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Chapter 1

Solutions for Exercises in Chapter 1

Problem 1.1 The equation of balance of the flow of a physical quantity f(x, t) through a body Ω with surface Γ
can be expressed in the form

d

dt

[∫
Ω

f(x, t) dV
]

=

∫
Γ

f(x, t)[un(x, t)− v(x, t) · n(x, t)] dA +

∫
Γ

g(x, t) dA +

∫
Ω

h(x, t) dV . (1.1)

where g(x, t) be sources on the surface of the body, h(x, t) are sources inside the body, n(x, t) is the
outward unit normal to the surface Γ, v(x, t) is the velocity of the physical particles that carry the physical
quantity that is flowing, and un is the speed at which the bounding surface Γ is moving in the direction n.
Using the above balance relation show that the balance of linear momentum of a linear elastic body can be
expressed as

ρ v̇−∇ · σ − ρb = 0 (1.2)

where ρ(x, t) is the mass density, v(x, t) is the spatial velocity, σ(x, t) is the Cauchy stress, and ρb is the
body force density.

Solution 1.1: The general equation for the balance of a physical quantity is

d

dt

[∫
Ω

f(x, t) dV
]

=

∫
Γ

f(x, t)[un(x, t)− v(x, t) · n(x, t)] dA +

∫
Γ

g(x, t) dA +

∫
Ω

h(x, t) dV . (1.3)

In this case the physical quantity of interest is the momentum density, i.e., f(x, t) = ρ(x, t) v(x, t). The
source of momentum flux at the surface is the surface traction, i.e., g(x, t) = t. The source of momentum
inside the body is the body force, i.e., h(x, t) = ρ(x, t) b(x, t). Therefore, we have

d

dt

[∫
Ω

ρv dV
]

=

∫
Γ

ρv[un − v · n] dA +

∫
Γ

t dA +

∫
Ω

ρb dV . (1.4)

The surface tractions are related to the Cauchy stress by

t = σ · n . (1.5)

Therefore,
d

dt

[∫
Ω

ρv dV
]

=

∫
Γ

ρv[un − v · n] dA +

∫
Γ

σ · n dA +

∫
Ω

ρb dV . (1.6)

Let us assume that Ω is an arbitrary fixed control volume. Then,∫
Ω

∂

∂t
(ρv) dV = −

∫
Γ

ρv (v · n) dA +

∫
Γ

σ · n dA +

∫
Ω

ρb dV . (1.7)
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Now, from the definition of the tensor product we have (for all vectors a)

(u⊗ v) · a = (a · v) u . (1.8)

Therefore, ∫
Ω

∂

∂t
(ρv) dV = −

∫
Γ

ρ (v⊗ v) · n dA +

∫
Γ

σ · n dA +

∫
Ω

ρb dV . (1.9)

Using the divergence theorem ∫
Ω

∇ · v dV =

∫
Γ

v · n dA (1.10)

we have ∫
Ω

∂

∂t
(ρv) dV = −

∫
Ω

∇ · [ρ (v⊗ v)] dV +

∫
Ω

∇ · σ dV +

∫
Ω

ρb dV (1.11)

or, ∫
Ω

[
∂

∂t
(ρv) + ∇ · [(ρv)⊗ v]−∇ · σ − ρb

]
dV = 0 . (1.12)

Since Ω is arbitrary, we have

∂

∂t
(ρv) + ∇ · [(ρv)⊗ v]−∇ · σ − ρb = 0 . (1.13)

Using the identity
∇ · (u⊗ v) = (∇ · v)u + (∇u) · v (1.14)

we get
∂ρ

∂t
v + ρ

∂v
∂t

+ (∇ · v)(ρv) + ∇(ρv) · v−∇ · σ − ρb = 0 (1.15)

or, [
∂ρ

∂t
+ ρ∇ · v

]
v + ρ

∂v
∂t

+ ∇(ρv) · v−∇ · σ − ρb = 0 (1.16)

Using the identity
∇(ϕv) = ϕ∇v + v⊗ (∇ϕ) (1.17)

we get [
∂ρ

∂t
+ ρ∇ · v

]
v + ρ

∂v
∂t

+ [ρ∇v + v⊗ (∇ρ)] · v−∇ · σ − ρb = 0 (1.18)

From the definition
(u⊗ v) · a = (a · v) u (1.19)

we have
[v⊗ (∇ρ)] · v = [v · (∇ρ)] v . (1.20)

Hence, [
∂ρ

∂t
+ ρ∇ · v

]
v + ρ

∂v
∂t

+ ρ∇v · v + [v · (∇ρ)] v−∇ · σ − ρb = 0 (1.21)

or, [
∂ρ

∂t
+ ∇ρ · v + ρ∇ · v

]
v + ρ

∂v
∂t

+ ρ∇v · v−∇ · σ − ρb = 0 . (1.22)

The material time derivative of ρ is defined as

ρ̇ =
∂ρ

∂t
+ ∇ρ · v . (1.23)
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Therefore,

[ρ̇+ ρ∇ · v] v + ρ
∂v
∂t

+ ρ∇v · v−∇ · σ − ρb = 0 . (1.24)

From the balance of mass, we have
ρ̇+ ρ∇ · v = 0 . (1.25)

Therefore,

ρ
∂v
∂t

+ ρ∇v · v−∇ · σ − ρb = 0 . (1.26)

The material time derivative of v is defined as

v̇ =
∂v
∂t

+ ∇v · v . (1.27)

Hence,
ρ v̇−∇ · σ − ρb = 0 . (1.28)
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Problem 1.2 Assume that there are no surface couples on Γ or body couples in Ω. Use the angular momentum
density as the conserved quantity in the general balance relation from Problem 2.1, i.e., f = x× (ρv), to
show that the balance of angular momentum can be expressed as:

σ = σT . (1.29)

Solution 1.2: If the physical quantity to be conserved the angular momentum density, i.e., f = x × (ρv), the
angular momentum source at the surface is g = x× t and the angular momentum source inside the body is
h = x× (ρb). The angular momentum and moments are calculated with respect to a fixed origin. Hence
we have

d

dt

[∫
Ω

x× (ρv) dV
]

=

∫
Γ

[x× (ρv)][un − v · n] dA +

∫
Γ

x× t dA +

∫
Ω

x× (ρb) dV . (1.30)

Assuming that Ω is a control volume, we have∫
Ω

x×

[
∂

∂t
(ρv)

]
dV = −

∫
Γ

[x× (ρv)][v · n] dA +

∫
Γ

x× t dA +

∫
Ω

x× (ρb) dV . (1.31)

Using the definition of a tensor product we can write

[x× (ρv)][v · n] = [[x× (ρv)]⊗ v] · n . (1.32)

Also, t = σ · n. Therefore we have∫
Ω

x×

[
∂

∂t
(ρv)

]
dV = −

∫
Γ

[[x× (ρv)]⊗ v] · n dA +

∫
Γ

x× (σ · n) dA +

∫
Ω

x× (ρb) dV . (1.33)

Using the divergence theorem, we get∫
Ω

x×

[
∂

∂t
(ρv)

]
dV = −

∫
Ω

∇ · [[x× (ρv)]⊗ v] dV +

∫
Γ

x× (σ · n) dA +

∫
Ω

x× (ρb) dV . (1.34)

To convert the surface integral in the above equation into a volume integral, it is convenient to use index
notation. Thus,[∫

Γ

x× (σ · n) dA
]
i

=

∫
Γ

eijk xj σkl nl dA =

∫
Γ

Ail nl dA =

∫
Γ

A · n dA (1.35)

where [ ]i represents the i-th component of the vector. Using the divergence theorem∫
Γ

A · n dA =

∫
Ω

∇ ·A dV =

∫
Ω

∂Ail

∂xl
dV =

∫
Ω

∂

∂xl
(eijk xj σkl) dV . (1.36)

Differentiating, ∫
Γ

A · n dA =

∫
Ω

[
eijk δjl σkl + eijk xj

∂σkl

∂xl

]
dV

=

∫
Ω

[
eijk σkj + eijk xj

∂σkl

∂xl

]
dV

=

∫
Ω

[eijk σkj + eijk xj [∇ · σ]l] dV .

(1.37)

Expressed in direct tensor notation,∫
Γ

A · n dA =

∫
Ω

[
[E : σT ]i + [x× (∇ · σ)]i

]
dV (1.38)
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where E is the third-order permutation tensor. Therefore,[∫
Γ

x× (σ · n) dA
]
i

==

∫
Ω

[
[E : σT ]i + [x× (∇ · σ)]i

]
dV (1.39)

or, ∫
Γ

x× (σ · n) dA ==

∫
Ω

[
E : σT + x× (∇ · σ)

]
dV . (1.40)

The balance of angular momentum can then be written as∫
Ω

x×

[
∂

∂t
(ρv)

]
dV = −

∫
Ω

∇·[[x×(ρv)]⊗v] dV+

∫
Ω

[
E : σT + x× (∇ · σ)

]
dV+

∫
Ω

x×(ρb) dV .

(1.41)
Since Ω is an arbitrary volume, we have

x×

[
∂

∂t
(ρv)

]
= −∇ · [[x× (ρv)]⊗ v] + E : σT + x× (∇ · σ) + x× (ρb) (1.42)

or,

x×

[
∂

∂t
(ρv)−∇ · σ − ρb

]
= −∇ · [[x× (ρv)]⊗ v] + E : σT . (1.43)

Using the identity,
∇ · (u⊗ v) = (∇ · v)u + (∇u) · v (1.44)

we get
∇ · [[x× (ρv)]⊗ v] = (∇ · v)[x× (ρv)] + (∇[x× (ρv)]) · v . (1.45)

The second term on the right can be further simplified using index notation as follows.

[(∇[x× (ρv)]) · v]i = [(∇[ρ (x× v)]) · v]i =
∂

∂xl
(ρ eijk xj vk) vl

= eijk

[
∂ρ

∂xl
xj vk vl + ρ

∂xj

∂xl
vk vl + ρ xj

∂vk

∂xl
vl

]

= (eijk xj vk)

(
∂ρ

∂xl
vl

)
+ ρ (eijk δjl vk vl) + eijk xj

(
ρ
∂vk

∂xl
vl

)
= [(x× v)(∇ρ · v) + ρv× v + x× (ρ∇v · v)]i

= [(x× v)(∇ρ · v) + x× (ρ∇v · v)]i .

(1.46)

Therefore we can write

∇ · [[x× (ρv)]⊗ v] = (ρ∇ · v)(x× v) + (∇ρ · v)(x× v) + x× (ρ∇v · v) . (1.47)

The balance of angular momentum then takes the form

x×

[
∂

∂t
(ρv)−∇ · σ − ρb

]
= −(ρ∇ ·v)(x× v)− (∇ρ ·v)(x×v)− x× (ρ∇v ·v) +E : σT (1.48)

or,

x×

[
∂

∂t
(ρv) + ρ∇v · v−∇ · σ − ρb

]
= −(ρ∇ · v)(x× v)− (∇ρ · v)(x× v) + E : σT (1.49)
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or,

x×

[
ρ
∂v
∂t

+
∂ρ

∂t
v + ρ∇v · v−∇ · σ − ρb

]
= −(ρ∇ · v)(x× v)− (∇ρ · v)(x× v) + E : σT (1.50)

The material time derivative of v is defined as

v̇ =
∂v
∂t

+ ∇v · v . (1.51)

Therefore,

x× [ρ v̇−∇ · σ − ρb] = −x×
∂ρ

∂t
v +−(ρ∇ · v)(x× v)− (∇ρ · v)(x× v) + E : σT . (1.52)

Also, from the conservation of linear momentum

ρ v̇−∇ · σ − ρb = 0 . (1.53)

Hence,

0 = x×
∂ρ

∂t
v + (ρ∇ · v)(x× v) + (∇ρ · v)(x× v)− E : σT

=

(
∂ρ

∂t
+ ρ∇ · v + ∇ρ · v

)
(x× v)− E : σT .

