«“ oW _op— W o N, (3.17)
oF oG oA
In the case of isotropic solids, this is simplified as'®
0 - oW
9 _ i _ oV (3.18)
oF oG

Next, we rewrite the remodeling equation more explicitly in terms of the integrity bases for isotropic,
transversely isotropic, orthotropic, and monoclinic solids.

3.2.1 Remodeling equation for isotropic solids

The remodeling equation can be written more explicitly in terms of the principal invariants. One writes

ow OW oI, OW 09I, OW 0Is ol 0ls 015
i A R VAl W 1
9G ~ 9L 0G 9L, oG T oL oG - ag T Wagg +Wagg (3.19)
Note that oI
N _ _tcbat — ot 2
oG~ —GCGE = . (3.20)
Recall that Iy = % (112 —tr CQ) = % (112 —C45 CBA). Thus
612 . all latrc2 . # 24
96 ~1ag 2 ag - hOTrO. (21
Finally
0l3
Of3 _ b
oG = LG (3.22)

16Demirkoparan et al. [2014] considered a multiplicative decomposition of the deformation gradient F = ﬁ‘F*, where F is the
elastic part of deformation gradient and F* can describe, for example, the so-called structured deformations [Del Piero and Owen,
1993; Deseri and Owen, 2003]. It is assumed that (unlike anelasticity) the energy function explicitly depends on both F and F*.
The governing equations of the theory are derived variationally. The Euler-Lagrange equations corresponding to the Varlatlons of

F* are referred to as internal balance equations. This is, however, different from the present remodeling theory that considers F as
an internal variable and assumes the existence of a dissipation potential that explicitly depends on both F and its time derivative.
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Therefore
ow

—Q%GF_ — 2L Wk~ 4+ 2(Wy + [,W,)CF~! — 2W,C%F L.
Hence, the remodeling equation is simplified to read
¢ 21 fa—1
OF

3.2.2 Remodeling equation for transversely isotropic solids
For a transversely isotropic solid

5 W 5
:Za— i = _W;6l;,

where

oI, = —C*:6G , 6I, = (-L,C*+ C*):6G, 0l = —I3G*:6G.
Note that 6G = 6F*F*G + GF~1§F. Thus

§I, = —2F*C:6F, 6, = [—Ilf—*c + 15—*02] 5F,  §I; = —I;F*:6F.

Also )
S = —2 [ﬁ—*CbN ® N] OF

0l; = —2[F*C*N @ N+ F*C’'N ® CN]| :0F .

Thus
oW = 2{I3W3F + (Wl + 11W2) F7*C - WQF *C? + W4 *CbN ® N

+Ws (F*C¥NeN+F *C'N g CON) | oF.
Therefore, the remodeling equation for a transversely isotropic solid is written as

99
OF

= (¢ + 2L W3)F* + 2(Wy + [LW,)F*C — 2W,F *C? 4+ 2W, F *C°'N @ N
+2W; (F*C*N@N+F *C’'N®CN) .

3.2.3 Remodeling equation for orthotropic solids

For an orthotropic solid
oW = Z 51 = Z W; 615,

where 611, §15, and §I3 are given in (3.27), and

51y = —2 [f—*chl ® Nl] SF, 0I5 = -2 [ﬁ‘*CQle @ N, + F*C'N; @ CNl} 6F,
§Ig = —2 [ F*C'N, ® Ng] SF, 61, = —2 [}?“—*C%N2 @ Ny + F*C°'Ny @ CNQ} F.

Thus
W =2 [13W3F (Wi + LWo)F~*C — WoF*C? + W, F*C°N; @ N,

+ W ( F*C®»N, @ N; + F~ *C"N1®CN1) +WsF*C'Ny @ Ny
+ W (F*C¥Ny @ Ny + F*C N2®CN2)};515.
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(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)



Therefore, the remodeling equation for a transversely isotropic solid is written as

0 -
9 = (q + 23 W3)F* + 2(Wy + [LWo)F*C — 2WLF*C? 4+ 2W, F*C’N; @ Ny
8F
4215 (F*C”N, © Ny + F*C'N, © ON, ) + 2 F*C'N, © N (3.34)
+ 2Ws ( *CPN, @ Ny + F*C'Ny CNQ) .
3.2.4 Remodeling equation for monoclinic solids
For a monoclinic solid o
oW = Z —51 = Z W, 615, (3.35)
=1
where 611, §15, and §I3 are given in (3.27), 514, ...,0I7 are given in (3.32), and
_fe |18 b b ST
0y =—F* |2 (N3ON; + Nj @ Np) +7C" (N2 @ Ny + Ny @ Ny) | :0F , 3.36)
oIy = —2IF~* (N3 @ Ny + N} @ Np ) :6F .
Therefore, the remodeling equation for a monoclinic solid is written as
0
¢ = (q 4 2L Ws)F~* + 2(W; + LIW,)F*C — 2W,F*C? + 2W, F*C°N; @ N,
8F
+2W5 (F*C¥N; @ Ny + F*C°Ny @ CN ) + 2 F " C'N, @ N, 537)

+2Wr (F*CPNy @ Ny + FT*C'Ny @ CNy ) + 2Wo TF ™ (N} @ Ny + N} © Ny

[
F Wy F* [fg <N§®N1+N?®N2)+ICb(N2®N1+N1®N2)} .

3.2.5 Remodeling equation for SO(3)-remodeling

A spec1a1 class of remodeling is when, at every point, the remodeling tensor is a rotation. In this case G =
F*GF = G. Thus, §G = 0. This, in partlcular 1mphes that Wl, WQ, and Wg do not contribute to the
remodeling equation. Notice that SF*GF + F*GoF = 0, or (F*G5F) + F*GSF = 0. Thus, the tensor
Q = F*GJF is antisymmetric.

Remark 3.3. Assuming that the initial body is stress-free, G is a flat metric (its Riemann curvature vanishes).
Therefore, from G = F*GF = G it is concluded that in SO(3)-remodeling the material metric remains flat.
This implies that SO(3)-remodeling does not induce residual stresses.

Transversely isotropic solids. For transversely isotropic solids, the elastic energy contributes to the remod-
eling equation through the invariants Iy and I5. In order to directly take into account this constraint, (3.28)
can be rewritten in terms of €2. Note that

F*C’'N ® N:6F = F*C°N ® N:G'F *F*GJF
=F*GF !C’'N@N:Q
= G'C’N@N:Q (3.38)
=CN@N:Q

1
= 5 (CN&N -N&CN):Q2
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where anti-symmetry of 2 was used. The two terms that appear in 015 are simplified as follows. The first term
is rewritten as

“*C¥N @ N:G!F *F*GJF

“*G'F'C¥N @ N:F*G6F

FCPN @ N:Q (3.39)
‘NoN:Q

".q“s

F*C?N @ N:6F =

=5R

I
oli= Q

(C°N®@N-NC’N):Q.

For the second term . . . . .
F*C'N ® CN:6F = F*C’N @ CN:G'F *F*G§F

— F*G'F!C°’'N ® CN:F*GJF

= G'C’'N®CN:Q (3.40)
=CN®CN:Q
=0.
Thus
6I;=(N®CN-CN@N):Q, 5= (N®CN-C’NeN):Q. (3.41)
The contribution of the dissipation potential to the variational principle is simplified as
9 sk = %0 .qrh—~Fraok
OF OF
T eLlids ety
) gg (3.42)
=F'G'—:Q
OF
1 [ o
= {Fleﬁ&f — (a‘ﬁ) GﬂF*} Q.
2 OF \oF

Therefore, the SO(3)-remodeling equation is simplified to read

ﬁ—lcﬁi? — (‘%> G'F ™ 4+ 2W, (N©@ CN —~CN®N) +2W; (N® C2N - C?N@N) =0.  (3.43)
OF \0F

When (2.56) is assumed, the remodeling equation is simplified to read

m(teF) (F7'GF - GHE ) 4 (ﬁ—lcﬁﬁ* - ﬁ(;ﬁ]?*—*) s (ﬁ—lﬁ(}ﬁﬁ* - Gﬁﬁ*ﬁ—*)
+2W; (N® CN - CN @ N) +2W; (N® C?N - C°N®N) = 0.

(3.44)

The initial condition for the remodeling tensor is ]?‘(X, 0)=1

Remark 3.4. It should be noted that N and —N define the same fiber orientation, i.e., N € RP?—the projective
plane. We see that the right-hand side of (3.44) is indeed invariant under the transformation N — —N.

Orthotropic solids. For orthotropic solids, the elastic energy contributes to the remodeling equation through
the invariants Iy, I5, I, and I7. The kinetic equation reads

B AN
F—lc;ﬁij5 - <¢> G*F~* +2W, (N; ® CN; — CN; ® Ny) + 2W; (N; ® C°N; — C*N; ® Ny)
OF \OF
+ 2Ws (N2 ® CNy — CN3 ® Ny) + 2W7 (N3 ® C*Ny — C°Ny; @ Np) = 0.

(3.45)
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Monoclinic solids. It is straightforward to show that 6Z = 0, and hence §Ig = 0. Also
0ls =T [N1 ® CN2 + Ny ® CNy — (CNy ® N7 + CN; ® Ng)] Q. (3.46)
The kinetic equation is written as
*
p1qr?? (&p) G F~* +2W, (N; ® CN; — CN; ® Ny) + 2Ws (N} ® C?N; — C?N; ® N, )
8F OF

+ 2Ws (N2 ® CNy — CN3 ® Ny) + 2W7 (N3 ® C*Ny — C°N, @ Ny)
+ 27 Wy [N1 ® CN2 + Ny ® CN3 — (CNy ® Ny + CN; ®N2)] =0

(3.47)

3.2.6 Remodeling equation for fiber reorientation: A single family of fibers

So far, we have written the remodehng equation explicitly in terms of the remodeling tensor F. Recall that
N(X,t) = F*(X HN(X) = F- 1(X,t)N(X), and hence

dN T T o T 7

i ~-F'FF !N =-F 'FN. (3.48)

Instead of assuming that F is the independent remodeling field, one can use N directly. In this case, instead of
(2.50) one can assume the following dissipation potential

. 1. e . 1 . .
¢(X,F,N,N,G,g):§N~B(X,F,F,G,N®N,g)-N:§NANBBAB, (3.49)

where B(X 7F,Fe‘,(},N ® N g) is a positive-definite isotropic second-order tensor. Objectivity implies that
B(X,Fj‘,G,N ® N,g) = B(X C’, Cb G,N ® N). For the sake of simplicity, we can assume that B =
B(X, C’,G,N ® N). Knowing that B is an isotropic function of its arguments, we conclude that B =
K(Il,jg,fg,f4,15) G. ThUS, ¢ = %K(Il,IQ,Ig,I4,I5)<<N N>>

Remodeling energy. In addition to the elastic energy, let us consider a remodeling energy W= W(X ,C",N,G)
that quantifies the tendency of the fibers to orient themselves along a particular direction, e.g., the direction
of maximum stretch or stress. Thus, the Lagrangian density is defined as £L =T — W — W+ qn (N -N — 1),
where ¢, = ¢, (X, t) is a Lagrange multiplier field corresponding to the internal constraint N - N = 1. The two
independent variations are now (¢, 6IN).

