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aMalmö University, Department of Materials Science and Applied Mathematics,
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ABSTRACT
An axisymmetric frictionless adhesive contact problem for a spherical indenter
pressed against an isotropic elastic incompressible half-space under equibiaxial
stretching is studied in the framework of the generalized Johnson–Kendall–Roberts
(JKR) theory, which accounts for the effect of weak coupling between fracture modes
I and II by means of a phenomenological mode-mixity function. The model predicts
that contact area can withstand a larger level of the substrate stretch under mod-
erate pre-pulling force. We have provided simple formulas to evaluate the pull-off
force and the critical contact radius at the detachment point.
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1. Introduction

Adhesive contact has been frequently observed both in nature (Autumn & Puthoff,
2016; Vakis et al., 2018) and in industry (Popov, 2010), especially dealing with bio-
inspired soft materials (Carbone, Pierro, & Gorb, 2011) and micro (nano) electro-
mencahnical systems where surface forces plays a major role (Ciavarella & Papangelo,
2017).

A majority of studies (Borodich, 2014; Ciavarella, Joe, Papangelo, & Barber, 2019)
consider normal contact under the external forces acting in the orthogonal direc-
tion to the contact interface, including the Johnson–Kendall–Roberts (JKR) theory
(Johnson, Kendall, & Roberts, 1971) of axisymmetric adhesive elastic contact. It is
known (Maugis, 2013) that the JKR theory is related to Griffith’s energy-balance,
which, in turn, can be characterized in terms of the mode I stress intensity factor
(SIF), KI, and its critical value, KIc.

The adhesive contact under the action of normal and tangential forces was con-
sidered as well (Johnson, 1996; Waters & Guduru, 2009; Mergel, Sahli, Scheibert, &
Sauer, 2018; Sahli et al., 2018; Papangelo & Ciavarella, 2019; Sahli et al., 2019). In
particular, the model of (Papangelo & Ciavarella, 2019) utilizes the mode II SIF, KII,
and takes into account the dependence of the interfacial toughness, GIc, on the ratio
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KII/KI.
Recently, the effect of deformations induced by self-equilibrated loads acting parallel

to the contact interface has been investigated both theoretically (Gay, 2000; Chen &
Gao, 2005) and experimentally (Waters, Kalow, Gao, & Guduru, 2012). It has been
shown that the generalized JKR model applies well for describing the evolution of the
contact radius, provided the mode-mixity dependence of work of adhesion has been
taken into account as follows:

K2
I +K2

II

K2
Ic

= fII(ψ2). (1)

Here, fII(ψ2) is the mode-mixity function (Hutchinson & Suo, 1991), and ψ2 =
arctan (KII/KI) is the phase angle. We also recall that by standard LEFM arguments,
we have KIc =

√
2E∗GIc, where E∗ is the reduced elastic modulus, and GIc is the

critical energy release rate for crack propagation.
In the present paper, we extend the analysis of (Waters et al., 2012) providing closed

form solutions for critical strain and contact radius at the instability point. In the last
section the model prediction are compared with the experimental data of (Waters
et al., 2012) and, in particular, a practically interesting question of determining the
mode-mixity function from experimental data is considered.

2. Axisymmetric adhesive contact under equibiaxial stretching

Let an incompressible elastic half-space be indented with an axisymmetric rigid probe,
whose surface is determined by the equation

z = −Φ(r), (2)

where Φ(r) is a shape function, such that Φ(r) ≥ 0 and Φ(r) = 0. Moreover, it is
tentatively assumed that under the action of a normal load, P , the indenter establishes
a circular contact area of radius a.

According to the Galin–Sneddon solution (Galin, 2008; Sneddon, 1965), the mode I
SIF of the contact pressure is determined by the following formula (see, e.g., (Argatov
& Mishuris, 2018)):

KI =
E∗
√
πa3/2

a∫
0

Φ′(ρ)ρ2 dρ√
a2 − ρ2

− P

2
√
πa3/2

. (3)

Here, E∗ = E/(1−ν2) is the reduced elastic modulus; E and ν = 0.5 are the substrate
elastic modulus and Poisson’s ratio, respectively.