(1.54)

The material time derivative of ρ is defined as

ρ̇ =
∂ρ

∂t
+ ∇ρ · v . (1.55)

Hence,
(ρ̇+ ρ∇ · v)(x× v)− E : σT = 0 . (1.56)

From the balance of mass
ρ̇+ ρ∇ · v = 0 . (1.57)

Therefore,
E : σT = 0 . (1.58)

In index notation,
eijk σkj = 0 . (1.59)

Expanding out, we get
σ12 − σ21 = 0 ; σ23 − σ32 = 0 ; σ31 − σ13 = 0 . (1.60)

Hence,
σ = σT (1.61)
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Problem 1.3 Show that if σ = C : ε
∇ · σ = ∇ · (C : ∇u) . (1.62)

Solution 1.3: Let us express the tensors in terms of components with respect to an orthonormal basis. Then we
can write

σij = Cijkl εkl (1.63)

The conservation of angular momentum implies that the stress tensor is symmetric,

σij = σji . (1.64)

The strain tensor is, by definition, symmetric because it is a symmetrized gradient, i.e.,

εij = εji . (1.65)

These imply that Cijkl = Cjikl and Cijkl = Cijlk. The strain energy density in the elastic material is
given by

W = 1
2 σ : ε = 1

2σijεij = 1
2 Cijkl V ekl V eij . (1.66)

Since the strain energy density should not change if kl and ij are interchanged, we must have Cijkl =
Cklij . Now,

[∇ · σ]j = σij,i = [Cijkl εkl],i = 1
2 [Cijkl (uk,l + ul,k)],i (1.67)

Using the symmetries of C, we have Cijkl uk,l = Cijkl ul,k. Hence

[∇ · σ]j = [Cijkl uk,l],i = [∇ · (C : ∇u)]j (1.68)

or
∇ · σ = ∇ · (C : ∇u) . (1.69)
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Problem 1.4 Show that for an isotropic, homogeneous, linear elastic material with stiffness tensor

C = λ 1⊗ 1 + 2µ I (1.70)

the divergence of the stress can be expressed as

∇ · (C : ∇u) = (λ+ µ)∇(∇ · u) + µ∇ · (∇uT ) . (1.71)

Solution 1.4: Let us express the stiffness tensor in terms of components with respect to an orthonormal basis.
Then

Cijkl = λ δij δkl + µ (δikδjl + δilδjk) (1.72)

and
Cijkl uk,l = λuk,k δij + µ (ui,j + uj,i) . (1.73)

Therefore,

[∇ · (C : ∇u)]i = [Cijkl uk,l],i = λuk,ki δij + µ (ui,ji + uj,ii) = (λ+ µ)um,mj + µuj,nn (1.74)

or,
∇ · (C : ∇u) = (λ+ µ)∇(∇ · u) + µ∇ · (∇uT ) . (1.75)
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Problem 1.5 Verify that the volumetric strain e is given by ∇ · u and that the infinitesimal rotation vector is
given by ∇× u.

Solution 1.5: The volumetric strain is
e = tr ε (1.76)

where ε is the infinitesimal strain tensor. In an orthonormal coordinate system

e = ε11 + ε22 + ε33 = u1,1 + u2,2 + u3,3 ≡∇ · u (1.77)

where u is the displacement. In general,

ε = 1
2

[
∇u + (∇u)T

]
=⇒ tr ε = 1

2

[
tr∇u + tr (∇u)T

]
= ∇ · u . (1.78)

Therefore,
e = ∇ · u � (1.79)

The infinitesimal rotation vector is the axial vector that of the skew-symmetric part of ∇u. The axial
vector w of a skew-symmetric tensorW satisfies the conditionW · a = w× a for all vectors a. In index
notation (with respect to a rectangular Cartesian basis), we can write this relation as

Wip ap = eijk wj ak (1.80)

Since eijk = −eikj , we have

Wip ap = −eikj wj ak ≡ −eipq wq ap =⇒ Wip = −eipq wq . (1.81)

Therefore, the relation between the components of ω = 1/2(∇u−∇uT ) and θ is

ωij = −eijk θk . (1.82)

Multiplying both sides by epij , we get

epij ωij = −epij eijk θk = −epij ekij θk . (1.83)

From the identity
eijk epqk = δip δjq − δiq δjp (1.84)

we have
eijk epjk = δip δjj − δij δjp = 3δip − δip = 2δip (1.85)

Using the above identity, we get
epij ωij = −2δpk θk = −2θp . (1.86)

Rearranging,

θp = −1

2
epij ωij (1.87)

Now, the components of the tensor ω with respect to a Cartesian basis are given by

ωij =
1

2

(
∂ui
∂xj
− ∂uj
∂xi

)
(1.88)

Therefore, we may write

θp = −
1

4
epij

(
∂ui
∂xj
− ∂uj
∂xi

)
(1.89)

Since the curl of a vector v can be written in index notation as

∇× v = eijk
∂uk
∂xj

ei (1.90)
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we have
epij

∂uj
∂xi

= [∇× u]p and epij
∂ui
∂xj

= −epji
∂ui
∂xj

= −[∇× u]p (1.91)

where [ ]p indicates the p-th component of the vector inside the square brackets.

Hence,

θp = −
1

4
(−[∇× u]p − [∇× u]p) =

1

2
[∇× u]p . (1.92)

Therefore,

θ =
1

2
∇× u � (1.93)
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Problem 1.6 Show that, in the absence of a body force, the displacement potentials φ and ψ satisfy the wave
equations

∂2φ

∂t2
= c2p∇2φ ;

∂2ψ

∂t2
= c2s∇ · (∇ψ)T . (1.94)

Solution 1.6: A rigorous proof can be found outlined in the textbook by Aki and Richards. Here we only discuss
a sufficient condition.

Consider a Helmholtz decomposition of the displacement

u = ∇φ+ ∇×ψ with ∇ ·ψ = 0 . (1.95)

Recall that the wave equation in a homogeneous, isotropic, and linear elastic body in the absence of body
forces can be written as

(λ+ µ)∇(∇ · u) + µ∇ · (∇u)T = ρ
∂2u
∂t2

. (1.96)

Plugging the decomposition of u into the above equation gives

(λ+ µ)∇[∇ · (∇φ+ ∇×ψ)] + µ∇ · [∇(∇φ+ ∇×ψ)]T = ρ
∂2

∂t2
(∇φ+ ∇×ψ) . (1.97)

Expanding out,

(λ+ µ)∇[∇ ·∇φ] + µ∇ · [∇(∇φ)]T + µ∇ · [∇(∇×ψ)]T = ρ∇
(
∂2φ

∂t2

)
+ ρ∇×

(
∂2ψ

∂t2

)
.

(1.98)
where we have used the fact that the divergence of the curl of a vector field is zero and the interchangeability
of the order of differentiation between space and time. Note that ∇ ·∇φ = ∇2φ,

∇ · [∇(∇φ)]T =
∂3φ

∂xi∂xj∂xj
=

∂

∂xi

(
∂2φ

∂xj∂xj

)
= ∇(∇2φ) . (1.99)

We can also see that

∇ · [∇(∇×ψ)]T = eijkψk,jmm = eijk(∇ψ)km,jm = eijk(∇ψ)Tmk,mj

= eijk[∇ · (∇ψ)T ]k,j = ∇× [∇ · (∇ψ)T ] .
(1.100)

Therefore,

(λ+ 2µ)∇(∇2φ) + µ∇× [∇ · (∇ψ)T ] = ρ∇
(
∂2φ

∂t2

)
+ ρ∇×

(
∂2ψ

∂t2

)
(1.101)

or,

∇
[

(λ+ 2µ)∇2φ− ρ
∂2φ

∂t2

]
+ ∇×

[
µ∇ · (∇ψ)T − ρ

∂2ψ

∂t2

]
= 0 . (1.102)

If we take the divergence of the above equation, the curl term vanishes and if we take the curl of the
equation, the gradient term vanishes. Therefore,

∇ ·∇
[

(λ+ 2µ)∇2φ− ρ
∂2φ

∂t2

]
= 0 and ∇×∇×

[
µ∇ · (∇ψ)T − ρ

∂2ψ

∂t2

]
= 0 . (1.103)

We can write the first equation as

(λ+ 2µ)∇2(∇2φ)− ρ
∂2

∂t2
(∇2φ) = 0 (1.104)
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and the second equation as

∇
[
∇ ·

[
µ∇ · (∇ψ)T

]]
−ρ

∂2

∂t2
[∇(∇·ψ)]−∇·

[
∇
[
µ∇ · (∇ψ)T

]]T
+ρ

∂2

∂t2
[∇·(∇ψ)T ] = 0 . (1.105)

The first two terms above are zero because ∇ · ψ = 0 (we can show that the first term has this form by
interchanging derivatives). Therefore, the second equation has the form

∇ ·
{
µ
[
∇
[
∇ · (∇ψ)T

]]T − ρ ∂2

∂t2
(∇ψ)T

}
= 0 . (1.106)

Also note that the dilatation is given by

e = ∇ · u = ∇ ·∇φ = ∇2φ (1.107)

and the infinitesimal rotation is given by

θ = 1
2∇× u = 1

2∇×∇×ψ = − 1
2∇ · (∇ψ)T (1.108)

where we have again used the identity ∇ ×∇ × u = ∇(∇ · u) −∇ · (∇u)T . Plugging these into the
two equations of interest gives us

(λ+ 2µ)∇2e− ρ
∂2e

∂t2
= 0 (1.109)

and

µ∇ · (∇θ)T − ρ
∂2θ

∂t2
= 0 . (1.110)

If we make the new connections φ↔ e and ψ ↔ θ, we see that

(λ+ 2µ)∇2φ− ρ
∂2φ

∂t2
= 0 and µ∇ · (∇ψ)T − ρ

∂2ψ

∂t2
= 0 (1.111)

which can also be derived as a special case without invoking any change of variables. Therefore, there
exist potentials φ and ψ such that

∂2φ

∂t2
= c2p∇2φ and

∂2ψ

∂t2
= c2s∇ · (∇ψ)T � (1.112)

where c2p = (λ+ 2µ)/ρ and c2s = µ/ρ.
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Problem 1.7 Show, using spatial curvilinear coordinates, that the gradient of a vector field v can be expressed
in spherical coordinates as

∇v =



∂vr

∂r

1

r sinφ

∂vr

∂θ
−
vθ

r

1

r

∂vr

∂φ
−
vφ

r
∂vθ

∂r

1

r sinφ

∂vθ

∂θ
+
vr

r
+

cotφ

r
vφ

1

r

∂vθ

∂φ
∂vφ

∂r

1

r sinφ

∂vφ

∂θ
−

cotφ

r
vθ

1

r

∂vφ

∂φ
+
vr

r

 (1.113)

where x1 = θ1 cos θ2 sin θ3, x2 = θ1 sin θ2 sin θ3, x3 = θ1 cos θ3 and (θ1, θ2, θ3) ≡ (r, θ, φ).

Solution 1.7: The relation between Cartesian and spherical coordinates is assumed to be

x ≡ x(θ1, θ2, θ3) where (θ1, θ2, θ3) ≡ (r, θ, φ) . (1.114)

In explicit form,
x1 = θ1 cos θ2 sin θ3 , x2 = θ1 sin θ2 sin θ3 , x3 = θ1 cos θ3 . (1.115)

If (e1, e2, e3) is a background Cartesian frame, the orthogonal basis vectors for the spherical coordinate
system are determined from

g1 =
∂x
∂θ1 = cos θ2 sin θ3 e1 + sin θ2 sin θ3 e2 + cos θ3 e3 = er

g2 =
∂x
∂θ2 = −θ1 sin θ2 sin θ3 e1 + θ1 cos θ2 sin θ3 e2 = r sinφ eθ

g3 =
∂x
∂θ3 = θ1 cos θ2 cos θ3 e1 + θ1 sin θ2 cos θ3 e2 − θ1 sin θ3 e3 = r eφ .