For 0N variations, 0L = —dW — SW + 2¢,N” - 6N. Hence, (3.1) is simplified to read

ta oIy oW 9
W, - W — == +2¢,N" — —— | .dNdVdt =0. 3.50
/tl / { YON T TPON AN ON (3:50)
Thus, the remodeling equation reads
¢ ,  OW ol oI
— =2¢,N’ — — - Wy — — W, . 3.51
oN ON 'ON  °HN (3:51)
But % =2C’" - N, % =2C? . N, and hence
o9 , oW b 2
N 2q, N’ — IN —2W, C° - N —2W5C* - N.. (3.52)
Eliminating ¢,,, the remodeling equation can be rewritten as
dp <a¢> > oW oW
G'— - (— ,N)N=(=—,N)N— — 4+ 2W, (4N - C-N) +2 I;N—-C?.N). .
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For the dissipation potential (3.49), g—l’i’l =B-N = KN, and one obtains

K [N— (N-N)N| = <2V£,N> N — Gﬂg—z + 2Wy(I4N — C - N) + 2W5(IsN — C? - N). (3.54)

As N is a unit vector, N- N = 0, and hence the remodeling equation is simplified to read

oW oW

KN=(—-— N)N-G'— +2W,(I4N — C-N) 4 2W5(IsN — C*-N). (3.55)
ON ON

Example 3.1. In the literature, the following reorientation kinetic equation has been suggested and used

[Menzel, 2005; Melnik and Goriely, 2013]

max max

dN(X,t) 1[

- ~ NS (X, 0) = (NS (X, 1) - N, ) N(X,t)]7 (3.56)

where 7 is a relaxation time, and NC, is a unit vector along the maximum stretch at X € B. Note that
N = N€_ s an equilibrium point of the above ODE. Let us consider the remodeling energy W (X, C’,N, G) =

max
ky M - N, where k) is a scalar and M is some unit vector that explicitly depends on C°. For this choice, the

remodeling equation is simplified to read
KN = k3 [(M - N)N — M] + 2W,4(ILN — C - N) + 2W5(IsN — C? - N).. (3.57)

For the choice M = N€_ | this is a generalization of the remodeling equation suggested by Menzel [2005]. Tt

should be noted that the remodeling equation proposed in [Menzel, 2005] is not invariant under the transfor-
mation NS, — —NC_ . Similarly, the term r; [(M - N)N — M] is not invariant under the transformation

max max*

M — —M because W(X, C’,N,G) = s M - N is not an acceptable remodeling energy (see §2.2.7). For the
remodeling energy W(X,C" N, G) = %KM (M - N)2, the kinetic equation reads

KN =k (M-N)[(M-N)N — M] + 2W,(I,N — C-N) 4 2W;5(IsN — C? - N) (3.58)
Similarly, for the remodeling energy W(X, C’,N,G) = sy [M - N, the kinetic equation reads
KN =k sgn(M - N) (M- N)N — M] + 2W,(I,N — C-N) + 2W;5(IsN — C2 - N), (3.59)
where sgn is the sign function.
Remark 3.5. In order to understand the remodeling equation better, let us consider the spectral decomposition

of C”:
C’=\E; QE; + XE; @ Ey + M E3 @ B, (3.60)

where we assume that A\; > Ao > A3, and hence Ngax = E;. Note that
L=XXN-E)P+M(N-E)’+)X(N-E)’, L=MNN-E)+MN-E)+X(N -E;. (3.61)

Suppose (M - N)N — M = 0, and hence, M - N = £1. Thus, N = +M. If N is parallel to any of the principal
directions of C, i.e., N = E; for i = 1,2,3, and M = £N, the right-hand side of (3.57) vanishes,'” i.e., the
principal directions of C are equilibrium points for (3.57).18

I7If A1 > Ao = A3, then
C'=XNE, QE +\M(I-E QE). (3.62)
In this case, the right-hand side of (3.53) vanishes for N = E1, and any N L E;.

18For a general dissipation potential, this result holds as long as ¢ does not have a linear term in N, i.e. if 9

aT(f]‘N:o =0.
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3.2.7 Remodeling equation for fiber reorientation: Two families of fibers

Next, let us consider an isotropic solid reinforced by two families of fibers that are not necessarily orthogonal,
i.e., effectively a monoclinic solid. The independent fields of the theory are ¢, N7, and Ny. We assume the
following quadratic dissipation potential

L 1. . 1. . . .
¢(X,F,N1,N2,N1,N, G, g) = §N1 By N+ §N2 B2 -Na+Nj-B;- Ny, (3.63)
where B; are symmetric and isotropic functions of their arguments. This implies that
1 . . 1 . . . .
¢ =5 Ki(Ni,Nipg + 5 K2(N2, Nojg + K3(Ni, No)g, (3.64)

where K; = K;(I1,...,1I9), i =1,2,3. The rate of energy dissipation is
N1+7N-N220. (3.65)

As N; and Ny can vary independently, one concludes that

0 - 0 -
o Ny >0, 9 N, >0. (3.66)
1 2
For the dissipation potential (3.63) this is written as
B: Bg} Ni| [Ny
S >0, .
{Bg B:| N, Ny | — 0 (3 67)

First, note that B; and By are positive-definite, and hence K, K > 0. According to Schur’s complement
condition [De Klerk, 2006], positive-definiteness of the block matrix is equivalent to positive-definiteness of
either By — B3B] 'B3 or B; — B3B;, 'Bs. This is equivalent to K7 < K, K.

Remodeling energy. The Lagrangian density is written as £ = T—W—W—i—qnl (N1 -N; —1) +qn2 (N2~N2—1),
where W = I/i/(X7 C’,N,Ns, G) is the remodeling energy for the two fiber families, and ¢,; = ¢n1(X,t) and
Gn2 = qn2(X,t) are the Lagrange multiplier fields corresponding to the internal constraints Ny - Ny = 1 and
Ny Ny =1.

The three independent variations are (6p, dN1,dN2). For 6N; variations, £ = —dW +2¢,,;IN; -6N;. Hence,
(3.1) is simplified to read

tz I I I )¢ W
/ /{—W4a4—W535—W888—W989 0 +2qn1Nﬁ—8.¢}:5N1dth:07
t1 B

ON; ON; ON; ON; B ON; ON; (3 68)
t2 ol oI, Ty oIy oW 9 '
W me — Wy e — Wy = — Wy e — —— + 2¢p2Ny — —— | : N dV dt = 0.
/tl /B { SONs  TON, U SON, 00N,  oNg | odmNeT g 2
Using the relations
=2C"-N =2C*.N =T !Ny, +7C" N =2IN
N, 1, N, 1, N, 8 o+ 2, N, 25 (3.69)
s _ oo N,, 27 _9er Ny, OB N vTooN, 2 o7 '
N, > N, > 9N, P ! ' ON, L
the remodeling equations are written as
; 00 Bl1% ) .
G =2¢,)N; — - — —2W, C-N; — 2W5 C* . N; — Wy (IsZ ' Ny +ZC - N,) — 2Z Wy Ny,
a2 g 2Nr@ﬂw C-Ny —2W;C? Ny — Wy (IsT "Ny +ZC-Ny) —2Z Wy Ny
8N2 n 6N2 6 7 8 8 9 .
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Eliminating ¢,; and g,2 from the above equations, one obtains

B B) oW oW
Gﬂmf - <a£ -N1> N, = <8Nl,N1> N, — Nt W4 (I;Ny — C - Ny) + 2Ws(IsN; — C2 - Ny)
1 1

+ Wsg (218 N, — I 71 N, —-7ZC- Nz) + 2IW9(IN1 — Ng) R (3 71)

) ) oW oW
Gﬂa£2 - <a£2 : Ng) N, = <8N2,N2> N, — o~ 2We(IgNs — C - Ny) + 2W+(I;Ny — C2 - N»)

+ Ws (2Is Ny — IgZT "' Ny —ZC - Ny) 4+ 2Z Wy(I N3 — Ny).

r

Let us assume the remodeling energy W (X, Cb7N1,N2,G) = %HMl (M - N;)? + %K}MQ (M - N5)?2, where
ka and ko are scalars, and M is some unit vector that explicitly depends on C”. Let us also assume the
quadratic dissipation potential (3.63). The remodeling equations are simplified to read
Ki(N; — N;- Ny Nyp) + K3(No — N;i- NNy ) = k31 (M- Ny) (M- Np)Ny — M]

+2Wy(ItNy — C - Ny) + 2W5(IsNy — C* - Ny)

+Ws (2Is Ny — IsZ"' Ny — ZC - Ny) + 2I Wy(ZN; — Ny),
K5(Na — No- N3 Ny) + K3(N; — No- Ny Na) = kp2(M - No) (M- N2)Ny — M]

+2We(IgNg — C - Ng) + 2W7(IzNy — C? - Ny)

+Ws (2]8 N, - kI 'N, -IC. N1) +2ZWy(Z Ny — Ny).

(3.72)

Similarly, for the remodeling energy W(X,Cb,Nl,Ng,G) = ky1 | M - Ny| + g2 |M - Ny, the remodeling
equations read
Ki(N; — N;- Ny Np) + K3(Na — Ny - N Np) = ka1 sgn(M - Np) (M- N)N; — M|
+2W,4 (LN} — C - Ny) + 2W5(IsN; — C? - N;)
+Ws (2Is Ny — IgZ"' Ny — ZC - Ny) + 2Z Wo(ZN; — Na),
K5(Ny — Ny N3 Ny + K3(N; — No- Ny No) = k72 sgn(M - Na) [(M - N)Ny — M]
+2W5(INg — C - Ny) + 2Wy(I;Ny — C? - Ny)
+Ws (2Is Ny — IsZ" "Ny — ZC - Ny) + 2Z Wo(Z N3 — Ny).