At the same time, the indenter displacement is given by

δ =
P

2E∗a
+

1

a

a∫
0

Φ(ρ)ρ dρ√
a2 − ρ2

. (4)
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In the case of a spherical punch of radius R, we have

Φ(r) =
r2

2R
, (5)

and Eqs. (3) and (4) simplify as

KI =
2E∗a3/2

3
√
πR

− P

2
√
πa3/2

, (6)

δ =
P

2E∗a
+
a2

3R
. (7)

Finally, equibiaxial stretch of the substrate induces the mode II SIF (see, e.g.,
(Aleksandrov, Smetanin, & Sobol, 1993; Waters et al., 2012))

KII = −2E∗ε

√
a

π
, (8)

where ε is the substrate equibiaxial strain.
The substitution of the SIFs KI and KII from Eqs. (7) and (8) into Eq. (1) yields the

relation between the contact force P , the contact radius a, and the the substrate strain
ε, which was derived previously (Waters et al., 2012). Observe that this model can
be extended to the case of elastically similar materials, provided the elastic constant
E∗ is interpreted as the effective elastic modulus, while ε is defined as the mismatch
strain.

In the case ε = 0, the outlined model (3) and (4) represents the generalization of
the JKR theory developed previously (Borodich, Galanov, & Suarez-Alvarez, 2014;
Maugis & Barquins, 1981; Zhou, Gao, & He, 2011).

3. Adhesive contact of a spherical probe and an elastic substrate under
equibiaxial stretching

We consider a rigid indenter of radius R in no-slip contact with an incompressible elas-
tic half-space, which is subsequently subjected to an equibiaxial strain ε (see Fig. 1).
Under the action of a normal force, P , the indenter receives a vertical displacement,
δ, and establishes a circular contact area of radius a, both of which, of course, also
depend on the substrate stretch.

In what follows, we make use of the following dimensionless notation (Papangelo &
Ciavarella, 2019):

ξ =
(E∗R
GIc

)1/3
, ã =

ξa

R
, δ̃ =

ξ2δ

R
, P̃ =

P

RGIc
. (9)

Here, E∗ = (4/3)E is the reduced elastic modulus of the incompressible substrate, and
E is the substrate elastic modulus.

3
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Figure 1. Schematic of the adhesive contact between a spherical probe and an elastic half-space under

equibiaxial stretch.

In terms of the dimensionless variables P̃ , δ̃, and ã, the LEFM based model (Waters
et al., 2012) can be expressed as

2

9π
ã3 +

2ξ2

π
ε2ã+

P̃ 2

8πã3
− P̃

3π
= fII(ψ2), (10)

where

ψ2 = arctan
12ξεã2

3P̃ − 4ã3
. (11)

The dimensionless displacement of the spherical probe is given by

δ̃ =
P̃

2ã
+
ã2

3
. (12)

Observe that Eq. (10) involves three variables P̃ , ε, and ã. For given parameters of
loading P̃ and ε, Eq. (10) with Eq. (11) being taken into account allows to determine
the relative contact radius ã.

In our analysis, we confine ourselves to the following one-parametric form of the
mode-mixity (Hutchinson & Suo, 1991; Papangelo & Ciavarella, 2019):

fb(ψ) = 1 + tan2[(1− λ)ψ]. (13)

Here, λ ∈ [0, 1] is a mode-mixity parameter. It is readily seen that if λ = 1, we have
fb(ψ) ≡ 1, so that Eq. (1) reduces to the Griffith surface energy criterion of ideal
brittle fracture. It is interesting to note that the limit case λ→ 0 is characterized by
uncoupling of modes where everything depend on mode I (or, to be more precise, the
fracture criterion (1) reduces to KI = KIc).

We also note that as ψ tends to zero, the function (13) reveals a quadratic asymptotic
approximation 1 +mψ2 +O(ψ4), where the coefficient m depends on λ.

Finally, by setting ε = 0 in Eq. (10), we arrive at the equation

2

9π
ã3 +

P̃ 2

8πã3
− P̃

3π
= 1, (14)

from where we recover relations of the JKR theory

P̃JKR(ã) =
4

3
ã3 −

√
8πã3, (15)

4
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ãJKR(P̃ ) =
(3

4

)1/3(
3π + P̃ ±

√
9π2 + 6πP̃

)1/3
, (16)

where the sign plus will be taken in what follows.