(1.116)

We have normalized the covariant basis vectors to get the spherical basis vectors (er, eθ, eφ). Using gi ·
gj = δji and solving for the components of gj , we have

g1 = cos θ2 sin θ3 e1 + sin θ2 sin θ3 e2 + cos θ3 e3 = er

g2 = −
1

θ1

sin θ2

sin θ3
e1 +

1

θ1

cos θ2

sin θ3
e2 =

1

r sinφ
eθ

g3 =
1

θ1
cos θ2 cos θ3 e1 +

1

θ1
sin θ2 cos θ3 e2 −

1

θ1
sin θ3 e3 =

1

r
eφ .

(1.117)

The covariant and contravariant components of the metric tensor are gij = gi · gj and gij = gi · gj . In
matrix form

g =

1 0 0
0 (θ1 sin θ3)2 0
0 0 (θ1)2

 and g =

1 0 0
0 1/(θ1 sin θ3)2 0
0 0 (1/θ1)2

 . (1.118)

The gradient of the vector field v is given by

∇v =

[
∂vi

∂θj
− Γkji vk

]
gi ⊗ gj where Γkji = 1

2g
km

[
∂gmi

∂θj
+
∂gmj

∂θi
−
∂gji

∂θm

]
. (1.119)

The non-zero Christoffel symbols are

Γ1
22 = −θ1 sin2 θ3 , Γ1

33 = −θ1 , Γ2
12 = 1/θ1 = Γ2

21 , Γ2
23 = cot θ3 = Γ2

32

Γ3
13 = 1/θ1 = Γ3

31 , Γ3
22 = − cos θ3 sin θ3 .

(1.120)

14
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Therefore, the gradient can be expressed in matrix form in the basis gi ⊗ gj as

∇v =


∂v1

∂θ1

∂v1

∂θ2 −
v2

θ1

∂v1

∂θ3 −
v3

θ1

∂v2

∂θ1 −
v2

θ1

∂v2

∂θ2 + θ1 sin2 θ3 v1 + cos θ3 sin θ3 v3

∂v2

∂θ3 − cot θ3 v2

∂v3

∂θ1 −
v3

θ1

∂v3

∂θ2 − cot θ3 v2

∂v3

∂θ3 + θ1 v1

 (1.121)

In terms of (r, θ, φ) and in the basis (er, eθ, eφ), we have v = vjgj = vrer + vθeθ + vφeφ where vr = v1,
vθ = v2/(r sinφ), vφ = v3/r, and er = g1, eθ = r sinφg2, eφ = rg3. Therefore we can write,

∇v =



∂vr

∂r

1

r sinφ

∂vr

∂θ
−
vθ

r

1

r

∂vr

∂φ
−
vφ

r
∂vθ

∂r

1

r sinφ

∂vθ

∂θ
+
vr

r
+

cotφ

r
vφ

1

r

∂vθ

∂φ
∂vφ

∂r

1

r sinφ

∂vφ

∂θ
−

cotφ

r
vθ

1

r

∂vφ

∂φ
+
vr

r

� (1.122)
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Problem 1.8 The equation of state for an adiabatic, reversible, ideal gas is given by

dp

dρ
=
γ p

ρ
; γ :=

cp

cv
; c2 =

γ p

ρ
(1.123)

where cp is the specific heat at constant pressure, cv is the specific heat at constant volume, and c is the
wave speed. Find the value of γ in air and water. Show that for small disturbances the balance of mass in
the gas can be expressed as

∂p

∂t
+ ρ0 c

2
0∇ · v = 0 (1.124)

where c0 is the speed of sound in the medium.

Solution 1.8: The value of γ is approximately 1.4 for air. For water at room temperature, cp = 75.3 J/mol-K and
cv = 74.5 J/mol-K. Therefore, γ for water is approximately 1.01.

For small disturbances
dp

dρ
≈
p̃

ρ̃
;
p

ρ
≈
〈p〉
〈ρ〉

; c2 ≈ c20 =
γ 〈p〉
〈ρ〉

. (1.125)

Therefore,
p̃

ρ̃
= γ
〈p〉
〈ρ〉

= c20 =⇒
∂p̃

∂t
= c20

∂ρ̃

∂t
(1.126)

The balance of mass can then be written as

1

c20

∂p̃

∂t
+ 〈ρ〉∇ · ṽ = 0 (1.127)

Dropping the tildes and using ρ0 := 〈ρ〉 leads to the required equation.
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Problem 1.9 The total magnetic induction produced at a point x by a current density J located in a region Ω is
given by

B(x) =
µ0

4π

∫
Ω

J(y)×
x− y

‖x− y‖3
dy . (1.128)

Starting from the above equation show that

∇× B = µ0 J +
µ0

4π
∇
[∫

Ω

(
∇y · J(y)

‖x− y‖

)
dy

]
. (1.129)

Solution 1.9: We will first show that

∇
(

1

‖x− y‖

)
= −

x− y

‖x− y‖3
. (1.130)

Let
f(z1, z2, z3) = (z2

1 + z2
2 + z2

3)−1/2 = (zqzq)
−1/2 (1.131)

where zm = zm(x). Then
∂f

∂xp
=

∂f

∂zm

∂zm

∂xp
. (1.132)

Now,
∂f

∂zm
= − 1

2 (zqzq)
−3/2(2δmrzr) = −(zqzq)

−3/2zm . (1.133)

Also, if z = x− y, i.e., zm = xm − ym,
∂zm

∂xp
= δmp . (1.134)

Therefore,
∂f

∂xp
= −(zqzq)

−3/2zp = − xp − yp
(
√
zqzq)3

. (1.135)

Since ∇f ≡ ∂f/∂xp and
‖x− y‖ = ‖z‖ = (zqzq)

1/2 (1.136)

we have
∂f

∂xp
≡∇

(
1

‖x− y‖

)
= − x− y
‖x− y‖3

. (1.137)

Note that similar arguments can be used to show that

∂f

∂yp
≡∇y

(
1

‖x− y‖

)
=

x− y
‖x− y‖3

=⇒ ∇y

(
1

‖x− y‖

)
= −∇

(
1

‖x− y‖

)
. (1.138)

Therefore we can express the magnetic induction as

B(x) = −
µ0

4π

∫
Ω

J(y)×∇
(

1

‖x− y‖

)
dy . (1.139)

Since the integration is over y, we will now try to take the gradient outside the integral. We can write the
quantity inside the integral as

J(y)×∇x f(x− y) ≡ eijkJj(y)
∂f

∂xk
= eijk

∂

∂xk
[Jj(y)f ] = −eikj

∂

∂xk
[Jj(y)f ] (1.140)

or,
J(y)×∇x f(x− y) = −∇x × [J(y)f(x− y)] . (1.141)
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Therefore,

B(x) =
µ0

4π
∇×

∫
Ω

J(y)

‖x− y‖
dy . (1.142)

Since the divergence of the curl of a vector field is zero, we have

∇ · B = 0 . (1.143)

Taking the curl of B gives

∇× B =
µ0

4π
∇×∇×

∫
Ω

J(y)

‖x− y‖
dy . (1.144)

From the identity ∇×∇× u = ∇(∇ · u)−∇ · (∇u)T , we have

∇× B =
µ0

4π

[
∇
(
∇ ·

∫
Ω

J(y)

‖x− y‖
dy
)
−∇ ·

(
∇
∫

Ω

J(y)

‖x− y‖
dy
)T]

. (1.145)

Taking the gradient inside the integral, we have

∇× B =
µ0

4π

[
∇
(∫

Ω

J(y) ·∇
(

1

‖x− y‖

)
dy
)
−
∫

Ω

J(y)∇2

(
1

‖x− y‖

)
dy
]
. (1.146)

Using relation (1.138) gives

∇× B =
µ0

4π

[
−∇

(∫
Ω

J(y) ·∇y

(
1

‖x− y‖

)
dy
)
−
∫

Ω

J(y)∇2

(
1

‖x− y‖

)
dy
]
. (1.147)

Let us now find the Laplacian of 1/ ‖x− y‖. Let r = ‖x− y‖. If we integrate the quantity over a sphere
of radius R and volume V , we have∫

V

∇2

(
1

r

)
dV =

∫
V

∇ ·∇
(

1

r

)
dV =

∫
S

∇
(

1

r

)
· n dA = −

∫
S

1

r2
n · n dA = −4πR2

r2
(1.148)

where S is the surface of the volume and n is the outward unit normal. This result indicates that the
Laplacian has the form

∇2

(
1

‖x− y‖

)
dV = −4πδ(x− y) (1.149)

where δ(x) is the three-dimensional Dirac delta function because of the behavior as R→ 0. Therefore,

∇× B =
µ0

4π

[
−∇

(∫
Ω

J(y) ·∇y

(
1

‖x− y‖

)
dy
)

+ 4π

∫
Ω

J(y) δ(x− y) dy
]
. (1.150)

Using the identity J ·∇f = ∇ · (fJ)− f(∇ · J) and the divergence theorem, we have∫
Ω

J(y) ·∇y

(
1

‖x− y‖

)
dy =

∫
Γ

J(y)

‖x− y‖
· n dA−

∫
Ω

∇y · J(y)

‖x− y‖
dy . (1.151)

In the absence of current flux from the boundary, we have∫
Ω

J(y) ·∇y

(
1

‖x− y‖

)
dy = −

∫
Ω

∇y · J(y)

‖x− y‖
dy . (1.152)

Therefore equation (1.150) can be written as

∇× B =
µ0

4π

[
∇
∫

Ω

∇y · J(y)

‖x− y‖
dy + 4πJ(x)

]
= µ0 J +

µ0

4π
∇
[∫

Ω

(
∇y · J(y)

‖x− y‖

)
dy

]
� (1.153)
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Problem 1.10 The relation between the electromotive force (emf) around a loop and the magnetic induction is
given by the integral form of Faraday’s law:∮

C

E · dl = −k
D

Dt

[∫
Γ

B · n dA

]
. (1.154)

Derive the differential form of Faraday’s law,

∇× E +
∂B
∂t

= 0 . (1.155)

Solution 1.10: The total derivative of a scalar field, ϕ, is defined as

Dϕ

Dt
=
∂ϕ

∂t
+ v ·∇ϕ (1.156)

where v is the velocity with which the scalar is being convected. The equivalent relation for a vector field
u is

Du
Dt

=
∂u
∂t

+ ∇u · v . (1.157)

Therefore,
DB
Dt

=
∂B
∂t

+ ∇B · v . (1.158)

Using the identity ∇× (a× b) = (∇ · b)a− (∇ · a)b + (∇a) · b− (∇b) · a, we have, for constant v,

∇B · v = ∇× (B× v) + (∇ · B)v . (1.159)

Hence,
DB
Dt

=
∂B
∂t

+ ∇× (B× v) + (∇ · B)v . (1.160)

Therefore, using ∇ · B = 0 and Stokes’ theorem, we have

D

Dt

[∫
Γ

B · n dA

]
=

∫
Γ

[
∂B
∂t

+ ∇× (B× v) + (∇ · B)v

]
· n dA

=

∫
Γ

∂B
∂t
· n dA+

∮
C

(B× v) · dl .

(1.161)

Plugging these into Faraday’s law, we have∮
C

E · dl = −k

[∫
Γ

∂B
∂t
· n dA+

∮
C

(B× v) · dl

]
(1.162)

or ∮
C

[E− k v× B] · dl = −k
∫

Γ

∂B
∂t
· n dA . (1.163)

For a body that is moving at small speeds relative to the speed of light in vacuum, we can use Galilean
covariance to work in a moving frame to eliminate v. We can also use the fact that k equals 1 under these
conditions in SI units, to get the relation∮

C

E · dl = −
∫

Γ

∂B
∂t
· n dA =⇒

∫
Γ

(∇× E) · n dA = −
∫

Γ

∂B
∂t
· n dA (1.164)

where E← E− v×B and Stokes’ theorem has been used. Invoking the arbitrariness of Γ, we then get the
differential form of Faraday’s equation

∇× E +
∂B
∂t

= 0 � (1.165)
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Problem 1.11 Assume that the electric field, electric displacement, magnetic field, and magnetic inductions
depend harmonically of time, i.e.,

E(x, t) = Re{Ê(x) e−iωt} ; B(x, t) = Re{B̂(x) e−iωt}

D̃(x, t) = Re{D̂(x) e−iωt} ; H(x, t) = Re{Ĥ(x) e−iωt}
(1.166)

where ω has an infinitesimally small imaginary part. Show that Maxwell’s equations under these conditions
can be written as

∇× E = iωµ(x, ω) ·H(x) ; ∇×H = −iω ε(x, ω) · E(x)

∇ · B = 0 ; ∇ ·D = 0 .
(1.167)

Why does ω need a small imaginary part? Compare these equations with the Fourier transformed form of
Maxwell’s equations.