(3.73)

3.3 The first law of thermodynamics

The first law of thermodynamics, or the balance of energy, reads

d 1
i), (W + 5po<<v,v>>g> dv = /upo ((B, V), +R)dV + /W ((T, V), + H)dA, (3.74)
where U C B is an arbitrary sub-body, W is the energy function or the internal energy density, R = R(X,t) is
the heat supply per unit mass, H = —{Q,N) s is the heat flux, Q = Q(X,T,dT,C, G) is the external heat

flux per unit area, N is the G-unit normal to the boundary 0B, and T = T'(X,t) is the absolute temperature
field.
The local form of the balance of energy reads

W =p,R+P:VEV —DivQ + (DivP + p,(B— A), V), . (3.75)

At this point, we do not know yet that the first Piola-Kirchhoff stress P = %—Ig, which is a consequence of

the second law of thermodynamics. However, to simplify the calculations, we are going to assume this. It is
straightforward to see that P: VGV = %S :C?, where S = F~!P is the second Piola-Kirchhoff stress. Thus, the
local form of the energy balance reads

. 1 .
W = poR + 5s;cb —-DivQ. (3.76)
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3.4 The second law of thermodynamics

The second law of thermodynamics can be stated in the form of the material Clausius-Duhem inequality [Mars-
den and Hughes, 1983] that is written as

d R H
= Nav > =d ZdA .
dt/MNV_/upOT V| A, (3.77)

where N = N (X,T,C", G) is the material entropy density (per unit undeformed volume). The local form of
Clausius-Duhem inequality reads
i1 =TN — p,R + T Div (%) >0, (3.78)

where 7 is the rate of energy dissipation. R )
The free energy density is defined as ¥ = W — TN, and hence, ¥ = ¥(X,T,C" G). Note that TN =
W — ¥ — TN, and thus

. . . 1
iy = W = = T+ DivQ = (. Q) = p,R > 0. (3.79)
Using (3.78) in the above inequality, one obtains
1, .y o 1
= 38:€7 — ¥ —TW — Z(dT,Q) > 0. (3.80)
But . )
o N PG\ ov .. v . 9v . - ov i
U= _——T+ O+~ G= T+ C"+2F*G_ F. 3.81
ar Toc'Y Tae’ T Tar Tao Y T 9G (3:81)

AsO=detF =F-! :f‘, a term q];"_1 can be added to the last term without changing the equality, where ¢ is a
Lagrange multiplier. Thus, (3.80) is simplified to read

) ov ov w1 ( OV - _1) ;
= - — | :C" — = - — :F>0. .
7) <N+8T)T+ (S 26‘Cb> C T(dT,Q)—i— 2F G6G+qF F>0 (3.82)
The above inequality must hold for arbitrary 7', and C”, and hence
oW ov 1 ) _1> ;
e — —_— = —— —_— N > . .
N=-5z. S=27m. i T(dT,Q)+( 2F~ Gog taF ' ):F >0 (3.83)
Note that
ow oW B {8\11 ov 8T} or .. ov
9 ~oc|,  ~loc Tarocl To T ae (3.84)

where use was made of (3.83);. Using the above relation and the remodeling equation (3.18) in (3.83)3, we
obtain'?
99

n= (dT Q)+ — F >0. (3.85)
3F
If an isothermal process is assumed, i.e., dT' = 0, the entropy production is simplified to read
0
n= 9 ¥ >0. (3.86)
8F

191t is straightforward to show that this inequality has the same form for anisotropic solids.
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4 Examples of Material Remodeling

In this section, we discuss three concrete examples of material remodeling. Let us consider an incompressible
isotropic solid that is reinforced by a family of fibers. At a material point X € B in the initial body, the unit
tangent to the fiber is denoted by N(X ). This material is effectively transversely isotropic, and at X € B,
the plane of isotropy is normal to N(X ). The body undergoes a remodeling process during deformation such
that the material’s preferred direction evolves. Let us denote the time-dependent unit tangent to the fiber by
N(X, ), which models the reorientation of fibers. A remodeling tensor relates N(X,t) to N(X) = N(X,0),
ie., N(X,t) = F~1(X,t)N(X), where F(X,t) € SO(3)(TxB, G)—the set of rotations. This means that G =
F*G = F*GF = é, i.e., the material metric is flat.

The three examples that are studied in this section are subsets of Family 3 universal deformations. A univer-
sal deformation is one that can be maintained in the absence of body forces for any member of a given class of
materials [Ericksen, 1954, 1955]. Ericksen [1955] showed that for homogeneous compressible isotropic solids, the
only universal deformations are homogeneous deformations (and all homogenous deformations are universal).
Recently, Yavari [2021b] showed that inhomogeneous compressible isotropic solids do not admit universal defor-
mations. For incompressible solids the problem of characterizing universal deformations is much more difficult
and interesting [Saccomandi, 2001; Tadmor et al., 2012; Goriely, 2017]. For homogenous incompressible isotropic
solids, Ericksen [1954] found four families of universal deformations (other than volume-preserving homogenous
deformations). Later on, a fifth family was discovered independently by Singh and Pipkin [1965] and Klingbeil
and Shield [1966]. This last family is peculiar in the sense that it is inhomogeneous while its principal invariants
are constant. Determining all universal deformations with constant principal invariants is still an open problem.
Recently, Ericksen’s problem was revisited for inhomogeneous and anisotropic solids [Yavari, 2021a; Yavari and
Goriely, 2021, 2022b].2° The three problems that we investigate in this section admit universal deformations
for certain universal material preferred directions as was shown in [Yavari and Goriely, 2021, 2022b].

4.1 Example 1: Finite extension of a transversely isotropic circular cylindrical
bar

Consider a solid cylinder with initial radius Ry and length L. Assume that for fixed R € (0, Ry] fibers are along
a family of helices. Recall that in cylindrical coordinates (R, ©, Z) and (r, 6, z), the initial material metric and
the metric of the ambient space have the following representations

) 1 0 0 1 0 0
G=|0 R* 0], g=10 r2 0 (4.1)
0 0 1 0 0 1

For this body N = 1<I(R7 @) Tangent to a helix in cylindrical coordinates has a vanishing radial coordinate.
Also, N*NBGap = R*(N®)? 4+ (N#)? = 1. For example, fibers along Z (parallel to the axis of the bar)
correspond to N® = 0 and NZ = 1, while for a family of circular fibers N® = L and N% = 0. If v(R) is the

R
angle that N(R, ©) makes with Eg(0) = %, then

cosy(R)

N(R,0) = =

Eo(©) +siny(R)Ey, (4.2)

where Ez = a%. Assume that in a remodeling process, this family of helices is transformed into another family
of helices. At a given point with coordinates (R, ©, Z) this corresponds to rotating N along the Er = % axis.

20Universal displacements are the analogue of universal deformations in linear elasticity [Truesdell, 1966; Gurtin, 1972; Yavari
et al., 2020; Yavari and Goriely, 2022b,a; Yavari, 2023].
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Thus, we have the following representation for F:2!

1 0 0
F(R,t)= |0 cosa(R,t) —Lsina(R,1)|, (4.4)
0 Rsina(R,t) cosa(R,t)

where a(R,t) is the angle of rotation. Thus

0
N(R,t) = MR—O&(R@) . (4.5)
sin(y(R) — a(R,1))

We will write the remodeling equation directly in terms of N(R,t), and not f‘(R, t). The initial condition is
a(R,0) = 0.
Let us consider radial deformations and assume the following kinematics ansatz

r=r(Rt), 0=0, z=\t)Z, (4.6)

where \(t) is the axial stretch.?? In a force-control loading, A(t) is an unknown function to be determined, while
in a displacement-control loading, A(t) is given. Let us assume that loading is slow enough so that the inertial
effects can be neglected. The deformation gradient reads

rr(R,t) 0 0
F=F(R,t) = 0 1 0 |. (4.7)
0 0 A?)
Incompressibility implies that r(R,t) = f(t). The principal invariants read
L= XN() +2271(1),
Iy = 2M\(t) + A 72(1), 18)
I = X2(t)sin(a(R, t) — v(R)) + A~ 1(t) cos?(a(R, t) — v(R)), '
Is = M (t) sin?(a(R, t) — y(R)) + A2(t) cos®*(a(R, t) — v(R))
Stress and equilibrium equations. The non-zero components of the Cauchy stress are:
o (R, t) = —p(R,t) + 2271 (t) Wy — 2\(t) Wa,
00 _ pROAE) | 2Wh 2N W 2[A(H) Wa +2W5] B
o (R,t) = R2 + R2 R2 R2\(2) cos”(a(R,t) —v(R)), (49)

07 (R,t) = —p(R,t) + 2X%(t) Wy — 2A72(t) Wa + 2X%(¢) [Wy + 202 (t) W] sin®(a(R, t) — y(R))
A(t) Wy 4 [1+ N2(t)] Ws S

o’ (R, t) = — 7

in [2(a(R,t) —=y(R))] -

The only nontrivial equilibrium equation is ¢"" ,. + %O’TT —ro? = 0. In terms of the referential coordinates, this
reads

9 T 2 [)‘(t) W4 + 2W5} 2
—_— R,t) = R,t) —v(R)). 4.10
o ut) = S cos(a(R. )~ 1 (R) (410)
21Note that F is written such that its physical components are dimensionless, i.e.,
N 1 0 0
F(R,t) = |0 cosa(R,t) —sina(R,t)| . (4.3)

0 sina(R,t) cosa(R,t)

~A X

Recall that the physical and curvilinear components are related as F B =VGaaVGBB 177‘AB (no summation) [Truesdell, 1953].
221t should be noted that (4.6) is a subset of Family 3 universal deformations [Ericksen, 1954], and the fiber distribution (4.5)

are universal material preferred directions [Yavari and Goriely, 2021]. This means that the deformations (4.6) can be maintained

in the absence of body forces for any incompressible isotropic solid cylinder reinforced by fibers with distribution given in (4.5).
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We assume the boundary condition o™ (Ry,t) = 0. Thus

o (R,t) =

9 /RO At) Wy +2W5 cos(a(€,t) — y(€)) dE . (4.11)

22(1) Jr 3

This, in particular, implies that

—p(R,t) = os?(au(€,t) — y(€)) dE — 2071 (t) W + 2X(t) W (4.12)

2 [T W+ 2Ws
(1) /R € ¢

Now the physical components of the other three stresses are simplified to read??

690 (R,t) = 2O Wa + 2] 2 / At Wi +2Ws

22 (t) - 2 (t) R 5 COS2 (O‘(& t) - ’Y(f)) dfa
67 (R, t) =2 [N2(t) = AH(8)] W+ 2 [A(t) — A2(8)] Wa + 2X% () [Wy + 22 (t) W5 sin®(a(R, t) — v(R))
2 /RO M) W +2Ws

cos®(a(R, ) — 7(R))

os?(a(&, 1) — y(£)) dg,

0 Je €
3
i = O o OIS 0 a(a(r.0) ~ 5(R))

(4.13)

The axial force. For displacement-control loading, A(t) is a given function, and the only unknown of the
problem is «(R,t), which is governed by the remodeling equation. For force-control loadings, the unknowns of
the problem are A(t) and a(R,t). In this case, at the two ends of the bar (Z = 0, L), the axial force required to
maintain the deformation is

Ro
F(t)=2r /O P*?(R,t)RdR, (4.14)

where P*2(R,t) = A~1(t) 0**(R, t) is the zZ-component of the first Piola-Kirchhoff stress. This is simplified to
read

Ro Ro
~o [ r AOWs +2W5 o2 a(e, 1) — 1(€) de dR
0 R

£
+2 A1) = A2 (1)] " Wi RAR+2[1 - A73(t)] " W2 RdR (4.15)
0 0
£ [ RV 220 W) sn(a () — () = O
0 ™

It is assumed that F(0) = 0, and hence A(0) = 1. We will consider both displacement-control and force-control
cases.