3.1. Unstable detachment under tensile constant load and varying
stretch

Recall that according to the known stability analysis at fixed load (Maugis, 2013), the
pull-off force P̃c is determined by the condition that dã/dP̃ is infinite. In the adhesive
contact problem under consideration, the equibiaxal stretch loading is applied under
constant normal load, and therefore, we define the critical tensile force by the condition
dã/dε is infinite. Hence, by differentiating Eq. (10) with respect to ã, we arrive at the
equation

3ã2 + 9ξ2ε2 − 27

16

P̃ 2

ã4
− 9π

2
f ′II(ψ2)

∂ψ2

∂ã
= 0, (17)

where

∂ψ2

∂ã
=

24ãξε(2ã3 + 3P̃ )

9P̃ − 24P̃ ã3 + 16ã6 + 144ã4ξ2ε2
. (18)

The system of two equations (10) and (17) serves to define the critical characteristics
ãc and P̃c as a function of the stretch ξε.

Observe that in the case of “ideally brittle” fracture, when fII(ψ2) ≡ 1, Eqs. (10)
and (17) reduce to the problem of solving one algebraic equation

ã3
c

(π
2
− ξ2ε2ãc

)
=
(3π

4
− 2ξ2ε2ãc

)2
. (19)

Thus, having determined ãc from Eq. (19) as a function of ε, we can substitute the
result into Eq. (10) to obtain

P̃c = −4

3
ã2

c

√
ã2

c + 3ξ2ε2. (20)

The above equation yields the critical tensile force for unstable detachment under
constant load and varying stretch.

As a check, by setting ε = 0, we can recover the JKR pull-off force

P̃c,JKR = −4

3
ã3

c,JKR, ãc,JKR =
(9π

8

)1/3
.

The behavior of ãc and P̃c as functions of ξε is shown in Fig. 2.
From Fig. 2, it is readily seen that any stretch of an incompressible elastic substrate

reduces the value of pull-off force.
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Figure 2. Influence of the substrate equibiaxial stretch on the critical tensile force (a) and the critical contact
radius (b) in the case of model “b”.

3.2. Zero normal loading

By setting P̃ = 0 in Eqs. (11) and (10), we obtain

ψ2 = −arctan
3ξε

ã
,

2

9π
ã3 +

2

π
ξ2ε2ã = fII(ψ2). (21)
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Figure 3. Variation of the contact radius (a) and the phase angle (b) as functions of the substrate equibiaxial

stretch in the case of zero normal loading (model “b”).
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In the case of “ideally brittle” fracture, when fII(ψ2) ≡ 1, Eq. (21)2 yields

ã =

(√
27(ξε)6 +

81π2

16
+

9π

4

)1/3

−
(√

27(ξε)6 +
81π2

16
− 9π

4

)1/3

. (22)

The dimensionless variable ã as a function of ξε is plotted in Fig. 3a (see the red line).
Using Eqs. (21), a graphical relation between ã and ξε can be established (see

Fig. 3a). It is readily seen that as ε increases, the contact radius ã decreases to zero from
its initial value ã00 = ãJKR(0) (see Eq. (16)). We note that ã00 = (9π/2)1/3 ≈ 2.418.

The behavior of dimensionless SIFs is shown Fig. 4. It interesting to observe that
K̃II tends to a constant value as ξε goes to infinity, that is

K̃II '
√

2

π
fII

(π
2

)
, ξε→∞. (23)

This asymptotic value can be evaluated simply if we note that ψ2 → π/2 and ã(ξε)2 ∼
const as ξε→∞ (see Fig. 3b).

3.3. Compressive normal loading

Let P̃ > 0 be kept constant. Then Eq. (10) can be solved for ε for given values of ã
and ξ. As it was shown previously (Waters et al., 2012), ε increases as ã decreases (see
Fig. 5a). However, it should be emphasized that the denominator in (11) approaches
zero with increasing ε, thereby the phase angle ψ2 tends to its critical value ψ2 = −π/2.
Therefore, a solution to Eq. (10) exists only for ã ∈ [ã0, ã+c), where ã0 = ãJKR(P̃ ),
and ε ∈ [0, εc), such that

ã+c =
(3

4
P̃
)1/3

, ξ2ε2
c =

π

2

(4

3

)1/3
P̃−1/3fII

(π
2

)
. (24)
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Observe that the second formula (24) shows that ξεc increases unboundedly as P̃
tends to zero from the right (see Fig. 5b). For any fixed P̃ > 0, the contact radius ã
gradually decreases with the increase of the substrate stretch up to the moment when
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K̃I|ã0=ã+c
= 0 where the curve stops. The limit curve is described by Eqs. (24) and is

shown in Fig. 6b as the dot-dashed line.