Solution 1.11: If we plug in the assumed harmonic solutions into Maxwell’s equations we get

∇× E = −
∂B
∂t

=⇒ ∇× Ê e−iωt = iω B̂(x) e−iωt =⇒ ∇× Ê = iω B̂(x)

∇×H =
∂D̃
∂t

=⇒ ∇× Ĥ e−iωt = −iω D̂(x) e−iωt =⇒ ∇× Ĥ = −iω D̂(x)

∇ · B = 0 =⇒ ∇ · B̂ e−iωt = 0 =⇒ ∇ · B̂ = 0

∇ · D̃ = 0 =⇒ ∇ · D̂ e−iωt = 0 =⇒ ∇ · D̂ = 0
(1.168)

or,
∇× Ê = iω B̂(x) ; ∇× Ĥ = −iω D̂(x) ; ∇ · B̂ = 0 ; ∇ · D̂ = 0 . (1.169)

Similarly, plugging the harmonic solutions into the constitutive equations we get (using τ = t− t′)

Ĥ(x) e−iωt =

∫ ∞
−∞

K̄B(x, t− t′) ·
[
B̂(x) e−iωt

′
]

dt′ =

[∫ ∞
−∞

K̄B(x, τ) eiωτ dτ
]
· B̂(x) e−iωt

D̂(x) e−iωt =

∫ ∞
−∞

K̄E(x, t′ − t) ·
[
Ê(x) e−iωt

′
]

dt′ =

[∫ ∞
−∞

K̄E(x, τ) eiωτ dτ
]
· Ê(x) e−iωt

(1.170)

or,
Ĥ(x) = [µ(x, ω)]−1 · B̂(x) ; D̂(x) = ε(x, ω) · Ê(x) (1.171)

where

[µ(x, ω)]
−1

=

∫ ∞
−∞

K̄B(x, τ) eiωτ dτ ; ε(x, ω) =

∫ ∞
−∞

K̄E(x, τ) eiωτ dτ . (1.172)

In general µ and ε are complex, rank-2 tensor quantities. The integrals in the above equations converge
when the imaginary part of ω is positive (since K̄B = K̄E = 0 when τ > 0). To see this, observe that
exp(−iωτ) = exp(Im(ω) τ)[cos(Re(ω) τ) − i sin(Re(ω) τ)]. Now, exp(−iωτ) is an analytic function
of ω. Since a sum of analytic functions is analytic and a convergent integral of analytic functions is
also analytic, the functions ε(x, ω) and µ(x, ω) are analytic functions of ω in the upper half ω-plane,
Im(ω) > 0.

Substituting the constitutive equations into Maxwell’s equations and dropping the hats gives us

∇× E = iωµ(x, ω) ·H(x) ; ∇×H = −iω ε(x, ω) · E(x) ; ∇ · B = 0 ; ∇ ·D = 0 . (1.173)

The frequency ω needs a small imaginary part so that the fields are zero at t→ −∞. To see this express ω
in terms of its real and imaginary parts to get

Re
[
Ae−iωt

]
= Re

[
Ae−i(ωr+iωi)t

]
= Re

[
Ae−iωrt eωit

]
= Re

[
A(cosωrt− i sinωrt) e

ωit
]

= A cos(ωrt) e
ωit .

(1.174)
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As t → −∞ the cosine term lies between 0 and 1. Hence for the fields to go to zero we need a non-zero
value of ωi.

In the Fourier transformed Maxwell equations the fields depend both on x and ω whereas in the time
harmonic case they depend only on x.
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Problem 1.12 Show that the transverse electric (TE) wave equation for a material with anisotropic permeability
and permittivity

µ = µ(x2, x3) ≡

µ11 0 0
0 µ22 µ23

0 µ23 µ33

 and ε = ε(x2, x3) ≡

ε11 0 0
0 ε22 ε23

0 ε23 ε33

 (1.175)

is given by
∇ ·

[(
R⊥ ·M−1 ·RT

⊥
)
·∇E1

]
+ ω2 ε11E1 = 0 (1.176)

where ∇ indicates the two-dimensional gradient, and

M ≡
[
µ22 µ23

µ23 µ33

]
; R⊥ ≡

[
0 1
−1 0

]
. (1.177)

Solution 1.12: We know that
∇× E = E1,3 e2 − E1,2 e3 = iωµ ·H . (1.178)

Now,

µ ·H = µijHjei = µ11H1e1 + (µ22H2 + µ23H3)e2 + (µ32H2 + µ33H3)e3 . (1.179)

Therefore,

H1 = 0 ; µ22H2 + µ23H3 = (iω)−1E1,3 ; µ32H2 + µ33H3 = −(iω)−1E1,2 (1.180)

or, [
µ22 µ23

µ32 µ33

] [
H2

H3

]
= (iω)−1

[
E1,3

−E1,2

]
. (1.181)

Solving for H2 and H3, and using the notationM for the two-dimensional permeability tensor, leads to

H2 = (iω)−1
(
M−1

11 E1,3 −M−1
12 E1,2

)
; H3 = (iω)−1

(
M−1

21 E1,3 −M−1
22 E1,2

)
. (1.182)

At this stage recall that
∇×H = (H3,2 −H2,3)e1 = −iωε · E . (1.183)

Since
ε · E = εijEjei = ε11E1e1 (1.184)

we have
H3,2 −H2,3 = −iωε11E1 . (1.185)

Plugging in the expressions for H2 and H3 results in(
M−1

21 E1,3 −M−1
22 E1,2

)
,2
−
(
M−1

11 E1,3 −M−1
12 E1,2

)
,3

= ω2ε11E1 (1.186)

or (
M−1

22 E1,2 −M−1
21 E1,3

)
,2

+
(
−M−1

12 E1,2 +M−1
11 E1,3

)
,3

= −ω2ε11E1 . (1.187)

Notice that the quantities inside the bracket can be obtained by rotating the original tensor M by 90
degrees, i.e.,

R ≡
[

cos θ sin θ
− sin θ cos θ

]
.

[
0 1
−1 0

]
(1.188)

in which case

M̂ := RT ·M−1 ·R ≡
[
M−1

22 −M−1
21

−M−1
12 M−1

11

]
. (1.189)
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Therefore,

M̂ ·∇E1 = M̂ijE1,jei = (M−1
22 E1,2 −M−1

21 E1,3)e2 + (−M−1
12 E1,2 +M−1

11 E1,3)e3 (1.190)

and

∇ · (M̂ ·∇E1) = (M̂ijE1,j),i = (M−1
22 E1,2 −M−1

21 E1,3),2 + (−M−1
12 E1,2 +M−1

11 E1,3),3 . (1.191)

Comparison with equation (1.187) gives us

∇ · (M̂ ·∇E1) + ω2ε11E1 = 0 � (1.192)
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Problem 1.13 Maxwell’s equations can be expressed in a form similar to the equations of elastodynamics at a
fixed frequency, i.e.,

ω2 ε · E = ∇ · (C : ∇E) . (1.193)

Show that the tensor C has the symmetries

Cijk` = −Cjik` = −Cij`k = Ck`ij . (1.194)

Solution 1.13: The components of the tensor C are given by

Cijk` = einjekp`[µ
−1]np . (1.195)

If we switch ij and k` we have
Ck`ij = ekn`eipj [µ

−1]np . (1.196)

Since n and p are dummy indices, we can switch them around to get

Ck`ij = ekp`einj [µ
−1]pn . (1.197)

The energy density of a magnetic field is

W = 1
2 B ·H = 1

2 (µ ·H) ·H = 1
2µijHjHi . (1.198)

Since the energy density must remain unchanged if we switch the indices i and j, we must have

µij = µji =⇒ [µ−1]ij = [µ−1]ji . (1.199)

Therefore, equation (1.197) can be written as

Ck`ij = ekp`einj [µ
−1]np = Cijkl . (1.200)

Let us next switch the indices ij to ji in equation (1.195). Then we have

Cjik` = ejniekp`[µ
−1]np . (1.201)

Now, enji = −eijn and hence Cjik` = −Cijk`. The same argument can be used to show that Cijk` =
−Cij`k. �
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Solutions for Exercises in Chapter 2

Problem 2.1 Show that for time harmonic plane waves of the form

u(x, t) = û eiω(s·x−t) . (2.1)

the governing equations for the dynamics of an isotropic and homogeneous linear elastic body decouple
into the equations (

ρ−
µ

c2

)
(û× s) = 0 and

(
ρ−

λ+ 2µ

c2

)
(û · s) = 0 . (2.2)

Solution 2.1: The elastodynamic wave equation for an isotropic, homogeneous body is

(λ+ µ)∇(∇ · u) + µ∇ · (∇u)T = ρ ü . (2.3)

Let us solve this problem in rectangular Cartesian coordinates and note that the results translate over to
other coordinate systems. For a plane wave solution

ui = ûie
iω(smxm−t) (2.4)

we have
∇u ≡ ui,j = iωsmδmj ûie

iω(smxm−t) = iωsjui (2.5)

and
(∇u)T ≡ uj,i = iωsiuj . (2.6)

Therefore,

∇ · (∇u)T ≡ uj,ii = iωsiuj,i = (iω)2sisiuj = −ω2sisiuj ≡ −ω2(s · s)u . (2.7)

Also,
∇ · u ≡ ui,i = iωsiui . (2.8)

Hence,
∇(∇ · u) ≡ ui,ij = iωsiui,j = (iω)2sisjui ≡ −ω2(s⊗ s) · u . (2.9)

Finally
u̇ ≡ u̇i = −iωûieiω(smxm−t) = −iωui (2.10)

and
ü ≡ üi = −iωu̇i = (iω)2ui ≡ −ω2u . (2.11)
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Therefore, if we plug in the plane wave solution into the governing equations we get

(λ+ µ) (s⊗ s) · û + µ (s · s) û = ρ û . (2.12)

Now
[(s⊗ s) · û]× s ≡ ekijsispûpsj ≡ (s× s)(s · û) = 0 (2.13)

and
[(s⊗ s) · û] · s ≡ sisj ûjsi ≡ (s · s)(u · s) . (2.14)

Therefore, taking the cross product of the governing equation with s gives

(λ+ µ) [(s⊗ s) · û]× s + µ (s · s) (û× s) = ρ (û× s) (2.15)

or,
[ρ− µ (s · s)] (û× s) = 0 . (2.16)

Using the definition of s we have s · s = 1/c2, which leads to the first decoupled equation[
ρ−

µ

c2

]
(û× s) = 0 . � (2.17)

Similarly, taking the dot product of the governing equation with s, we have

(λ+ µ) [(s⊗ s) · û] · s + µ (s · s) (û · s) = ρ (û · s) (2.18)

or,
(λ+ µ) (sṡ)(û · s) + µ (s · s) (û · s) = ρ (û · s) (2.19)

Replacing s · s with 1/c2 gives us our second decoupled equation[
ρ−

λ+ 2µ

c2

]
(û · s) = 0 . � (2.20)
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Problem 2.2 Derive the relations

Rpp =
4c4sα

2ρ2 − ZpZs(1− 2c2sα
2)2

4c4sα
2ρ2 + ZpZS(1− 2c2sα

2)2
; Rps =

4c2sαρZs(1− 2c2sα
2)

4c4sα
2ρ2 + ZpZS(1− 2c2sα

2)2
. (2.21)

starting from
κ2
p sin(2θip)(1−Rpp) = κ2

s cos(2θrs)Rps

(κ2
s − 2κ2

p sin2 θip)(1 +Rpp) = κ2
s sin(2θrs)Rps .