The remodeling equation. The remodeling equation (3.55) is used ?*. For this problem, it is written as

sin(a(R, ¢) = y(R){ (\*(6) = 1) [\(O)Wa + (1+ X*(£)Wa] sin(2(y(R) — a(R, 1)) = KX*(t) a(R, ) } =0,

cos(a(R, 1) = 1(R){ (A () = 1) [NOWa + (1+ W) W5] sin2(1(R) — a(R, 1)) — KA*() a(R, 1)} = 0.
(4.16)
Knowing that the sine and cosine cannot vanish simultaneously, the remodeling equation reads
K &(R,t) = ()\’2(t) — )\(t)) [)\(t)W4 + (14 )\S(t))W5] sin(2(a(R,t) — v(R))). (4.17)

23Note that 6™ = o"", 699 = 12699, 69 = 1o, and 6%% = 2%,
24Epstein and Elzanowski [2007] considered a similar problem with a transversely isotropic body undergoing an SO(3)-remodeling

and assumed a particular remodeling equation of the form (in our notation) FF-1 = —kEa, where k is a material constant,
E = WGH — FTP is the Eshelby stress, and Ep is its anti-symmetric part. Their choice of remodeling equation implied that fibers
realign to reduce the shear deformations in the body.
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Choosing M = NS, = Ez, the remodeling equation (3.58) is simplified to read:
Ka={-La + A2 =) AWy + (A3 +1) Ws] ¢ sin2(a — 4.18
= M [ 4+( +) 5} sin2(a — ) . (4.18)

Similarly, the remodeling equation (3.59) is simplified to read:
K & = ryy sgn [sin(y — a)] cos(a — ) + (A72 = \) AWy + ()\3 +1) Ws] sin2(a — 7). (4.19)

For our numerical examples, we consider an incompressible Mooney-Rivlin reinforced model (I and I
reinforcements) for which [Triantafyllidis and Abeyaratne, 1983; Merodio and Ogden, 2003, 2005]

W (I, I, Is, Is) = C1(I) — 3) + Co(I5 — 3) + %(14 —1)24 %(15 —1)2, (4.20)

where C1, Cy, p1, and po are positive constants. Thus, Wy = Cy, Wo = Oy, Wy = p1(I4—1), and W5 = py (I5—1).
For this material, the remodeling equation (4.18) is simplified as

G = H?M cos(y —a) — {Tl_l A [()\6 - 1)20052(7 —a) = A2 4208 207 ¢ 1]

208
(4.21)

+ 3t [(A2 = 1) cos2(y — a) — A2 42016 — 221 1 1] } sin2(y — a),

where 71 = K/p1, and 1o = K/ s are relaxation times of this material. Similarly, the kinetic equation (4.19) is
simplified to read

&= H?M sgn[sin(y — )] cos(y — «)

£ ) [N (Wsin®(y - )+ cos?(y — @) - ) (422)

+ 75 (A +1) (Asin®(y — a) + cos®(y — a) — A?) ] sin2(y — a).

Displacement-control loading. Let us first consider displacement-control loading. It is assumed that A(t) =
1+ (X —1) erf (%), where erf is the error function and ¢, is some characteristic time. Thus, A\(0) = 1, and for

t > to, AM(t) = \o. In summary, the following initial-value problem needs to be solved:?°

. kMmoo 1 —1 44 [(16 2 12 8 2
a—Kcos(’y—oz)—Q/\g{Tl A [()\ —1)"cos2(y —a) = A2 4+ 2)° — 2\ —|—1]

—1 12 1)2 N (24 16 _ oy4 . _ (4.23)
+75 [()\ 1) cos2(y — o) — A" +2X 2 +1] sin2(y — a),

a(R,0)=0.

Force-control loading. Next, it is assumed that the axial force F(t) is given while both A(t) and a(R,t) are
unknowns to be determined. For the reinforced Mooney-Rivlin material (4.15) is simplified as

AE) = A2 CL+ [1=A3()] C2 + %(Qt) /ORO R [Wy + 2X%(t) W5 sin®([a(R, t) — v(R)] dR
0 (4.24)
Ry Ro
- A3(t2)R%/o R Wcos2 (a(€,1) — 7(€)] ddR = ;S% .

250ur numerical results show that the two kinetic equations will give very similar results, and we choose to work with (4.21).
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In summary, the following initial-value problem needs to be solved:

At) = A2@)] CL+ [L=A73(t)] C2 + 22;;) /ORO [Wy + 2X°(t) Ws] sin®([(R, t) — v(R)] dR
0
Ro Roy
gz |, [ S o fa(et) = 2(6)) R = 3
&= K?M cos(y — a) — 21\8{711 A [(AG - 1)2 cos2(y —a) — A2 4 2)8 —2)% + 1] (4.25)

75t [()\12 - 1)2 cos2(y —a) — A2 42010 —2)* 4 1} } sin2(y — ),

A0) =1, a(R,0)=0.

Numerical results. We first consider a displacement-control loading. The material constants in the Mooney-
Rivlin model are taken to be C; = 0.01, Cy =0, 1 = 1, and ps = 0. The relaxation times for the material are
chosen to be 71 = 0.001, and 75 = 0.0. For all R € (0, Ry], fibers are assumed to have the same helix angle, that
is, ¥(R) = 70. Furthermore, it is assumed that the preferred orientation for fibers is in the direction of maximum
principal strain, namely, M = NC_ = Ez. Then, the parameters 7o, ras, and g are varied to investigate their
effects on the fiber remodeling. Fig. 2 shows the results for the applied loading A(t) = 1+ (A\g — 1) erf (%) with
to = 1. The orientation of remodeled fibers is plotted in terms of the helix angle 9 — «(t) for a wide range of
values for o, ks, and Ag. Seven values of initial fiber orientation are chosen from 0 to /2 in equal increments
of w/12. Recall that «(0) = 0. Three values of the parameter xp; = 0, —2K, and —103K are studied in parts
(a), (b), and (c) of the figure, respectively. Furthermore, for each value of xj;, three values of maximum applied
stretch Ao = 1.01,1.1, and 2 are studied.

The first observation which can be made from Fig. 2 is that the final remodeled fiber orientation is inde-
pendent of the initial fiber orientation angle 7y in the range 0 < ¢ < m/2. However, the remodeling process is
not monotonic in time, as is clearly observed for —k; /K = 2 and Ag = 1.1. The orientation angles v = 0, 7/2
are found to be equilibrium helix angles as expected, and fibers oriented in those directions do not remodel.
Now, when xj; = 0, the fibers should remodel to minimize the energy function W, hence move further away
from the angle 7/2. This is observed in Fig. 2(a), where the final fiber orientation decreases from /5 to 7/8
as the maximum stretch increases from 1 to 2. On the other hand, when —x,; > K, the fibers should remodel
along Ez. This is seen in Fig. 2(c), where the orientation angle evolves to 7/2 for all values of \g. This case
corresponds to the classical remodeling equation studied by Menzel [2005] and others. When —xp; ~ K, there
should exist a competition between strain energy and remodeling energy. Fig. 2(b) shows that for small val-
ues of the maximum stretch, fibers orient themselves along E, while for larger values of stretch, they orient
themselves along a direction according to the strain energy minimization. A visual representation of the final
orientation of fibers as a function of Ay is shown in Fig. 3. More insight into this case is also provided by the
evolution of stress components (4.11,4.13) shown in Figure 4 for R/Ry = 0.5. For small and large values of
maximum stretch, all stress components except 6% are seen to evolve to zero, presumably due to remodeling
energy and strain energy dominating in respective cases. However, for intermediate stretch values, the stress
components can evolve to a non-zero value, indicating a strong competition between the two energies.

We next consider a force-control loading. Applying an axial force F'(t) = 1+ (Fy — 1) erf (%) with Fy = 0.1
and to = 1, we examine the evolution of vy — a(t) and A(¢) for —kps/K = 2 and two values of fiber-to-matrix
modulus ratios, namely, C7/u1 = 20,5. The results are shown in Fig. 5. We observe that for Cy/u; = 20, the
final fiber orientation is not independent of the initial fiber orientation. While for some initial orientations, the
fibers align along Ez according to remodeling energy, for others, they align according to the strain energy. For
Cy/p1 = 20, the effect of remodeling energy is stronger, and fibers for all initial orientations (except 0) align
along E.

Lastly, to investigate how the fiber-remodeling affects the maximum stretch during cycles of loading-
unloading, we consider the following axial force loading with one cycle of loading-unloading followed by a
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Figure 2: Finite extension of a transversely isotropic cylindrical bar under displacement-control loading. The remodeled fiber
orientation yo — a(t) is plotted as a function of t/T1, where 11 is the material’s relazation time. Seven initial fiber orientations,
Y0 — a@(0) = ~o (corresponding to different colors), are investigated in equal increments of w/12 ranging from 0 to w/2. (a)
corresponds to —rp /K = 0, (b) to —kpr /K = 2, and (c) to —kpr/K = 103. For each case, the displacement function \(t) =
14 (Ao —1) erf (%) is applied with three different values of the mazimum stretch Ao = 1.01,1.1, and 2.

second loading:

Fot , if 0<t<1,
F(t)=< Fo—Fo(t—1), if 1<t<2, (4.26)
Folt —2), if 2<t<3,

with Fy = 0.2. Fig. 6 shows the results for remodeled fiber orientation, stretch, and stress components for
v0 = 7/6,7/4, and 7/3. We make two key observations. First, at t/7; = 2 x 103, when F(t) = 0 after one
cycle of loading and unloading, A(t = 2 x 10®) = 1, and all the stress components are zero. Thus, as expected
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Figure 3: Remodeled fiber orientation for a transversely isotropic bar under finite extension with —kp /K = 2 shown in the
reference configuration. For Ao = 1.01, fibers align along the direction of loading. For Ao = 1.1 and 2, they align at an angle of
w/5 and 7/8, respectively.

o = 1.01
0.03
0.04
0.02
0.03
F(t) 0.02 s ()01
0.01 0.00
0.00 -0.01
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
t/m x10% t/m x10° t/m =103

Figure 4: Evolution of stress components (4.11,4.13) with time at R/Ro = 0.5 in a transversely isotropic bar under finite extension
with —kpr /K = 2 and three values of mazimum stretch Ao = 1.1 and 2.

(see Remark 3.3), there are no residual stresses observed. Second, the remodeled fiber orientation for vy = 7/3
at the end of second loading phase, t/71 = 3 x 103, is different from that at the end of first loading phase,
t/m1 = 3 x 103, while for the other two values of 7, it remains the same. This shows that the remodeling
process can be loading history-dependent.