3.4. Tensile normal loading

Now, we assume that P̃ is negative and |P̃ | < |P̃c|, where P̃c is defined by Eq. (19),
(20) for a given value of ε. It is clear that if the strain ε is diminished, the originally
established contact increases to that predicted by the JKR theory for ε = 0. If, then,
for the same value of P̃ , the strain ε starts to increase from zero, the contact radius
will shrink to some critical value ãc which depends on both ε and P̃ (see Fig. 6).
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Figure 6. (a) Variation of the dimensionless contact radius ã as a function of the dimensionless contact force

P̃ for different levels of the substrate equibiaxial stretch (the red solid and dashed lines correspond to the
JKR and Hertzian solutions, respectively); (b) Variation of ã as a function of the reduced substrate equibiaxial

stretch ξε (the dot-dashed line is described by Eqs. (24), that is K̃I|ã=ãc = 0, while the double-dot-dashed line

corresponds to the solution of Eqs.(10) and (17)), corresponding to the unstable detachment for the case of
tensile contact load.

In other words, there is a critical value of ε beyond which higher stretch cannot be
sustained by the contact interface without slip occurring (Waters et al., 2012).

4. Determining the mode-mixity function from experimental results

4.1. Normalization of the contact radius/force equation

We consider the case of equibiaxial stretching, which is described by Eqs. (11) and
(10) in terms of the dimensionless variables ã and P̃ defined by Eqs. (9). Returning
back to the physical variables a and P , we obtain

a3 + 9ε2R2a+
9R2P 2

16E∗2a3
− 3RP

2E∗
− 9π

2

R2GIc

E∗
fII(ψ2) = 0, (25)

where

ψ2 = arctan
12εE∗Ra2

3RP − 4E∗a3
. (26)

In the case ε = 0, Eqs. (26) and (25), respectively, reduce to ψ2 = π/2 and the JKR
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equation

a3
0 +

9R2P 2

16E∗2a3
0

− 3RP

2E∗
− 9π

2

R2GIc

E∗
= 0. (27)

Now, following the previously used normalization (Chen & Gao, 2005), we introduce
the dimensionless parameters

â =
a

a0
, R̂ =

R

a0
, P̂ =

3RP

4E∗a3
0

, (28)

where a0 satisfies Eq. (27).
The substitution of (28) into Eq. (27) yields the relation

9πR̂2GIc

2E∗a0
= (1− P̂ )2. (29)

On the other hand, substituting (28) into Eq. (25), we arrive at the equation

â3 + 9ε2R̂2â+
P̂ 2

â3
− 2P̂ − 9π

2

R̂2GIc

E∗a0
fII(ψ2) = 0, (30)

where

ψ2 = arctan
3εR̂â2

P̂ − â3
. (31)

Finally, by excluding GIc from Eq. (30) by means of Eq. (29), we obtain

â3 + 9ε2R̂2â+
P̂ 2

â3
− 2P̂ − (1− P̂ )2fII(ψ2) = 0. (32)

Note that, apart from notation and misprints, Eq. (32) corresponds to Eq. (7)
derived previously (Waters et al., 2012).

4.2. Determining the mode-mixity function

Following the previously developed approach (Papangelo, Scheibert, Sahli, Pallares,
& Ciavarella, 2019), we outline a procedure for determining the mode-mixity function
fII(ψ) from experimental data on adhesive contact under equibiaxial stretching.

As it has been pointed out previously (Waters et al., 2012), the mode I work of
adhesion GIc can be determined using the JKR theory equation

GIc =
1

8πE∗a3
0

(
4E∗a3

0

3R
− P

)2

, (33)

which is the same as Eq. (29).
Using the initial (for ε = 0) value of the contact radius a0, the radius of a rigid probe

R, the value of the contact force P , which remains constant, and the variable contact
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radius a, which changes with the substrate strain ε, can be computed as defined in
Eqs. (28). After that, formulas (31) and (32) allow to compute the phase angle ψ2 and
plot the values of fII(ψ2) according to the equation

fII(ψ2) =
1

(1− P̂ )2

(
â3 + 9ε2R̂2â+

P̂ 2

â3
− 2P̂

)
. (34)

As an example, we consider the experimental data available in the literature (Waters
et al., 2012) on stretching PDMS sheets in contact with a convex glass lens, whose
weight provides a constant compressive normal load. The following data has been used
to evaluate the experimental data: R = 2.55 mm, P = 0.13 mN, GIc = 53 mJ/m2,

R̂ = 19, and P̂ = 0.05.
Fig. 7a shows the experimentally evaluated predictions for the mode-mixity function

and the analytical predictions according to the model “b”. This observation reveals
the importance of the behavior of fII(ψ) as ψ approaches π/2. We note that from (13),
it follows that fb(π/2) = 1 + tan2[(1− λ)π/2] ' (4/π2)λ−1, as λ→ 0.