(2.22)

Solution 2.2: From the first equation we have

2
κ2
p

κ2
s

sin θip cos θip(1−Rpp) = (1− 2 sin2 θrs)Rps (2.23)

or,

2
c2s
c2p

sin θip cos θip(1−Rpp) = (1− 2 sin2 θrs)Rps (2.24)

or,

2c2sα
ρ

Zp
(1−Rpp) = (1− 2c2sα

2)Rps . (2.25)

or,
2c2sαρ(1−Rpp) = Zp(1− 2c2sα

2)Rps . (2.26)

From the second equation,(
1− 2

κ2
p

κ2
s

sin2 θip

)
(1 +Rpp) = 2 sin θrs cos θrsRps (2.27)

or, (
1− 2

c2s
c2p

sin2 θip

)
(1 +Rpp) = 2c2s

sin θrs

cs

cos θrs

cs
Rps (2.28)

or, (
1− 2c2sα

2
)

(1 +Rpp) = 2c2sα
ρ

Zs
Rps (2.29)

or,
Zs
(
1− 2c2sα

2
)

(1 +Rpp) = 2c2sαρRps . (2.30)

The required relations are obtained in a straightforward manner by solving equations (2.26) and (2.30) for
Rpp and Rps.
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Problem 2.3 Verify the reflection coefficient relations given in the equations for a P-wave incident upond th
einterface between two solids using a symbolic computation tool if needed. Solve these equations numer-
ically and plot the magnitude and phase of the reflection and transmission coefficients as a function of the
angle of incidence for the interface between two materials with ρ1 = 820, cp1 = 1320, cs1 = 1.0e − 4 ,
ρ2 =1000, cp2 =1500, cs2 = 1.0e− 4.

Solution 2.3: A Mathematica script that shows that the calculation is given below.

In[1]:= Phr := Rp*Phi
Pht := Tp*Phi
Psr := Rs*Phi
Pst := Ts*Phi
pi = Phi*Exp[I* kp1 *(x1*sti - x2*cti)]
pr = Phr*Exp[I* kp1 *(x1*str + x2*ctr)]
pt = Pht*Exp[I* kp2 *(x1*stt - x2*ctt)]
sr = Psr*Exp[I* ks1 *(x1*strs + x2*ctrs)]
st = Pst*Exp[I* ks2 *(x1*stts - x2*ctts)]
ui1 := D[pi,x1]
ui2 := D[pi,x2]
ur1 := D[pr,x1]
ur2 := D[pr,x2]
ut1 := D[pt,x1]
ut2 := D[pt,x2]
urs1 := D[sr,x2]
urs2 := -D[sr,x1]
uts1 := D[st,x2]
uts2 := -D[st,x1]
s12i := 2*mu1*D[D[pi,x1],x2]
s12r := 2*mu1*D[D[pr,x1],x2]
s12t := 2*mu2*D[D[pt,x1],x2]
s12rs := mu1*(D[D[sr,x2],x2]-D[D[sr,x1],x1])
s12ts := mu2*(D[D[st,x2],x2]-D[D[st,x1],x1])
s22i := lambda1*(D[D[pi,x1],x1]+D[D[pi,x2],x2])+2*mu1*D[D[pi,x2],x2]
s22r := lambda1*(D[D[pr,x1],x1]+D[D[pr,x2],x2])+2*mu1*D[D[pr,x2],x2]
s22t := lambda2*(D[D[pt,x1],x1]+D[D[pt,x2],x2])+2*mu2*D[D[pt,x2],x2]
s22rs := -2*mu1*D[D[sr,x1],x2]
s22ts := -2*mu2*D[D[st,x1],x2]
s12top := FullSimplify[s12i + s12r + s12rs/. x2->0]
s12bot := FullSimplify[s12t + s12ts/. x2->0]
s12diff = Collect[FullSimplify[(s12bot - s12top)/(Phi*Exp[I kp1 sti x1])],

{Rp, Rs, Tp, Ts}]
s22top := FullSimplify[s22i + s22r + s22rs/. x2->0]
s22bot := FullSimplify[s22t + s22ts/. x2->0]
s22diff = Collect[FullSimplify[(s22bot - s22top)/(Phi*Exp[I kp1 sti x1])],

{Rp, Rs, Tp, Ts}]
u1top := FullSimplify[ui1 + ur1 + urs1/. x2->0]
u1bot := FullSimplify[ut1 + uts1/. x2->0]
u1diff = Collect[FullSimplify[(u1bot - u1top)/(Phi*Exp[I kp1 sti x1])],

{Rp, Rs, Tp, Ts}]
u2top := FullSimplify[ui2 + ur2 + urs2/. x2->0]
u2bot := FullSimplify[ut2 + uts2/. x2->0]
u2diff = Collect[FullSimplify[(u2bot - u2top)/(Phi*Exp[I kp1 sti x1])],

{Rp, Rs, Tp, Ts}]
s12diffa = s12diff /. {ctr -> cti, str -> sti, stt -> kp1*sti/kp2,

strs -> kp1*sti/ks1, stts -> kp1*sti/ks2}
s22diffa = s22diff /. {ctr -> cti, str -> sti, stt -> kp1*sti/kp2,

strs -> kp1*sti/ks1, stts -> kp1*sti/ks2}
u1diffa = u1diff /. {ctr -> cti, str -> sti, stt -> kp1*sti/kp2,

strs -> kp1*sti/ks1, stts -> kp1*sti/ks2}
u2diffa = u2diff /. {ctr -> cti, str -> sti, stt -> kp1*sti/kp2,

strs -> kp1*sti/ks1, stts -> kp1*sti/ks2}
s12diffb := s12diffa /. {kp1 ->omega/cp1, kp2 ->omega/cp2, ks1->omega/cs1,

ks2->omega/cs2, mu1->cs1ˆ2 rho1, mu2->cs2ˆ2 rho2,
lambda1->rho1 cp1ˆ2 - 2 mu1, lambda2->rho2 cp2ˆ2 - 2 mu2}

s22diffb := s22diffa /. {kp1 ->omega/cp1, kp2 ->omega/cp2, ks1->omega/cs1,
ks2->omega/cs2, mu1->cs1ˆ2 rho1, mu2->cs2ˆ2 rho2,
lambda1->rho1 cp1ˆ2 - 2 mu1, lambda2->rho2 cp2ˆ2 - 2 mu2}

u1diffb := u1diffa /. {kp1 ->omega/cp1, kp2 ->omega/cp2, ks1->omega/cs1,
ks2->omega/cs2, mu1->cs1ˆ2 rho1, mu2->cs2ˆ2 rho2,
lambda1->rho1 cp1ˆ2 - 2 mu1, lambda2->rho2 cp2ˆ2 - 2 mu2}

u2diffb := u2diffa /. {kp1 ->omega/cp1, kp2 ->omega/cp2, ks1->omega/cs1,
ks2->omega/cs2, mu1->cs1ˆ2 rho1, mu2->cs2ˆ2 rho2,
lambda1->rho1 cp1ˆ2 - 2 mu1, lambda2->rho2 cp2ˆ2 - 2 mu2}

s12diffc = s12diffb /. {sti -> alpha*cp1, strs -> alpha*cs1, stt -> alpha*cp2,
stts -> alpha*cs2, cti -> rho1*cp1/Zp1, ctt -> rho2*cp2/Zp2,
ctrs -> rho1*cs1/Zs1, ctts -> rho2*cs2/Zs2}

s22diffc = s22diffb /. { sti -> alpha*cp1, strs -> alpha*cs1, stt -> alpha*cp2,
stts -> alpha*cs2, cti -> rho1*cp1/Zp1, ctt -> rho2*cp2/Zp2,
ctrs -> rho1*cs1/Zs1, ctts -> rho2*cs2/Zs2}

u1diffc = u1diffb /. {sti -> alpha*cp1, strs -> alpha*cs1, stt -> alpha*cp2,
stts -> alpha*cs2, cti -> rho1*cp1/Zp1, ctt -> rho2*cp2/Zp2,
ctrs -> rho1*cs1/Zs1, ctts -> rho2*cs2/Zs2}

u2diffc = u2diffb /. {sti -> alpha*cp1, strs -> alpha*cs1, stt -> alpha*cp2,
stts -> alpha*cs2, cti -> rho1*cp1/Zp1, ctt -> rho2*cp2/Zp2,
ctrs -> rho1*cs1/Zs1, ctts -> rho2*cs2/Zs2}

s12diffd := -s12diffc /. {mu1->cs1ˆ2 rho1, mu2->cs2ˆ2 rho2}
s22diffd := -s22diffc /. {mu1->cs1ˆ2 rho1, mu2->cs2ˆ2 rho2}
u1diffd := -u1diffc /. {mu1->cs1ˆ2 rho1, mu2->cs2ˆ2 rho2}
u2diffd := -u2diffc /. {mu1->cs1ˆ2 rho1, mu2->cs2ˆ2 rho2}
s12diffe = Collect[FullSimplify[s12diffd*(Zp1*Zp2*Zs1ˆ2*Zs2ˆ2/omegaˆ2)],

{Rp, Rs, Tp, Ts}, Simplify]
s22diffe = Collect[FullSimplify[s22diffd*(Zp1ˆ2*Zp2ˆ2*Zs1*Zs2/omegaˆ2)],

{Rp, Rs, Tp, Ts}, Simplify]
u1diffe = Collect[FullSimplify[u1diffd*(Zs1*Zs2/(I*omega))],

{Rp, Rs, Tp, Ts}, Simplify]
u2diffe = Collect[FullSimplify[u2diffd*(Zp1*Zp2/(I*omega))],

{Rp, Rs, Tp, Ts}, Simplify]
Out[5]= Eˆ(I kp1 (sti x1-cti x2)) Phi
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Out[6]= Eˆ(I kp1 (str x1+ctr x2)) Phi Rp
Out[7]= Eˆ(I kp2 (stt x1-ctt x2)) Phi Tp
Out[8]= Eˆ(I ks1 (strs x1+ctrs x2)) Phi Rs
Out[9]= Eˆ(I ks2 (stts x1-ctts x2)) Phi Ts
Out[32]= -2 cti kp1ˆ2 mu1 sti+2 ctr Eˆ(-I kp1 sti x1+I kp1 str x1) kp1ˆ2 mu1 Rp str

+Eˆ(-I kp1 sti x1) Rs (ctrsˆ2 Eˆ(I ks1 strs x1) ks1ˆ2 mu1
-Eˆ(I ks1 strs x1) ks1ˆ2 mu1 strsˆ2)
+2 ctt Eˆ(-I kp1 sti x1+I kp2 stt x1) kp2ˆ2 mu2 stt Tp
+Eˆ(-I kp1 sti x1+I ks2 stts x1) ks2ˆ2 mu2 (-cttsˆ2+sttsˆ2) Ts

Out[35]= kp1ˆ2 (ctiˆ2 (lambda1+2 mu1)+lambda1 stiˆ2)+
Eˆ(-I kp1 sti x1+I kp1 str x1) kp1ˆ2 Rp (ctrˆ2 (lambda1+2 mu1)+lambda1 strˆ2)
-2 ctrs Eˆ(-I kp1 sti x1+I ks1 strs x1) ks1ˆ2 mu1 Rs strs
-Eˆ(-I kp1 sti x1+I kp2 stt x1) kp2ˆ2 (cttˆ2 (lambda2+2 mu2)+lambda2 sttˆ2) Tp
-2 ctts Eˆ(-I kp1 sti x1+I ks2 stts x1) ks2ˆ2 mu2 stts Ts

Out[38]= -I ctrs Eˆ(-I kp1 sti x1+I ks1 strs x1) ks1 Rs
-I kp1 sti-I Eˆ(-I kp1 sti x1+I kp1 str x1) kp1 Rp str
+I Eˆ(-I kp1 sti x1+I kp2 stt x1) kp2 stt Tp
-I ctts Eˆ(-I kp1 sti x1+I ks2 stts x1) ks2 Ts