4.2 Example 2: Finite extension of a monoclinic circular cylindrical bar

Let us consider the circular cylindrical bar of the previous example, however, with two families of helical fibers.
For this monoclinic solid cylinder, we have two unit vector fields N1 = N (R, ©), and Ny = Ny (R, ©). Suppose
v1(R) and y2(R) are the angles that N1 (R, ©) and N3 (R, ©) make with Eg, i.e.,

cosv1(R)

Nl(R7 @) = T Eo (6) + sin 71 (R) Ez ) NQ (Ra 6) =

cosy2(R)

=~ Eo(0) +siny(R)Ez.  (427)

During a remodeling process, these vectors are transformed into the following two vectors

0 0
Ni(R,t) = MR—MRJD , Ny (R,t) = %};az(m)) , (4.28)
sin(y1(R) — en (R, 1)) sin(ys(R) — a2(R, 1))
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Figure 5: Finite extension of a transversely isotropic cylindrical bar under force-control loading for two fiber-to-matric modulus
ratios: (a) C1/p1 =5 and (b) C1/u1 = 5. The remodeled fiber orientation vo — a(t) and stretch A(t) are plotted with normalized
time t/T1 for —kpr /K = 2 and seven initial fiber orientations, Yo, in equal increments of w/12 from 0 to 7/2.
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Figure 6: Evolution of (a) remodeled fiber orientation vo — a(t), (b) stretch A(t), and (c) stress components 5*°(0.5Rp,t), during
one and a half cycles of loading-unloading as defined by (4.26).

where aq(R,t) and as(R,t) are the angles of rotation to be determined. We assume the kinematics ansatz
(4.6),2¢ and hence the deformation gradient is given in (4.7). From incompressibility r(R,t) = \/%, and the

26Notice that (4.6) is a subset of Family 3 universal deformations [Ericksen, 1954], and the fiber distributions (4.28) are universal
material preferred directions [Yavari and Goriely, 2021]. This implies that the deformations (4.6) can be maintained in the absence
of body forces for any incompressible isotropic solid cylinder reinforced by the two families of fibers with distributions given in
(4.28).
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nine monoclinic invariants read

I =X 42071
Iy =2\ + 272,
Iy = Nsin®(oq —y1) + A cos® (a1 — ),
Is = M sin®(aq —v1) + A2 cos? (a1 — 1),
Is = A sin®(ag — 72) + At cos?(ag — 72) (4.29)
I = Msin®(az — 72) + A% cos?(az — 72)
1

IS = X COS(OéQ -1+ — ’}/2) [/\3 SiH(Oél — ")/1) SiH(OLQ — "}/2) + COS(Oél — ")/1) COS(O[Q — ’YQ)] y

Iy = cos®(y1 —y2 +az —ay).
Stress and equilibrium equations. The non-zero components of the Cauchy stress are:
o (Rt) = —p+ 22T W — 20 W, (4.30)

AWy 202 Wy | 2(AW4 + 2Ws) 2 (AW + 2Wry)

099(R7 t) = _pi

2 _ 2 o
ETR TR A et Ty s (e ) (4.31)
A .
+ o2 cos(ay — 1) cos(aa — y2) cos(ag — a1 + 71 — ¥2) Ws,
(R, t) = —p + 22\ Wy — 2X72(t) Wy + 227 [Wy + 2% W] sin®(a; — 1)
+ 277 [We + 20 Wr| sin® (g — 72) (4.32)
+4)\2 sin(a; — 71) sin(ag — ¥2) cos(ag — ag +v1 — 72) Wy,
and . 5
AW+ (1+2)Ws AW+ (1+23) Wy |
0% (R, t) = -2 (R W5 i [2(a; — 7)) — 222 (R IV 2(cs — 72)]
(4.33)

_ )\]T/%Vg { sin [2(a; — 71)] + sin [2(az — 72)] } .

The radial equilibrium equation is written as (the other two equilibrium equations imply that p = p(R,t))

0 rr 2 ()\ Wy + 2W5)
ar” B ="

OR
4Wg
RA

2(ANWs +2Wr) 9
—fpu s (g — y2)

(4.34)
cos(ay — 1) cos(ag — y2) cos(aa — a1 +y1 — 72) -

cos?(aq — 1) +

_|_

Using the boundary condition ¢"" (R, t) = 0, one obtains

2 [Fo XW, + 2W; 2 [Fo XNWg + 2W,
UTT(R,t):_j/ #0082(6“_,}/1)615_72/ ¥C082(a2_72)d£
4 By, '
8
_ X/ ? cos(ay — 1) cos(aa — ¥2) cos(ag — ag + 71 — Y2) d€.
R
This, in particular, implies that
2 (RO XWy + 2w, 2 [FONWG + 2
p=-7 C2 70 o (g — ) dE — —2/ 28 7277 cos?(ag — o) dE
A Jr 3 A Jr §
L R (4.36)
-3 / ?8 cos(ay — 1) cos(ag — ¥2) cos(ag — a1 + 71 — ¥2) d€ — AL 4 22 W, .
R
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Thus, the non-zero physical components of stress read (recall that 6™ = ¢"")

2 (A Wy + 2W5) 2 (AWg +2Wr)
A2 A2

4
+5 cos(a1 — 1) cos(ag — y2) cos(ag — a1 + 71 — v2) Wy

&99(R7 t) = COSQ(Oll —m)+ COSQ(OQ —72)

2 (RO AWy + 2w, 2[R0 A\ Wi + 2W- (4.37)
7—2/ #cosz(alf’yl)dff?/ 677cos2(042772)d§
A Jr £ A Jr £
4 [Row,
- X/ TS cos(a1 — 1) cos(az — y2) cos(az — an + 71 — 72) d§,
R

67 (R,t) =2 [\ = AT Wi+ 2 [A = A2 Wy + 2X% [Wy + 202 W] sin® (o — 71)
+ 207 [Ws + 202 Wr] sin® (a2 — 72)

2 [Ro + 2Ws 2 [T XWg + 2w
_ ﬁ/ 0 cos®(aq — 1) d€ — ﬁ/ e cos” (ag —72) d€ (4.38)
R 3 R §
4 (o,
3 T costan = ) coslar = ) cos(az a1 91 )
R

and
AW+ [1+ M) W;

A2
Y {sm 2(ay — 71)] + sin [2(a2 — 72)] } W .

AW, 14+ X W
6+[ + ] 7Sin[2(a2—72)]

o7 (R,1) = A (4.39)

sin [2(o; —71)] —

The axial force. For displacement-control loading, A(t) is given while a;(R,t) and as(R,t) are unknowns
that are governed by the remodeling equations. For force-control loadings, the unknowns of the problem are
At), a1(R,t), and az(R,t). In this case, at the two ends of the bar (Z = 0, L), the axial force required to
maintain the deformation is given in (4.14). Thus

Ro RO
2(A=27?) WiRdR+2(1-X"%) W RdR
0 0
Ro

Ro
+ 2>\/ R (Wy + 20> W5) sin®(ay — 1) dR + 2)\/ R (Ws + 20> Wr) sin®(as — 72) dR
0 0

2 [fo - rfo 2
cos? (o — 1) déEdR — — R/ M
R

2 [Ho o NWy + 2
R/ AWat 25 G cos?(ag — v2) d€ dR
R 0

N 3

4 [ o F(t
fﬁ/ R/ =2 cos(ay — 1) cos(az — 72) cos(ay — oy + 71 — 72) d€ dR = (t) .
A Jo R § 21
(4.40)
The remodeling equation. The remodeling equations (3.72) are simplified to read
: . 1 .
Ky éy + Kzcos(—ag + oo + 71 — 72) G = _gﬁl sin2(oq — 1))
1—X8 5 _
T o AWy + Ws) +2 (A + 1) W] sin2(ay —71)
1
~ 5y [(A* + 1)Ws + 2AWy] sin2(a2 — a1 + 71 — 72)
1 (4.41)
Koo+ Kzcos(—ag +ag +vy1 —72) dq = _5@ sin 2(as — 7o)
1-A3 5 .
+ EVE (A2Ws + Wg) + 2 (A? + 1) W) sin2(ag — 72)
1
+ BY ()\3W8 + Ws + 2AWy) sin(2(az — a1 + 71 — 72)) -
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Similarly, the remodeling equations (3.73) read?”

. . 1 . .
Ky a1+ Kscos(—ag +ag + 71 —72) g = 3h sgn(sin(y; — a1)) sin2(y; — ay)

1—X8
+ e QWL W) + 2 (W + 1) W] sin2(en — )
_ 5 [()\3 + 1)WS + 2)\W9] Sin2(042 — Q1 + Y1 — 72) ,
1 (4.42)
Kz + Kscos(—a1 + az +71 —72) dn = 22 sgn(sin(yz — az)) sin2(y2 — az)
1—M3 '
+ IV (A(2Ws + Ws) + 2 (A + 1) Wr) sin 2(ap — 2)
1
+ ﬁ ()\3W8 + W8 + 2AW9) Sin(2(a2 — o1 + T — 72)) .

For the numerical examples, we consider the following generalized incompressible Mooney-Rivlin reinforced
model for which

W = Cy(I — 3) + Ca(I — 3) + % [(Is— 1)% + (Is — 1)?] + % (T — 1)> + (I; = 1)?] + %(18 ~Iy)?, (4.43)

where Cy, Ca, p1, o, and ug are positive constants. Thus, Wy = Cy, Wo = Co, Wy = 1 (I4—1), W5 = ua(Is—1),
We = pu1(le — 1), Wy = pa(I7 — 1), Wy = pg(Is — Io), and Wy = p3 (Ig — I3).

Numerical results. Similar to the last example, we consider a displacement-control loading: A(t) = 14+ (Ao —
1) erf (i) with tg = 1. The material constants in the constitutive model are taken to be C; = 0.05, Cy = 0,
w1 =1, and ps = 0. The parameters K1, K5, K3 are fixed at K1 = K5 = K = 0.001 and K3 = 0.0001. We again
define a relaxation time 7 = K /pq1. We assume that v, (R) = vo and y2(R) = —y9—7n/12. Again, it is assumed
that the preferred orientation for fibers is the direction of maximum principal strain, namely, M = NS = E.
The parameters )71 and kpso are taken to be equal: kp1 = Ky = ka. The parameters g, Kk, and Ag
are varied in order to investigate their impact on the fiber reorientation. Similar behavior is observed as the
previous example. The final remodeled fiber orientation is independent of the initial fiber orientation angle 7.
A larger value for —k s or a smaller value for )y results in a remodeling-energy-dominant remodeling, whereas
a smaller value of —kj; or a larger value of Ay results in a strain-energy-dominant remodeling.

Fig. 7 shows the results for the remodeling process as a function of normalized time for A\g = 1.1 and various
values of 79 and kj;. Final fiber orientation for both families of fibers is the same even though the initial
orientations are different, and it increases in absolute value from 7 /5 to 7/2 as the ratio —xps/K is increased.
The value of the coupling parameter K3 does not affect the final orientation. The quantitative impact of g is
similar to the previous example. Of particular interest is the non-monotonicity of the fiber remodeling process
as a function of time, as clearly visible in Fig. 7(b). During t/71 € (0,1] x 103, the applied stretch is increasing
from 1. Initially, when stretch is low, the remodeling energy is dominant, and for large values of —kj,, fibers
can quickly remodel themselves to be almost aligned with the direction of loading. However, as the stretch
stops increasing, strain energy becomes more dominant, and fibers suddenly reorient themselves in a different
direction. A visual representation of these two changes in the final fiber orientation with time is shown in Fig. 8.