It is clear that the fit can be improved by modifying the analytical expression for
fII(ψ). In this way, the following form for the mode-mixity function can be suggested
(it will be called the model “d”):

fd(ψ) = 1 + tan2α
(
[(1− λ)ψ]1/α

)
. (35)
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Observe that Eq. (35) differs from Eq. (13) by introducing an additional parameter
α. In the case α = 1, Eq. (35) reduces to Eq. (13). Moreover, for α > 0, the asymptotic
formula fd(ψ) ' 1 + (1− λ)2ψ2 holds as ψ → 0, which is the same as for fb(ψ).

Fig. 8a shows the results of the least-square fit of Eq. (35) to the experimental
data (Waters et al., 2012) with the optimal values of the model parameters λ = 0.105
and α = 0.775. Also, the dependency of the mode-mixity function on the parameter
stirring is illustrated.

Fig. 8b presents the results of fitting of the developed phenomenological model (see
Eqs. (31) and (32)) to the experimental data using two expressions for the mode-mixity
function. It is of interest to note that some of the lower experimental points (which
are encircled in the corresponding color) produced negative values of the phase angle.

5. Discussion

Let identify different loading scenarios, all of which include the initial stage of normal
loading, when some circular contact area is established for a given of contact load.
The first scenario is characterized by the subsequent stretching under a fixed relative
normal load, P̃1 > 0, up to the moment of unstable detachment (see Fig. 9a). It is
emphasize that this critical state occurs when the mode I SIF vanishes, hence the
Hertzian solution for the contact pressure is formally retrieved. We recall that the
Hertzian contact pressure differs from that of the JKR model by the absence of any
singularity at the boundary of the contact area.

The second scenario differs not only by the sign of relative normal load, P̃2 < 0, but
also by the mechanism of critical state when unstable detachment occurs (see Fig. 9a).
Thus, the main difference between these two scenarios is that for tensile contact force
P̃ < 0 the substrate stretch leads to instability (see Figs. 2), whereas for compressive
contact force P̃ > 0 the subsequent substrate stretch diminishes the mode I SIF, i.e.,
K̃I → 0.
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Figure 9. (a) First and second scenarios of stretch under a fixed normal load; (b) Third scenario of composite
loading (see text for details).

The third scenario originates from the compressive JKR contact established for a
certain relative contact force, P̃1 > 0, and assumes the substrate stretch up to some
value ε1, which is below the corresponding critical level. During this loading stage,
the relative contact radius decreases from the value ãJKR(P̃1), which is predicted by
the JKR model, to some value ã(P̃1), which corresponds to the substrate strain ε1.
Finally, while fixing the substrate stretch, the contact force starts to decrease, thereby
reaching the critical state at some value P̃c(ε1). The latter value of critical contact
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force can be termed as the pull-off force. In other words, if we fix the stretch and then
start unloading, we will get detachment at a certain contact radius ãc(ε1) like in the
JKR theory but with different pull-off force P̃c(ε1), since the substrate is stretched.

It is interesting to note that in the framework of the first scenario when P̃1 = 0,
the application of stretch doers not lead to any critical state with a finite substrate
strain, but it can be said to be reached asymptotically for infinite stretch as ε → ∞
(see Figs. 3). So, in this sense, in the case of zero contact loading, there is no critical
substrate stretch (see also Fig. 4a).

6. Conclusions

In this work we have developed an approximate modeling framework for the JKR-type
adhesive contact between a spherical indenter and an incompressible elastic substrate
under equibiaxial uniform stretching. The validation of our model against experimental
data has revealed that the least squares fitting is very sensitive to the choice of the
mode-mixity function (Papangelo & Ciavarella, 2019). The model predicts the effect
of strengthening of the contact interface by imposing a small pre-pulling force acting
on the indenter, so that the contact area can withstand a larger level of the substrate
stretching. We have provided general formulas (which depend on f(ψ) explicitly) to
obtain critical detachment force and contact radius (for constant strain), or critical
stretch and contact radius (constant load).
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