Out[41]= I cti kp1-I ctr Eˆ(-I kp1 sti x1+I kp1 str x1) kp1 Rp
+I Eˆ(-I kp1 sti x1+I ks1 strs x1) ks1 Rs strs
-I ctt Eˆ(-I kp1 sti x1+I kp2 stt x1) kp2 Tp
-I Eˆ(-I kp1 sti x1+I ks2 stts x1) ks2 stts Ts

Out[42]= -2 cti kp1ˆ2 mu1 sti+2 cti kp1ˆ2 mu1 Rp sti
+Eˆ(-I kp1 sti x1) Rs (ctrsˆ2 Eˆ(I kp1 sti x1) ks1ˆ2 mu1
-Eˆ(I kp1 sti x1) kp1ˆ2 mu1 stiˆ2)
+2 ctt kp1 kp2 mu2 sti Tp+ks2ˆ2 mu2 (-cttsˆ2+(kp1ˆ2 stiˆ2)/ks2ˆ2) Ts

Out[43]= -2 ctrs kp1 ks1 mu1 Rs sti+kp1ˆ2 (ctiˆ2 (lambda1+2 mu1)+lambda1 stiˆ2)
+kp1ˆ2 Rp (ctiˆ2 (lambda1+2 mu1)+lambda1 stiˆ2)
-kp2ˆ2 (cttˆ2 (lambda2+2 mu2)+(kp1ˆ2 lambda2 stiˆ2)/kp2ˆ2) Tp
-2 ctts kp1 ks2 mu2 sti Ts

Out[44]= -I ctrs ks1 Rs-I kp1 sti-I kp1 Rp sti+I kp1 sti Tp-I ctts ks2 Ts
Out[45]= I cti kp1-I cti kp1 Rp+I kp1 Rs sti-I ctt kp2 Tp-I kp1 sti Ts
Out[50]= -((2 alpha cs1ˆ2 omegaˆ2 rho1ˆ2)/Zp1)+(2 alpha cs1ˆ2 omegaˆ2 rho1ˆ2 Rp)/Zp1

+(2 alpha cs2ˆ2 omegaˆ2 rho2ˆ2 Tp)/Zp2
+Eˆ(-I alpha omega x1) Rs (-alphaˆ2 cs1ˆ2 Eˆ(I alpha omega x1) omegaˆ2 rho1
+(cs1ˆ2 Eˆ(I alpha omega x1) omegaˆ2 rho1ˆ3)/Zs1ˆ2)
+omegaˆ2 rho2 Ts (alphaˆ2 cs2ˆ2-(cs2ˆ2 rho2ˆ2)/Zs2ˆ2)

Out[51]= (omegaˆ2 (alphaˆ2 cp1ˆ2 (-2 mu1+cp1ˆ2 rho1)
+(cp1ˆ2 rho1ˆ2 (-2 mu1+cp1ˆ2 rho1+2 cs1ˆ2 rho1))/Zp1ˆ2))/cp1ˆ2
+(1/(cp1ˆ2))omegaˆ2 Rp (alphaˆ2 cp1ˆ2 (-2 mu1+cp1ˆ2 rho1)
+(cp1ˆ2 rho1ˆ2 (-2 mu1+cp1ˆ2 rho1+2 cs1ˆ2 rho1))/Zp1ˆ2)
-(1/(cp2ˆ2))omegaˆ2 Tp (alphaˆ2 cp2ˆ2 (-2 mu2+cp2ˆ2 rho2)
+(cp2ˆ2 rho2ˆ2 (-2 mu2+cp2ˆ2 rho2+2 cs2ˆ2 rho2))/Zp2ˆ2)
-(2 alpha cs1ˆ2 omegaˆ2 rho1ˆ2 Rs)/Zs1-(2 alpha cs2ˆ2 omegaˆ2 rho2ˆ2 Ts)/Zs2

Out[52]= -I alpha omega-I alpha omega Rp+I alpha omega Tp
-(I omega rho1 Rs)/Zs1-(I omega rho2 Ts)/Zs2

Out[53]= I alpha omega Rs-I alpha omega Ts+(I omega rho1)/Zp1
-(I omega rho1 Rp)/Zp1-(I omega rho2 Tp)/Zp2

Out[58]= -2 alpha cs2ˆ2 rho2ˆ2 Tp Zp1 Zs1ˆ2 Zs2ˆ2
+2 alpha cs1ˆ2 rho1ˆ2 Zp2 Zs1ˆ2 Zs2ˆ2-2 alpha cs1ˆ2 rho1ˆ2 Rp Zp2 Zs1ˆ2 Zs2ˆ2
+cs1ˆ2 rho1 Rs Zp1 Zp2 (-rho1ˆ2+alphaˆ2 Zs1ˆ2) Zs2ˆ2
+cs2ˆ2 rho2 Ts Zp1 Zp2 Zs1ˆ2 (rho2ˆ2-alphaˆ2 Zs2ˆ2)

Out[59]= 2 alpha cs2ˆ2 rho2ˆ2 Ts Zp1ˆ2 Zp2ˆ2 Zs1
+2 alpha cs1ˆ2 rho1ˆ2 Rs Zp1ˆ2 Zp2ˆ2 Zs2
+rho1 (2 alphaˆ2 cs1ˆ2 Zp1ˆ2-cp1ˆ2 (rho1ˆ2+alphaˆ2 Zp1ˆ2)) Zp2ˆ2 Zs1 Zs2
+rho1 Rp (2 alphaˆ2 cs1ˆ2 Zp1ˆ2-cp1ˆ2 (rho1ˆ2+alphaˆ2 Zp1ˆ2)) Zp2ˆ2 Zs1 Zs2
+rho2 Tp Zp1ˆ2 (cp2ˆ2 rho2ˆ2+alphaˆ2 (cp2ˆ2-2 cs2ˆ2) Zp2ˆ2) Zs1 Zs2

Out[60]= rho2 Ts Zs1+rho1 Rs Zs2+alpha Zs1 Zs2+alpha Rp Zs1 Zs2-alpha Tp Zs1 Zs2
Out[61]= rho2 Tp Zp1-rho1 Zp2+rho1 Rp Zp2-alpha Rs Zp1 Zp2+alpha Ts Zp1 Zp2

Plots of the magnitude and phase for the reflection and transmission coefficients are given below.
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Problem 2.4 Consider a plane acoustic wave propagating from kerosene into water (at room temperature).
Kerosene has a density of 820 kg/m3 and a sound speed of 1320 m/s while water has a density of 1000
kg/m3 and s sound speed of 1500 m/s. Plot the magnitude and phase of the reflection coefficient (R) as a
function of the angle of incidence. Is there any angle at which the entire energy of the wave is transmitted
through the interface? At what angle does total internal reflection occur (i.e., the transmission coefficient
becomes zero)? What happens as the angle of incidence is increased beyond the angle at which total
internal reflection first occurs?

Now consider the case where the materials absorb a small fraction of the energy of the acoustic wave. In
that case we can add a damping factor (α) to the refractive index n, i.e, n→ n(1+ iα). Plot the magnitude
and phase and a function of incidence angle for α = 0.01. Is there total internal reflection in this situation?

Solution 2.4: See the plot below (the phases have been multiplied by -1).
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There is no angle at which there is no reflection. Total internal reflection occurs at approximately 62◦. At
incidence angles greater than 62◦ R = 1 but the phase of the reflected wave changes. There is no total
internal reflection for absorbing media and there is a phase lag between incident and reflected waves.
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Problem 2.5 We have defined the refractive index for acoustic waves propagating from a medium with phase
velocity c1 into a medium with phase velocity c2 as n = c1/c2. If we choose a reference medium, e.g.,
air with a sound speed of c0, the we can have an alternative definition of the refractive indexes n1 and n2

of the two media given by n1 = c0/c1 and n2 = c0/c2 in which case n = n2/n1. We have mentioned
earlier that waves cannot propagate in the medium if the phase velocity is imaginary. How then can waves
propagate in a medium with a complex refractive index?

Solution 2.5: The phase velocity is related to the wave number (k = ‖k‖) by k = ω/c. Therefore, for a medium
with phase velocity c1, we have k = ω/c1 = ωn1/c0. So we can write a plane wave solution in the form

p = p0e
i(ωn1x/c0−ωt) . (2.31)

If n1 = n1(1 + iα) we have

p = p0e
i[ωn1(1+iα)x/c0−ωt] = p0e

i[ωn1x/c0−ωt]−ωn1αx/c0 (2.32)

or
p = p0e

−ωn1αx/c0ei(ωn1x/c0−ωt) . (2.33)

Hence the phase speed remains real and only the amplitude decreases because of the imaginary part of the
refractive index.
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Problem 2.6 Maxwell’s equations for an isotropic material at fixed frequency may be expressed as

∇× E = iωµH ; ∇ ·H = 0 ; ∇ · E = 0 . (2.34)

Show that for a plane wave electric field E(x) = E0 exp(ik · x) the wavenumber vector is perpendicular to
the fields, i.e., k · E0 = 0. Then show that this implies that the magnetic field is also a plane wave of the
form H(x) = H0 exp(ik · x) where

H0 = −
1

ωµ
(k× E0) and k ·H0 = 0 . (2.35)

Recall also that for fixed frequency

∇2H +
ω2

c2
H = 0 . (2.36)

Show that the above equation implies that for a plane wave

(‖k‖)2 =
ω2

c2
. (2.37)

Solution 2.6: It is convenient to work out this exercise in rectangular Cartesian coordinates.

First, from the relation ∇ · E = 0 we have

∇ · E =
∂

∂xr

(
E0re

ikmxm
)

= iE0rkmδmre
ik·x = iE0rkre

ik·x (2.38)

or,
∇ · E = i(k · E0)eik cot x = 0 . (2.39)

Therefore,
k · E0 = 0 . � (2.40)

Recall that for a vector field v(x)
∇× v = epqrvr,qep . (2.41)

So we have

∇× E = epqrEr,qep = epqrE0r

∂

∂xq

(
eikmxm

)
ep = iepqrE0rkmδmqe

ik·xep = i(epqrkqE0rep)eik·x

(2.42)
or

∇× E = (k× E0)eik·x = iωµH . (2.43)

Hence,

H = −
i

ωµ
(k× E0)eik·x = H0e

ik·x (2.44)

where

H0 :=
1

iωµ
(k× E0) . (2.45)

Hence the magnetic field also has the form of a plane wave. This field has to satisfy the relation ∇ ·H = 0,
i.e,

∇ ·H =
∂

∂xr

(
H0re

ikmxm
)

= iH0rkmδmre
ik·x = iH0rkre

ik·x = i(k ·H0)ek·x = 0 . (2.46)

Therefore,
k ·H0 = 0 . � (2.47)
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The Laplacian of the magnetic field is

∇2H = Hi,jjei =
∂2Hi

∂xj∂xj
ei

=
∂

∂xj

[
∂

∂xj

(
H0i e

ikmxm
)]

ei =
∂

∂xj

[
iH0ikmδmje

ikmxm
]

ei =
∂

∂xj

[
iH0ikje

ikmxm
]

ei

= −H0ikjkmδmje
ikmxmei = −H0ikjkje

ikmxmei = −(k · k)H0e
ik·x .

(2.48)
Therefore

∇2H +
ω2

c2
H = −(k · k)H0e

ik·x +
ω2

c2
H0e

ik·x = 0 (2.49)

which implies that

k · k = (‖k‖)2 =
ω2

c2
. � (2.50)
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Problem 2.7 Express Fresnel’s equations for perpendicular incidence in terms of electromagnetic impedances
and then calculate the reflection and transmission coefficients for a medium that is impedance matched
with a silicone rubber dielectric material.