4.3 Example 3: Finite torsion of a transversely isotropic circular cylindrical bar

In this example, we consider a remodeling solid circular cylindrical bar that, in its undeformed configuration, has
radius Ry and length L and is reinforced by a family of fibers with distribution given in (4.5). The remodeling
tensor (4.4) is assumed, and hence, at time ¢ the fiber distribution is given in (4.5). Let us assume the following
deformation mappings

r=r(R,t), 0=0+9t)Z, z=A1t)Z, (4.44)

270ur numerical results show that the two remodeling equations (4.41) and (4.42) give very similar results. We use (4.41) in our
numerical examples.
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Figure 7: Finite extension of a monoclinic cylindrical bar under displacement-control loading. The remodeled fiber orientation of
the two fiber families: y1 —al(t) and v2 — a2(t) are plotted as a function of t/71, where 11 1s the material’s relazation time. Three
values of the ratio —kpr /K = 1,100, and 1000 are chosen. The initial fiber orientation of the two families is vo and —yo — w/12.
Siz values of yo (corresponding to different colors) are investigated in equal increments of w/12 ranging from 7 /12 to w/3 for each
value of the ratio k/K.

t/m=0.5x10°  t/m=2x 10°

Figure 8: Remodeling of fiber orientation for a monoclinic bar under finite extension shown in the reference configuration as a
function of time with —kpr/K = 100 and Ao = 1.1. At t/71 = 0, when the applied stretch is 1, both fiber families are in their
initial orientation w/6 and —m/4. As the applied stretch starts to increase, the fibers align almost along the direction of loading.
After t = 1, when the applied stretch stops increasing, the fibers again remodel to 7/3.

where 1(t) is twist per unit length, and A(¢) is the axial stretch.?® In a twist-control loading (t) is given while
A(t) is an unknown to be calculated. In a torque-control loading, both ¢ (¢) and A(t) are unknown functions.
The deformation gradient reads

r(R,it) 0 0
F=FRt)=| 0 1 @], (4.45)
0 0 A

281t should be noted that (4.44) is a subset of Family 3 universal deformations [Ericksen, 1954], and the fiber distribution (4.5)
are universal material preferred directions [Yavari and Goriely, 2021]. This means that the deformations (4.44) can be maintained
in the absence of body forces for any incompressible isotropic solid cylinder reinforced by fibers with distribution given in (4.5).
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where '(R,t) = %. The incompressibility implies that

detg At)r(R,t)r' (R, 1)
J =1/ oG det 7 (4.46)
Assuming that r(0,t) = 0, we have r(R,t) = \/%. The right Cauchy-Green strain reads
x5 0 o
1 t
C=[C*]=]0 X®) YOI : (4.47)
R2*y(t R4~ (t
0 A(t() ) )\2(t) )\(t)( )

The maximum eigenvalue of C is

1+ A%+ B2 + /(A3 — 1)2 + R292 (203 + R2¢? + 2)

4.48
g 7 (4.48)
and
0
Nr(rjlax _ 1*>\37R2¢2+\/()\3721};;2()\3+1)321p2+1241/)4 ) (449)
1

We assume the initial fiber distribution (4.5). The remodeling tensor is given in (4.4). The principal invariants
read

=20 +227 ) + RQ;?:)(” ,
I = 20(1) + A2(1) + Ri;@g” ,

Iy = [N(t) + R®¢*A71 ()] sin® [a(R, t) — y(R)] + Ry ()N (t) sin 2(y(R) — (R, 1))]
+ )\_l(t) cos? [a(R,t) —v(R)],
(V@) + RW) 2R + 1 W) + RA(0)] -1
-[5 - 2A2(t) - 2A2(t) COS [2(7(R) - OZ(R, t))]

3 2,2
N Ry(t) (A (t))\:(t])% VA(t) +1) sin [2(v(t) — (R, 1))] -

(4.50)

The non-zero components of the Cauchy stress are written as:??

o™ (R,t) = —p(R,t) + 22X (t) W1 — 2\(t) Wa, (4.52)

+ 5 [RU(1) sin((R) — (R, 1) + cos(7(R) ~ a(R,))]* W

4
A(t)R?
x [Ry(t) (X3(t) + R*2(t) + 1) sin(y(R) — (R, 1)) + (R*¢*(t) + 1) cos(v(R) — a(R, t))] W,

+ [RY(t) sin(y(R) — a(R,t)) + cos(y(R) — a(R, t))] (4.53)

29The physical components of stress are:

—rr rr ~06 2_00 R? 66 ~6z 0z R 6z —zz zz
I g% =r<c? = o o (4.51)
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B (RQwZ(t) +1)

0**(R,t) = —p(R,t) + 2\*(t) W Wa + 2X2(t) sin?(v(R) — a(R,t)) Wy

X2 (D) (4.54)
P20 [2 (V1) + B2 (1)) sin® (1 (R) — a(R, 1)) + BU(0)sin(2(5(R) — (B, 0))] W,
0" (R, t) = 2X(1)y (1) Wi + 20 (1) W2
+ 29 L1 cos(2+(B) — a(B,1))) +sin(2(2(R) — (B, 1)) + R(1)] W
L (MO EBEEO +T L o(R) — a(Ro) (4.55)

R

— 20(t) (W(8) + R (1)) cos(2(y(R) — a(R, 1)) + 20(t) (N*(¢) + R2*(t) + 1) | W

The only nontrivial equilibrium equation is written as

3R’ W) =f(R1), (4.56)
where
2 sin -« coS -« 2
HRt) = 2R/\1éJt)(t) Wt 2[Ry(t)sin(v(R) (f,( 8? (v(R) — (R, 1))] W,
)\2( R [R(t) sin(y(R) — a(R,t)) + cos(y(R) — a(R, t))] (4.57)

[ P(t) ( 3(t) + R2Y2(t) + 1) sin(y(R) — a(R,t)) + (R2 V2 (t) + 1) cos(y(R) — a(R, t))] W .
Using the boundary condition o""(Ry,t) = 0, one writes
Ro

o (R,t) = — ; f(&,1)) dg. (4.58)
This, in particular, implies that
—p(R,t) = — " FE ) dE =227 () Wy + 20(1) W (4.59)
The other two diagonal components of Stre:S are simplified to read
)= -2 [ g6 e+ 20w
+ Ri (R (1) sin(1(R) — (R, 1) + cos(3(R) — a(R, )] W, (460)
+ A(t) 5 [RY(t) sin(y(R) — (R, 1)) + cos(v(R) — a(R, )] ,
and
o (Ryt) = — RRO F(E1) de +2 [R2(8) — A1 ()] Wy 4+ 2220 AR;(:SQ“) “w,

+2X2(t) sin? (Y(R) — a(R, ) Wy (4.61)

+2A(t) [2 ()\3(15) + szz(t)) sin?(y(R) — a(R,t)) + Ry(t) sin(2(y(R) — a(R,t)))] W .

For a force-control loading at the two ends of the bar (Z = 0, L), the axial force and torque needed to maintain
the deformation are

Ro
F(t)=2n / P*?(R,t)RdR =0, (4.62)
0

Ro RO
T(t) =2r / P%2(R,t)R*dR = 2n / P'2(R,t)r(R,t)R*dR, (4.63)
0 0
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where P?*4 = P?% is the zZ-component of the first Piola-Kirchhoff stress and P%Z = rPeZ is the physical 02
component of the first Piola-Kirchhoff stress. Noting that P?4 = A\~1¢** and P%% = A\~ , we have

3(¢) —
P*(R,t) = 0 /s f(&t) dE+ (AA(;()t) ) Wi + Af(t) (N3(t) — R*2(t) — 1) W
+ 2X\(t) sin?(y(R) — a(R, t)) W.

2[2(\(t) + R*¢*(t)) sin®(v(R) — a(R, 1)) + R(t) sin(2(y(R) — (R, 1)))] W,

507 gy = 2RV | 2RU() i besa(e— ol s (164
PR, = S Wk S W A (@) 1R — Ruveos2( — ) +sin2(y — )] W

a3 (t){ (14 A + 3R22) sin 2(y — a)

+ 2Ry [— (A + R2P%) cos2(y — @) + A + R2p? 4+ 1] }W5 .

Thus, Eq. (4.62) is simplified to read

_L fo fto 2(/\3(t)_1) fto 2 fo 3 P22 .
)\(t)/o R i f(&,t)dEdR + 7)\2(15) | Wy )\B(t)/o ()\ (t) — R*“(t) 1) Wy RdR
Ro
+ 2A(1) / sin?(y(R) — a(R,t)) W4RdR (4.65)
0
Ro
+ 2/ [2 (X3(t) + R*¢*(t)) sin®(v(R) — a(R, t)) + Ry(t) sin(2(y(R) — a(R,t)))] RW5dR = 0.
0
Similarly, Eq. (4.63) is rewritten as
20(t) 3 gp o 20(0) 3 L _ o) +sin2(y —
)\%(t)/o WiR dR+A2(t) | WgR dR+)\§(t)/o R*W4 [RyY — Ripcos2(y — a) +sin2(y — a)] dR
Ro
+ Ail(t) /O { (A +3R*)* 4+ 1) sin2(y — a) (4.66)
+ 2Ry [— (P 4+ R2p?) cos2(y — a) + NP+ R +1] JR W5 dR = &;)
The remodeling equation (3.58) with M = N, is simplified to read
Ka = 4;2”;}2 12X = R292 4+ /08 — 1) + Rt +2(0 + 1) R22]
[()\3 + R*)? — 1) sin2(y — &) 4+ 2Ry cos 2(y — a)] (4.67)

+ F AW+ (A + R*¢% + 1) W] [(A? + R*¢® — 1) sin2(y — ) + 2Rip cos 2(y — o) ] .

Similarly, the remodeling equation (3.59) with M = N€__ is simplified to read®’

Ka= 2”% (-1 2%+ R2g2 - V& — 1) + Rig 4+ 2. (0 + 1) R202) sin(y — ) + 2Ry cos(y — o)]

X sgn {ﬁ (1 — 2 — R%y? + \/R4¢4 +2R2 (A3 4 1) 2 4 (A3 — 1)2) cos(y — ) + sin(y — a)} (4.68)

+ % AW, + (A% + R20% + 1) Ws] [(W¥ + R%6? — 1) sin2(y — a) + 2R cos 2(y — a)] .

In summary, we have the following two problems:

300ur numerical results show that the two remodeling equations (4.67) and (4.68) give very similar results. We use (4.67) in our
numerical examples.
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Twist-control loading: For a given 1 (t) in the time interval [0, T] solve the following problem

_i Rg Rg w
A(t)/o R rendcar+

Ro
A2(t) . ! N (D) /0 (X3(t) = R*¢?(t) — 1) W2 RdR

Ro
F2A(H) /O sin2(v(R) — a(R, 1)) WaRdR

Ro
+2/0 2 (\(6) + R*p2(1)) sin®((R) — a(R, 1)) + Re(t) sin(2(v(R) — (R, 1)))] RWs dR =0,

Ko =

T LN B V& =1 + Rigt+2(X + 1) R2¢2]

x [(A* 4+ R*Y* — 1) sin2(y — a) +2Rw0052(7—a)]
+F [/\W4 + ()\3 R21/J2 + l) W5] [()\3 + R%)? — 1) sin 2(y — «) + 2Rt cos 2(y — a)] ,
A0) =1, a(R,0) =

For the material (4.20), this is simplified to

1 Ro Ro Ci (X)) - 1) 2 _ p2
s LR rendears SR ms - R+

Ro
+2u1)\(t)/0 sin?(y(R) — a(R,t)) (Is — 1)RdR

Co(R? — R})

53 [2—20% +4* (R? + Ry)|

Ro
2 [ P@%w+R%%mmﬁw&a—MRwﬂJMMmm(%M—a@meﬂk—ndRzm

K= gty (1= X = Bt 0 )7 it 20 1) R
x [(A* + R*y? — 1) sin2(y — @) + 2Ry cos 2(y — a)]
+% Wi+ (A° + B2 + 1) W5 [(A® + B2 — 1) sin 2(y — ) + 2Ry cos 2(y — a)]

A0) =1, a(R,0)=0.
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Torque-control loading: For a given torque T'(¢) in the time interval [0, T solve the following problem