Solution 2.7: Fresnel’s equations, for a E wave polarized perpendicular to the plane of incidence, are

R =

n1

µ1
cos θi − n2

µ2
cos θt

n1

µ1
cos θi + n2

µ2
cos θt

(2.51)

and

T =
2n1

µ1
cos θi

n1

µ1
cos θi + n2

µ2
cos θt

. (2.52)

For the situation where the incident E wave is polarized perpendicular to the plane of incidence, the elec-
trical impedance is defined as

Zi =
1

cos θi

√
µi
εi

=
c0µi

ni cos θi
. (2.53)

Since the polarization does not change when we move from medium 1 to medium 2 or vice versa, we can
write

Z1 =
c0µ1

n1 cos θi
and Z2 =

c0µ2

n2 cos θt
. (2.54)

Plugging these into the expressions for R and T gives us

R =
Z2 − Z1

Z2 + Z1
and T =

2Z2

Z2 + Z1
� (2.55)

Let us assume that medium 2 is a silicone rubber. We want to find a medium 1 that is impedance matched
with medium 2, i.e., Z1 = Z2, R = 0, and T = 1. Then we must find a medium that satisfies

µ1

n1 cos θi
=

µ2

n2 cos θt
. (2.56)

From Snell’s law,

sin θt =
n1

n2
sin θi =⇒ cos θt =

1

n2

√
n2

2 − n2
1 sin2 θi . (2.57)

Plugging the first form of Snell’s law into (2.56) gives us

tan θt
tan θi

=
µ1

µ2
. (2.58)

Since θi = θt in impedance-matched media, we must have µ1 = µ2. If we plug the second form of Snell’s
law into (2.56) and rearrange, we have

n2
2

µ2
2

=
n2

1

µ2
2

sin2 θi +
n2

1

µ2
1

cos2 θi . (2.59)

Since impedance matching requires that µ1 = µ2, we must have n1 = n2 (for ordinary materials) and
therefore ε1 = ε2. Therefore, we will have to find a material that has exactly the same electrical properties
as silicone rubber for impedance matching.

35



An Introduction to Metamaterials and Waves in Composites: Solutions Manual

Problem 2.8 Consider a slab of material in an impedance tube. The bulk modulus and density of air on both
sides of the slab are 1.42×105 Pa and 1.20 kg/m3, respectively. The Young’s modulus (E), Poisson’s ratio
(ν), and density (ρ) of aluminum are 70 GPa, 0.33, and 2700 kg/m3, respectively. Assume that the phase
velocity in aluminum can be obtained from the relation c =

√
κ/ρ where κ = E/(3(1− 2ν)) is the bulk

modulus.

1. The transmission loss due to the slab is calculated using the relation

TL (dB) = 10 log10

(
1

T 2

)
(2.60)

where T is the transmission coefficient. Plot the transmission loss for a 10 cm thick aluminum
slab. Compare the transmission loss due to the solid slab with that for a similar slab made of alu-
minum foam with an aluminum volume fraction (f ) of 10%. Assume that the effective foam den-
sity is given by ρeff = fρ1 + (1 − f)ρ2 and that the effective foam Young’s modulus is given by
Eeff = E(ρeff/rho)

2. The Poisson’s ratio of the foam is 0.33. What does the imaginary part of the
transmission coefficient indicate? What is the effect of slab density on the transmission loss?

2. Next plot the transmission losses for aluminum and aluminum slabs for a fixed frequency as a function
of slab thickness. Assume a frequency of 100 Hz and keep in mind that ω has units of radians/s and
not cycles/s. Such a plot is called a mass law plot in acoustics. What would the mass law effect be if
ρeff were a function of frequency and the system had a resonance frequency of 100 Hz?

Solution 2.8: 1) Assume normal incidence. The quantities that we need to calculate the transmission coefficient
for the foam are E = 0.7 GPa, ρ = 271 kg/m3. The transmission loss plots is below.
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A plot of the phase of the transmission loss is shown below.
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2) For a frequency of ω = (2π)(100) radians/s the transmission loss plot is as shown in the plot below.
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Problem 2.9 Show that the transmission coefficient for an slab with incident TE-waves can be expressed as

T13 =
T12T23 e

ikz2(d2−d1)

1−R21R23 e2ikz2(d2−d1)
. (2.61)

Also verify that the series expansion of the above equation is

T13 = T12T23 e
iθ + T12T23R21R23 e

3iθ + T12T23R
2
21R

2
23 e

5iθ + . . . . (2.62)

Solution 2.9: The process of finding the transmission coefficient is identical to that used to find the generalized
reflection coefficient.

As before, we superpose solutions of the form

Ey(Z) = E0 exp(±ikzZ) (2.63)

where Z = 0 at the interface. To make sure that the above form can be used in all the layers, we will
express all equations in a single coordinate system with z = −d1 at interface 1 − 2 and z = −d2 at
interface 2− 3.

In medium 1, the electric field consists of a incident part and a reflected part,

Ey1(Z) = Ei + Er = E0 exp(−ikz1Z) + R̃12E0 exp(ikz1Z)

= E0 exp(−ikz1Z)
[
1 + R̃12 exp(2ikz1Z)

] (2.64)

where R̃23 is the generalized reflection coefficient at the interface 1 − 2. Let us now change the variable
so that interface 1 − 2 with Z = 0 is at z = −d1, i.e, we set Z = z + d1. Then we can write the above
equation as

Ey1(z) = E0 exp[−ikz1(z + d1)]
[
1 + R̃12 exp[2ikz1(z + d1)]

]
= E0 exp(−ikz1d1)

[
exp(−ikz1z) + R̃12 exp[ikz1(z + 2d1)]

]
= A1

[
exp(−ikz1z) + R̃12 exp[ikz1(z + 2d1)]

] (2.65)

where A1 := E0 exp(−ikz1d1). Similarly, in medium 2, we have

Ey2(Z) = Ei + Er = A exp(−ikz2Z) + R̃23A exp(ikz2Z) (2.66)

whereA is the amplitude of the incident wave in medium 2 and R̃23 is the generalized reflection coefficient
at interface 2− 3. A change of variables, Z = z + d2, gives us

Ey2(z) = A exp[−ikz2(z + d2)] + R̃23A exp[ikz2(z + d2)]

= A exp(−ikz2d2)
[
exp(−ikz2z) + R̃23 exp[ikz2(z + 2d2)]

]
= A2

[
exp(−ikz2z) + R̃23 exp[ikz2(z + 2d2)]

] (2.67)

where A2 := A exp(−ikz2d2). There is no reflected wave in medium 3 and we have

Ey3(Z) = Ei = B exp(−ikz3Z) (2.68)

where B is the amplitude of the transmitted wave in medium 3. With a change of variables Z = z+ d2 we
have

Ey3(z) = B exp[−ikz3(z + d2)] = A3 exp(−ikz3z) (2.69)

where A3 := B exp(−ikz3d2).
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The electric field in the three layers, expressed in a single coordinate system with z = −d1 at interface
1− 2 and z = −d2 at interface 2− 3, are therefore

Ey1(z) = A1

[
exp(−ikz1z) + R̃12 exp[ikz1(z + 2d1)]

]
Ey2(z) = A2

[
exp(−ikz2z) + R̃23 exp[ikz2(z + 2d2)]

]
Ey3(z) = A3 exp(−ikz3z) .

(2.70)

Let us now examine the fields above and below interface 1− 2 at z = −d1. From the above equations we
have

Ey1(−d1) = A1

[
exp(ikz1d1) + R̃12 exp[ikz1d1]

]
Ey2(−d1) = A2

[
exp(ikz2d1) + R̃23 exp[ikz2(−d1 + 2d2)]

]
.

(2.71)

Similarly, at interface 2− 3, we have

Ey2(−d2) = A2

[
exp(ikz2d2) + R̃23 exp[ikz2d2]

]
Ey3(−d2) = A3 exp(ikz3d2) .

(2.72)

Consider medium 2 below interface 1− 2. Then the transmitted wave from medium 1 has the form

Et = T12A1 exp(ikz1d1) (2.73)

where T12 is the transmission coefficient going from medium 1 to medium 2. The reflected wave from
interface 2 − 3 is also reflected at interface 1 − 2 and adds to the transmitted wave from medium 1 to
medium 2. This reflected wave has the form

Er = R21A2R̃23 exp[ikz2(−d1 + 2d2)] (2.74)

where R21 is the reflection coefficient going from medium 2 to medium 1. These two waves sum to the
downgoing wave in medium 2,

Et + Er = Ei = A2 exp(ikz2d1) . (2.75)

Plugging in the expressions for Et and Er,

A2 exp(ikz2d1) = T12A1 exp(ikz1d1) +R21A2R̃23 exp[ikz2(−d1 + 2d2)] (2.76)

or
A2 = T12A1 exp[i(kz1 − kz2)d1] +R21A2R̃23 exp[2ikz2(−d1 + d2)] (2.77)

or
A2

A1
=

T12 exp[i(kz1 − kz2)d1]

1−R21R̃23 exp[2ikz2(d2 − d1)]
. (2.78)

Now consider the transmitted wave going from medium 1 to medium 3. In medium 1, the downgoing wave
at interface 1− 2 is,

Ei = A1 exp(ikz1d1) . (2.79)

In medium 3, the downgoing wave at interface 2− 3 is

Et = A3 exp(ikz3d2) . (2.80)

If T13 is the transmission coefficient for waves going from medium 1 to medium 3, we have

Et = T13Ei =⇒ A3 exp(ikz3d2) = T13A1 exp(ikz1d1) . (2.81)
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Therefore,
A3

A1
= T13 exp(ikz1d1 − ikz3d2) . (2.82)

Similarly, if we consider only the downgoing wave is from medium 2 to medium 3, we have

Ei = A2 exp(ikz2d2) . (2.83)

If T23 is the transmission coefficient for waves going from medium 2 to medium 3, we have

Et = T23Ei =⇒ A3 exp(ikz3d2) = T23A2 exp(ikz2d2) . (2.84)

Therefore,

T23
A2

A3
= exp(−ikz2d2 + ikz3d2) . (2.85)

Multiply (2.82) and (2.85) to get

T23
A2

A1
= T13 exp(ikz1d1 − ikz2d2) . (2.86)

Substitute (2.78) to get

T13 exp(ikz1d1 − ikz2d2) =
T23T12 exp[i(kz1 − kz2)d1]

1−R21R̃23 exp[2ikz2(d2 − d1)]
(2.87)

or,

T13 =
T23T12 exp[ikz2(d2 − d1)]

1−R21R̃23 exp[2ikz2(d2 − d1)]
� (2.88)

If we consider only one reflection at interface 2− 3, we have R̃23 = R23.

To expand in series, we observe that 0 ≤ 1−R21R23 exp[2ikz2(d2 − d1)] < 1 and recall that

1

1− f

∣∣∣
f=a

=
1

1− a

∞∑
n=0

(
f − a
1− a

)n
. (2.89)

If we expand around f = 0, we have

1

1− f

∣∣∣
f=0

= 1 + f + f2 + f3 + . . . (2.90)

If f = R21R23 exp[2ikz2(d2 − d1)] = R21R23 exp(2iθ), we can write (2.88) as

T13 = T23T12 exp(iθ)
[
1 +R21R23 exp(2iθ) +R2

21R
2
23 exp(4iθ) + . . .