RN 2 (N3(t) —1) [Ho
A(t)/o R [ gendedr s =St [ U wiRdR o

/RO (A(t) — R**(t) —1) Wo RdR
Rg ’
+2A(t) /0 sin?(y(R) — (R, t)) WyRdR

Ro
+2/0 [2 (A3(t) + R*¢*(t)) sin®(v(R) — a(R, 1)) + Ry (t) sin(2(v(R) — a(R,t)))] RW5dR =0,

Ro
2W)/ WiR® dR + ‘Z’()/ Wy R® dR +
0

Ro
/ R?>W, [R) — Ripcos2(y — ) +sin2(y — a)] dR
0

o N (1) ()
Ry
+/\;(t) /0 { (A* 4+ 3R*Y* +1) sin2(y — o)
F2RY [ (A + RW) cos2(y = a) + X* + R%% + 1] R? W5 dR = % ,
Ké= g [L= X0 = B2 400 = 17 4 Rt 4200 41) 22

x [(A* 4+ R*)* — 1) sin2(y — a) + 2Ry cos 2(y — a)]
)\2 AWy + (X + R*¢% + 1) Ws] [(A? + R*Y* — 1) sin2(y — «) + 2Rty cos 2(y — a)] ,
A0)=1, ¥(0)=0, a(R,0)=0

For the material (4.20) this is simplified to
1 Ro Ro & ()\S(t) — 1) 9 9 02(R2 — R%)
_ N 7 7 _ vt "0/ 99 3 2 2 2
s R e nasans SR s - e LU oot i (2 4 )
Ro
+241 A(2) / sin?(y(R) — a(R,t)) (Is — 1)RdR
0

Ro
+2p2 /O [2 (X2(1) + R** (1)) sin®(v(R) — (R, ) + Rp(t) sin(2(y(R) — a(R,1)))] R(I; —1)dR =0,

40, (01 + &) (Ry — RY) +

Ro
/ R*W4 [Ry) — Ripcos2(y — a) +sin2(y — a)] dR

275 (1) A(t) A5 (t) Jr
+A;(t) /0 " { (0 +3R262 + 1) sin2(y - )
+2R) [— (N + R*?) cos2(y — @) + A* + R*)? + 1] }R2 W5 dR = % :
Ka = R2w2 [1= X2 = B2 + (V= 1) + Rigd +2 (N + 1) R2¢2]
x [(A* + R%y? — 1) sin2(y — @) + 2Rtp cos 2(y — av)]
v AW+ (A + R2¢? + 1) W5] [(A® + R*¢? — 1) sin2(y — a) + 2Rip cos 2(y — a) ]

A0) =1, a(R,0)=0

Numerical results. For the numerical parametric study, we use the same material constants as the previous
two examples. Furthermore, we again assume v(R) = 7. However, with this choice for v(R), unlike the previous
examples, the remodeling variable a will still depend on the spatial variable R in addition to t.

We first consider a twist-control loading () = g erf (%) with tg = 1. Similar to the previous examples,
the effect of —kp /K, o, and the maximum twist ¢y on the remodeled fiber orientation vo — a(R, t) is studied
and is shown in Fig. 9 for three values of R, namely, R = 0.1,0.5,1.0 Ry. Furthermore, we are also interested in
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Figure 9: Finite torsion of a transversely isotropic cylindrical bar under twist-control loading. The applied twist is ¥(t) =
1o erf (%) with to = 1. Remodeled fiber orientation vo — a(R,t) is plotted on the left y-axis for three values of R, and the observed

longitudinal extension \(t) is plotted on the right y-azis as a function of t/T1, where 71 is the material’s relazation time. Part (a)
shows the effect of the ratio —kpr /K, part (b) shows the effect of the initial fiber orientation, and part (c) shows the results for
different values of mazimum twist ¥o.

studying the effects of various parameters in the model on the longitudinal extension of the twisted bar. Those
results are also included in Fig. 9.

A variety of interesting behavior is observed. First, irrespective of the choice of values for the parameters,
a spatially inhomogeneous fiber orientation is achieved after remodeling. Second, the results in Fig. 9 show
that a remodeled fiber orientation is typically larger, that is, they align more longitudinally, for larger values
of initial fiber orientation, smaller values of —r,;/K, and smaller values of 1g. Moreover, the fibers also align
more longitudinally for larger values of R in the cylinder as also shown visually in Fig. 10. However, the spatial
inhomogeneity means that there are exceptions where the above-mentioned trends are not followed, as visible in
both Fig. 9 and Fig. 10. Third, as shown in Fig. 9(a), for large values of —r,;/ K—when the remodeling energy
is dominant—the fibers remodel such that the bar unexpectedly shortens in length instead of elongating. For
—kp /K =103, a maximum stretch of 0.965 is observed compared to a stretch of 1.015 for —ky/K = 0. This
effect is strongest for larger values of the initial fiber orientation, as further highlighted in Fig. 9(b).
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Figure 10: Remodeled fiber orientation vo — a(R,t) for a transversely isotropic cylindrical bar under torsion at three values of R,
namely, R =0.1,0.5,1.0 Rg for three values of ratio —rp /K.

We next consider a torque-control loading in the same form T(t) = Ty erf (i) with to = 1. The dependence
of the magnitude of loading and initial fiber orientation on the remodeling variable and the longitudinal extension
is similar for torque-control loading as for twist-control loading. The effect of the ratio —x,; /K on the observed
twist ¢(t) is more interesting. Fig. 11 shows the remodeled fiber orientation at R = 0.5Rg, ¥(t) and A(t) for
three values of —k s /K. We observe that, as expected, for large values of —k s /K, additional torsional stiffness
provided by the remodeling of fibers in the direction of maximum strain results in a close to zero value of the
observed twist. However, for intermediate values of —kjps /K, a remodeling instability ensues once the applied
torque stops increasing, resulting in a sharp jump in the remodeled fiber orientation, longitudinal extension,
and twist.

*KZM/KZO */{M/Kzl 7HM/K=1O
1.20 . ~ 1.000
S . 11.15 S 2 1.3 g" 0.999
T B 0 >
] ) 1.10 S 12 % 0.998
1 SR OREY 4| M 0.997 *®)
& % L] e | 1.1 <
=2 0.95 22 = 0.996
) Yo =m/4 & o
B i Tp = 0.0510.90 B | 1.0 10.995
| ——
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
t/Tl ><103 t/’f‘l ><103 t/T1 ><103

=nm= Y0 —a(0.5R0,t) — 'll)(t)

Figure 11: Finite torsion of a transversely isotropic cylindrical bar under torque-control loading. The applied torque is T(t) =
Ty erf (%) with tg = 1. Remodeled fiber orientation yo — a(R,t) for R = 0.5 Ro and the observed twist 1 (t) are plotted on the left

y-axis and the observed longitudinal extension \(t) is plotted on the right y-azis as a function of t/T1, where 71 is the material’s
relazation time, for different ratios of —kpr/K.

Lastly, we consider a cycle of torque loading-unloading followed by a second phase of loading similar to
(4.26) considered in Example 1. The results for the observed twist, remodeled fiber orientation, stretch, and
stress are presented in Fig. 12 and once again show a loading-history-dependence but no residual stresses (see
Remark 3.3). Notably, the observed twist ¢(¢) is much higher at the end of the second loading phase than at
the end of the first phase.
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Figure 12: Evolution of (a) twist ¥(t) and remodeled fiber orientation vo — a(0.5Ro,t), and (b) stress components 5%°(0.5Rp, t),
during one and a half cycles of torque-control loading-unloading.

5 Linearized Remodeling Mechanics

In this section, we linearize the governing equations of the nonlinear remodeling theory. The motivation for the
linearization of the remodeling theory is applications in which strains are small, e.g., bone remodeling. For the
sake of simplicity, we restrict the analysis to isotropic solids. Let us consider a stress-free body B with its flat
materiacl metric G. We linearize with respect to the initial deformation map ¢ = 1z and the trivial remodeling

tensor F = I, where 15 is the inclusion map, and I is the identity map on TxB.3! Note that F = I, and €’ = G.

5.1 Linearized kinematics

Let us con51der a one-parameter family of motions and remodeling tensors ¢, and F such that p.—g = ¢, and

f‘e:o = F. The variation fields are defined as
d r d -
1) , 0F = — F 5.1
L d€ e= OQD dele=0 ( )

Recall that F : TxB — Tx B for all €, and hence the above derivative is well defined. Let U = d¢p. The vector

u = dp o ¢ is the displacement field of the classical theory of linear elasticity. Similarly, we call U = 6F the

remodeling displacement, which is a material ( ) tensor. Its spatial counterpart is denoted by i = ¢, U= Uogé_l.

The right Cauchy-Green deformation tensor §C? is linearized as
0C" = g} _oLug = ¢* (VEW + [VEu’]") = 2¢%€ = 2¢, (5.2)

where € = 1(V8u’ + [VBu’]*) is the linearized total strain, L is the Lie derivative operator, and e = ¢*e. The

linearization of the elastic right Cauchy-Green strain §C is calculated as

56 = (2keb — ERIE - b (5E) E)

e=0

o

where & = ¢p*é = ¢*e = 1 (GU + (J*G) is the linearized remodeling strain, and € = ¢*€. The linearized elastic

strain is defined as € = %w*écb It is observed that the linearized strain is additively decomposed as € = € + €.
The linearized Jacobian, d.J is calculated as

1 o . .
0J = S Jle=o Cl:0C=Jpgh¢p*e = Jghe= Jtre. (5.4)

310ne can also linearize with respect to a stressed and remodeled body, i.e., the small-on-large theory of remodeling.

44



From the conservation of mass pJ = p,, linearization of the spatial mass density is calculated as 6p = —ptre.
Knowing that det F. = 1, we can write

det lE‘6 = f;l

Oz(slez(sﬁztraﬁztrﬂ:trézo, (5.5)

e=

i.e., both the remodeling displacement and strain are traceless. The material metric G = F*G = F*GF is
linearized as follows.

Prep

G. = 6F*GF.
de

e=0

+F?
0

oééﬁzaf*énlé(sﬁ:0*é+é0:2é. (5.6)

€= €=

5.2 Linearized stress

For linearization purposes, the convected form of the balance of linear momentum (3.11) is more convenient
as it is entirely written with respect to the reference configuration. In other words, as the parameter € varies,
all the terms lie in a fixed tangent space Tx 3. Recall that for an isotropic solid W = W(X, C’, G). We first
compute the variation of the convected stress tensor as

" de | JOCP
1

i (1)
J

= —(tre)X + (

e=0

(2
—o  \JICIC
2 0*W

J 9C*9C?

i 370

0G

e=0 '

2 PW

0C 4+ | S
=0 +<Jacba(;>
2 PW
6C° -
e +(J@(:ba(;

_ 2 82W 5Cb+ é 82W ‘ £
— \Jacrace s I‘ JICPOG | lp=F=1"
p=L,r=

where 3 = 0 was used. Let us define the following fourth-order material elasticity tensors

(5.7)

)\ (UG G
p=t,F=I

aCoG (5:8)

[ 8w [ orw
Ci= 4 {acbacb} » Ci=do } ,
p=1,F= ® I

Thus r
0¥ =¢*(c:e+C:e)=C:e+C:€, (5.9)

where € = 3*€, and C = @*c. Material covariance of the energy function (2.22) implies that [Lu and Pa-
padopoulos, 2000]

)% )% )% )%

b _ : _

w.c +E-G_O7 or in components, mCMB—i—aGAMGMB—O. (5.10)

Using this relation and for a stress-free reference motion, one concludes that

PW PW
=0. 5.11
9GoC" T 9CaCy (5.11)
Thus, C=-C [Ozakin and Yavari, 2010], and hence

¥ =C:e—C:e=C:¢. (5.12)

As expected, the linearized stress explicitly depends on the linearized elastic strain.
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5.3 Linearized balance of linear momentum

In remodeling problems, inertial forces can be ignored. The convected balance of linear momentum (3.11) in
the absence of inertial forces is linearized as

d ) .
=l _. [Dives Be + 7 (pebe)| = 0. (5.13)
The body force is linearized as
d * o % i * o o % . ox (o -
Tl _o [Plelpebo)] = 7 (0pb) + &f g [PLiap. saeybe] g = ¢7(3pD) + &" (P[u, b)) . (5.14)

The Christoffel symbol T of the Levi-Civita connection of C” is linearized as follows

~ 1d
o [Tes] =54

1o o o 5 o
= —§C_AI5C1JC_JL (CLB,K +Ckr,B — CKB,L)

d

& [ —AL

C. (CeLB,K +Cekr,p — CeKB,L)}

e=0

1o
+§C AL (5CLB,K+5CKL,B—5CKB,L) (5.15)
e T e [_2gai€ij7jkb + 8% (ewk + €rp — €xb,l)]

i LI L [g“l (61b|k + €r1pp — Gkbll)]

n—A b 1k
=F aF BF Kua‘kb.

Hence, the divergence term is linearized as

d . M cxkB 4 [ma cax 4 =B
- [Dive, =] _ =Dive, 02+ - [Tlkp] _ 0a+% - TPxp]_, 0a (516)
= Diveg, [¢" (C:€)] = ¢ div (C:€) .
Finally, the linearized balance of linear momentum reads
div(c:€) + pdb =0, (5.17)
where 6b = [u,b] = V&b — Viu
5.4 Linearized kinetic equation
The kinetic equation (3.18) is linearized as follows.
d| 9¢ d : d oW
—_— = F | —2— G . 5.18
de| _ o,  dele=o o] =25, { ‘ GGJ (5-18)
Note that J
=l [qF*] =dqT— U™, (5.19)
and
d : d o e d oW *W *W
— F*G.| = — GF.| = GU, — = :6C° 6G, 2
Zeleeo F7 G = 3| L, (67 =60, 7] {OGJ 9GoC % T 9GaG (5.20)
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where all the partial derivatives are evaluated at the initial configuration (¢, f‘) = (¢,I). Thus

d ; oW oW 02W 2w
— ; GU T + G | s :0C 10G
de le=o { 6‘GJ aG * {aGaCb " 9GaG }
oW - W 0*W
:é-+G[—Hzacb+ :5(;}
BCA} oC 8(} 8G(?G (5.21)
oW PW *Pw .
=& —+G-|-2 : 2 (€
T { 9coC T 29GaG E}
L OW 1 ,
=€ 3G + §G~[—C.€+G.E] ,
where -
oW
Gi=4|—= . .22
{8G8G} v (5:22)
o=, F=I
Taking derivative with respect to G of both sides of (5.10) one obtains
orw ., 9PW oW
aGacb-C +8G6G'G+78G®I 0. (5.23)
Evaluating this at the initial configuration one obtains (recall that Ch = G)
oW *W PW | -
— QI+ |- -G=0 .24
oG © 't | Tacac T 9GaG ’ (5:24)
where (5.11) was used. Thus
ow ., 1, :
—G)G. 2
3G €= 1° (C-06)-G (5.25)
Using the minor and major symmetries of C and G, the above relationship is equivalent to
L OW 1. .
el 4G (C—G):e. (5.26)
Thus
d ow 1. , 1. . 1. \
— o =-G:(C-G):e+ -G:[-C: €] = ~G-[-2C: (€] . 2
y E_O{F G&G} 4G(C G)z-:+2G[ C:e+G:¢] 4G[ 2C:e + (C+G):¢€] (5.27)
Hence, the right-hand side of (5.18) is written as
r o 1.
5qI—¢jU_*+G'C:€—iG-(G—i-C):é. (5.28)

The initial Lagrange multipliers ¢ are calculated as follows. The remodeling equation (3.18) at the initial
configuration is written as

8? qI— 2G?%/ (5.29)
OF {:_0
It is assumed that ET = 0, and hence
. 20W .
Using (5.24) one obtains
oW -
- = - - - 31
G G = G C:G G G:G. (5.31)
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Thus 1
cjzéé:(C—G):é. (5.32)

Recall that ¢ = qE(X, Cb717*;‘7 f, G), and hence

27 27 . 27
4 a—f’: ‘?¢;5C" M) 5F+€¢%:5F+ ?¢:5G
de| _ oF. oFace OFoF OFOF OFIG (5:33)
27 27 27 . 27 '
=2 (?d) e+ €¢T:U+ (Z¢;:U+2?¢ (€,
OFIC OFOF OFOF oFOG

where all the partial derivatives are evaluated at the initial configuration corresponding to (¢, f) = (¢,I). Let
us define

2 2 2 2
A= (2(;1, B:= ?djr, C:= Ta(b , D:= (?gb , (5.34)
OFOF OFOF OFoC’ OF0G
evaluated at the initial configuration. Hence
0 on e
d— =2C:e+B:U+A:U+2D:¢. (5.35)

OF

The dissipation potential is materially covariant (for anisotropic solids, structural tensors need to be included
for material covariance to hold), and hence

0, 00§, 0 4, 0
.C F+ 5 F+ - -G=0. :
o Ot Ft o> +5a (5.36)
Thus ) 5 - ,
‘?¢ .C" 4 afi-}h ({id’. F+%®I+ P g0, (5.37)
dFOC? OFOF OFOF OF OFOG

With respect to the initial configuration (Cb, IE‘, ﬁ, G) = (G‘r7 Lo, Gr)7 this is simplified to read

27 27 27
70 gy P9, 99 gy, (5.38)
OFOCP OFOF 0FO0G
ie., B=-C-G-D-G. Thus
590 _ a4 06 e+(D-C):e. (5.39)
8F
Therefore, the linearized remodeling equation is written as
~ o7 o ~ ~ 1re o1 7 o 1. R
A:U+2Cie+ (D - C)é=dql— ¢ [G:(C-6):G] U™ +G-Cie - 3G (G+0):é. (5.40)

This can be written in terms of U as

P ~ ~ 1. o 7 1
A:0+ (D—C)+§G-(G+C)}:GU+—

6[(”;:((:—@):6;] U+ (2C—G-C)e=dql. (5.41)

The kinetic equation is more compactly written as
AU+ H:0+K:U " +L:e=dqI. (5.42)

It is seen even in the linear approximation, the kinetic equation has a contribution from elastic deformations.
dq can be eliminated by taking the trace of both sides and hence

P e R 1 o
A:U—f—H:U—i—K:U**—i—L:e—gtr[A:U—i—H:U—i—K:U**—i—L:s I=0. (5.43)
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6 Conclusions

In this paper, we formulated the nonlinear mechanics of material remodeling as a special class of anelastic
processes with an internal constraint, namely volume and mass-conserving material evolutions. Remodeling
alters the local stress-free configuration of the body, and the time dependence of the energy function is through
a remodeling tensor F. The remodeling tensor changes the material metric of the body and makes the structural
tensors time-dependent. However, the symmetry of the material is preserved in the sense that the material
symmetry groups at different times are related to that of the initial body in the form of conjugacy through F.
We specifically studied remodeling for isotropic, transversely isotropic, orthotropic, and monoclinic solids. We
derived the governing equations of a remodeling body variationally using the Lagrange-d’Alembert principle
within a two-potential setting. An energy function is assumed that depends on strain, material metric, and
some time-dependent structural tensors. The dissipation potential, in addition to those fields, depends on the
rate of remodeling tensor as well. In addition to the energy function and dissipation potential, we introduced a
remodeling energy that quantifies the tendency of local material remodeling, e.g., fiber reorientation, in response
to the local strain (stress).

We derived an explicit remodeling equation for a general remodeling process for both isotropic and anisotropic
solids. We also considered general SO(3)-remodeling and the special case of fiber reorientation when the body
is reinforced with one or two families of fibers. Our kinetic equation is a generalization of Menzel [2005]’s
reorientation equation. In addition to the remodeling energy, the elastic strain energy naturally contributes to
the remodeling equation. In the case of one family of fibers, we showed that as long as the dissipation potential
does not have a term linear in the rate of fiber tangent vector, the principal directions of the right Cauchy-
Green strain are equilibrium points for the remodeling equation. We briefly discussed the first and second laws
of thermodynamics and the restrictions they impose on the dissipation potential. We studied three examples of
remodeling in fiber-reinforced solids under some finite (universal) deformations. Finally, the governing equations
of the nonlinear theory were linearized with respect to an initial stress-free configuration in order to derive a
linearized theory of remodeling mechanics.

The numerical results for the three examples showed a wide variety of possible behaviors with the proposed
remodeling framework. For all the three examples, assuming an initially helical family of fibers in a solid
cylinder, we observe that based on the applied loading and the value of the remodeling energy parameter, the
fibers can remodel to align along different directions. In the first two examples involving finite extension of
cylinders, the remodeling was found to be independent of the initial fiber orientation or the radial coordinate.
However, for the third example involving torsion, remodeling depends on both the initial fiber orientation and
the radial coordinate. The remodeling process was often found to be non-monotonic with the loading. Under
force-control loading, it showed an unstable transition between two finitely separated states. Moreover, it was
observed that the stress-deformation response evolves upon cyclic loading. While SO(3)-remodeling does not
induce residual stresses, it was shown that the resulting stress state in the remodeled material under constant
loading can be uniaxial or triaxial. There is no particular preferred stress that was found in our analysis for
both types of loading.

All of the above observations were explained through the competition between the action of internal strain
energy function and remodeling energy (governed by the motivation to provide the material extra stiffness or
strength). The dissipation potential only affects the time scale over which remodeling occurs. For a given
material, a remodeling process dominated by strain energy, such as when the material is subjected to large
loading, aligns fibers in a direction that minimizes strain energy. On the other hand, a remodeling process
dominated by remodeling energy, such as when the material is under small loading, tends to align fibers in
the direction of maximum principal strain according to our constitutive choice. Observations of collagen fibers
in biological tissues remodeling themselves into a state of non-zero stress or helical orientation under uniaxial
stretch have been widely reported in the literature. However, previously, only empirical models were proposed
to describe these observations. The energetic competition proposed in this work provides a possible physical
explanation for the experimental observations and a likely predictive model.

We close by pointing out that the proposed macroscopic remodeling framework involves three constitutive
inputs: (i) the material strain energy function, (ii) the dissipation potential, and (iii) a remodeling energy.
For a given material of interest, e.g., a soft tissue containing collagen fibers, calibration of a model based
on this framework would critically require the knowledge of the first and third inputs. Many experimental
and analytical methods exist to characterize the strain energy function. The remodeling energy would likely
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have to be characterized by fitting the model to structural-level non-homogeneous experimental observations of
remodeling in tissues.
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