]
. (2.91)

Expanded out,

T13 = T23T12 exp(iθ) + T23T12R21R23 exp(3iθ) + T23T12R
2
21R

2
23 exp(5iθ) + . . . � (2.92)
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Solutions for Exercises in Chapter 3

Problem 3.1 The acoustic potential satisfies Helmholtz equation

∇2ϕ+ k2ϕ = 0 (3.1)

Show that for the problem of the acoustic spherical lens the solutions of this equation for outgoing waves
can be expressed in the form

ϕ =

∞∑
n=0

Anhn(kr)Pn(cos θ) (3.2)

and those for incoming waves can be expressed in the form

ϕ =

∞∑
n=0

Bnjn(kr)Pn(cos θ) . (3.3)

Solution 3.1: Because of the symmetry in φ we can express the Helmholtz equation in in spherical coordinates
as

1

r2

∂

∂r

(
r2 ∂ϕ

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂ϕ

∂θ

)
+ k2ϕ = 0 (3.4)

We use separation of variables to solve this equation,

ϕ = R(r)T (θ) (3.5)

Plug this solution into the equation to get

1

r2

d

dr

(
r2 dR

dr

)
T +

1

r2 sin θ

d

dθ

(
sin θ

dT

dθ

)
R+ k2RT = 0 (3.6)

Divide by RT and multiply by r2 to get

1

R

d

dr

(
r2 dR

dr

)
+

1

T sin θ

d

dθ

(
sin θ

dT

dθ

)
+ k2r2 = 0 (3.7)

Therefore,
1

r2

d

dr

(
r2 dR

dr

)
+ k2R =

CR

r2

1

sin θ

d

dθ

(
sin θ

dT

dθ

)
= −CT

(3.8)
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Let us first solve the θ equation. Make the substitution η = cos θ, which means that dη = − sin θdθ and
sin θ =

√
1− η2. Then

d()

dθ
=
d()

dη

dη

dθ
= − sin θ

d()

dη
(3.9)

which leads to

−
d

dη

(
− sin2 θ

dT

dη

)
= −CT (3.10)

or
d

dη

[
(1− η2)

dT

dη

]
+ CT = 0 (3.11)

or,

(1− η2)
d2T

dη2
− 2η

dT

dη
+ CT = 0 . (3.12)

This equation has solutions for C = m(m+1) wherem = 0, 1, 2, 3, . . . and its solutions are the Legendre
functions, that is

T = Pm(cos θ) . (3.13)

For the radial the part of the equation we now have

d

dr

(
r2 dR

dr

)
+ k2r2R−m(m+ 1)R = 0 (3.14)

Let ρ = kr. Then dρ/dr = k and
d()

dr
=
d()

dρ

dρ

dr
= k

d()

dρ
(3.15)

which leads to

k
d

dρ

(
r2k

dR

dρ

)
+ k2r2R−m(m+ 1)R = 0 (3.16)

or

k2r2 d
2R

dρ2
+ 2rk

dR

dρ
+ k2r2R−m(m+ 1)R = 0 (3.17)

or
d2R

dρ2
+

2

ρ

dR

dρ
+ [ρ2R−m(m+ 1)]

R

ρ2
= 0 (3.18)

This is similar to Bessel’s equations and has solutions

R = 1/
√
ρJm+1/2(ρ) = jm(ρ) (3.19)

and
R = 1/

√
ρYm+1/2(ρ) = ym(ρ) (3.20)

Therefore, the solution of the problem of the form

ϕ =

∞∑
m=0

amjm(kr)Pm(cos θ) � (3.21)

is bounded at r = 0 and hence is suitable for the interior of the sphere.

For outgoing waves we are not concerned with boundedness at r = 0 and we recall that spherical waves
from a source have the form exp(ikr)/r. We know that h(1)

m = jm + iym has this behavior and hence the
solution suitable for outgoing waves is

ϕ =

∞∑
m=0

amhm(kr)Pm(cos θ) � (3.22)
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Problem 3.2 A classic problem in scattering is that of acoustic waves from an infinitely long fluid cylinder of
circular cross-section. Show that, for harmonic waves, the solutions of the governing equation∇2p+k2p =
0 have the form

p =

∞∑
n=0

An cos(nθ)

[
Jn(kr)

H
(1)
n (kr)

]
(3.23)

where Jn(z) is a Bessel function of the first kind and H(1)
n is a Hankel function of the first kind. Then

follow the standard procedure of matching boundary conditions at the surface of the cylinder to show for
an incident plane wave of unit amplitude pi = exp(ik1x) and a scattered wave given by

ps =

∞∑
n=0

Bn cos(nθ)H(1)
n (k1r) (3.24)

that coefficient Bn has the form

Bn = −
eni

n

1 + iCn
with Cn :=

Jn
′(k2a)Yn(k1a)

Jn(k2a)Jn
′(k1a)

− ξη
Yn
′(k1a)

Jn
′(k1a)

Jn
′(k2a)Jn(k1a)

Jn(k2a)Jn
′(k1a)

− ξη
(3.25)

where Yn(z) is a Bessel function of the second kind, ξ = ρ2/ρ1, and η = c2/c1.

Solution 3.2: Since the cylinder is infinitely long, we can ignore dependence on the z coordinate and express
the governing equation in cylindrical coordinates, (r, θ, z), as

∂2p

∂r2
+

1

r

∂p

∂r
+

1

r2

∂2p

∂θ2
+ k2p = 0 . (3.26)

Using separation of variables, p(r, θ) = R(r)T (θ), we get

r2

R

d2R

dr2
+
r

R

dR

dr
+ k2r2 = − 1

T

d2T

dθ2
= m2 . (3.27)

Solving
d2T

dθ2
+m2T = 0 (3.28)

gives us solutions of the form

T (θ) = C1 exp(imθ) + C2 exp(−imθ) . (3.29)

Periodicity in θ, i.e., the requirement that T (θ) = T (2π + θ), means that m is an integer. Since only the
real part of the pressure is of interest, we can write the solution as

T (θ) = Cm cos(mθ) . (3.30)

Also, the equation for R(r) is

r2 d
2R

dr2
+ r

dR

dr
+ (k2r2 −m2)R = 0 (3.31)

If we use a change of variables, x → kr, we have dR/dr = dR/dx dx/dr = k dR/dx and d2R/dr2 =
d/dr(dR/dr) = d/dx(dR/dr) dx/dr = k2d2R/dx2. Therefore we have

x2 d
2R

dx2
+ x

dR

dx
+ (x2 −m2)R = 0 with x = kr (3.32)
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which is Bessel’s equations with solutions of the form

R(r) = C3Jm(kr) + C4Ym(kr) . (3.33)

For the incident wave, we take only the regular part of the solution (which is not singular at r = 0), and
we have

Ri(r) = C3mJm(kr) . (3.34)

For the scattered wave, we also include the irregular part of the solution because it has the correct asymp-
totic behavior as r →∞, and we can write

Rs(r) = C4mH
(1)
m (kr) (3.35)

where H(1)
m is a Hankel function of the first kind. Therefore, a solution of the wave equation has the form

p(r, θ) = Am cos(mθ)

[
Jm(kr)

H
(1)
m (kr)

]
. (3.36)

To get the general solution, we superpose the solutions for particular values of m to get

p(r, θ) =

∞∑
m=0

Am cos(mθ)

[
Jm(kr)

H
(1)
m (kr)

]
� (3.37)

Now let us consider an incident plane wave of the form

pi(r, θ) = exp(ik1x) = exp(ik1r cos θ) =

∞∑
m=0

emi
m cos(mθ)Jm(k1r) (3.38)

where

em :=

{
1 for m = 0

2 for m > 0
. (3.39)

The scattered wave has the form

ps(r, θ) =

∞∑
m=0

Bm cos(mθ)H(1)
m (k1r) . (3.40)

The waves reflected and refracted inside the sphere have the form

pq(r, θ) =

∞∑
m=0

Dm cos(mθ)Jm(k2r) . (3.41)

Let the density and sound speed of the incident medium be (ρ1, c1) and that of the fluid cylinder be
(ρ2, c2). The boundary conditions at the surface of the cylinder, r = a, are the continuity of pressure, p,
and the radial component of the displacement, [u]r = 1/(ρω2)[∇p]r = (ρω2)∂p/∂r with ω = kc. Taking
derivatives with respect to r of (3.38), (3.40), and (3.41), we have

∂pi

∂r
= k1

∞∑
m=0

emi
m cos(mθ)J

′

m(k1r)

∂ps

∂r
= k1

∞∑
m=0

Bm cos(mθ)
[
J

′

m(k1r) + iY
′

m(k1r)
]

∂pq

∂r
= k2

∞∑
m=0

Dm cos(mθ)J
′

m(k2r) .

(3.42)
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At r = a,

pi(a, θ) =

∞∑
m=0

emi
m cos(mθ)Jm(k1a) , ps(a, θ) =

∞∑
m=0

Bm cos(mθ) [Jm(k1a) + iYm(k1a)]

pq(a, θ) =

∞∑
m=0

Dm cos(mθ)Jm(k2a) .

(3.43)

and

uri(a, θ) =
k1

ρ1ω2

∞∑
m=0

emi
m cos(mθ)J

′

m(k1a)

urs(a, θ) =
k1

ρ1ω2

∞∑
m=0

Bm cos(mθ)
[
J

′

m(k1a) + iY
′

m(k1a)
]

urq(a, θ) =
k2

ρ2ω2

∞∑
m=0

Dm cos(mθ)J
′

m(k2a) .

(3.44)

Superposing the solutions, using the boundary conditions at r = a, and equating terms we have

emi
m cos(mθ)Jm(k1a) +Bm cos(mθ) [Jm(k1a) + iYm(k1a)] = Dm cos(mθ)Jm(k2a)

emi
m cos(mθ)J

′

m(k1a) +Bm cos(mθ)
[
J

′

m(k1a) + iY
′

m(k1a)
]

=
ρ1k2

ρ2k1
Dm cos(mθ)J

′

m(k2a) .
(3.45)

Eliminating the dependence on θ and using ξ = ρ2/ρ1,η = c2/c1 = k1/k2 gives us

emi
mJm(k1a) +Bm [Jm(k1a) + iYm(k1a)] = DmJm(k2a)

emi
mJ

′

m(k1a) +Bm

[
J

′

m(k1a) + iY
′

m(k1a)
]

=
1

ξη
DmJ

′

m(k2a) .
(3.46)

Solving for Bm, we get

Bm = −
emi

m
[
−Jm(k1a)J

′

m(k2a) + Jm(k2a)J
′

m(k1a)ξη
]

−Jm(k1a)J ′
m(k2a) + Jm(k2a)J ′

m(k1a)ξη − iJ ′
m(k2a)Ym(k1a) + iJm(k2a)Y ′

m(k1a)ξη
(3.47)

or

Bm = −
emi

m

1 + i

[
− J ′

m(k2a)Ym(k1a) + Jm(k2a)Y
′

m(k1a)ξη

−Jm(k1a)J ′
m(k2a) + Jm(k2a)J ′

m(k1a)ξη

] = − emi
m

1 + iCm
� (3.48)

where

Cm :=
− J ′

m(k2a)Ym(k1a) + Jm(k2a)Y
′

m(k1a)ξη

−Jm(k1a)J ′
m(k2a) + Jm(k2a)J ′

m(k1a)ξη
. (3.49)

Divide the numerator and denominator by Jm(k2a)J
′

m(k1a) to get

Cm :=

J
′

m(k2a)Ym(k1a)

Jm(k2a)J ′
m(k1a)

−
Y

′

m(k1a)

J ′
m(k1a)

ξη

Jm(k1a)J
′

m(k2a)

Jm(k2a)J ′
m(k1a)

− ξη
� . (3.50)
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Problem 3.3 If a is the radius of the sphere and the wavelength of the incident plane wave is much larger than a
we have the condition ka � 1. Find the asymptotic solutions for the acoustic lens problem for this case.
What are the asymptotic solutions when ka� 1?

Solution 3.3: The scattered and internal pressure wave fields for a spherical acoustic lens are

ps = iωρ1

∞∑
n=0

in(2n+ 1)hn(k1r)Pn(cosφ)[ηjn(k1a)jn
′(k2a)− ξjn′(k1a)jn(k2a)]

ηhn(k1a)jn
′(k2a)− ξhn′(k1a)jn(k2a)

(3.51)

pq = −
ωρ2

k2
1a

2

∞∑
n=0

in(2n+ 1)jn(k2r)Pn(cosφ)

ηhn(k1a)jn
′(k2a)− ξhn′(k1a)jn(k2a)

(3.52)

where hn(kr) = jn(kr) + iyn(kr). For small arguments, ka� 1,

jn(ka)→ 2nn!

(2n+ 1)!
(ka)n =

(ka)n

(2n+ 1)!!

hn(ka)→ (i)−1 (2n)!

2nn!

1

(ka)n+1
= −i (2n− 1)!!

(ka)n+1
.

(3.53)

Therefore,

j
′

n(ka) = −jn+1(ka) +
n

ka
jn(ka)→ − (ka)n+1

(2n+ 3)!!
+
n(ka)n−1

(2n+ 1)!!

h
′

n(ka) = −hn+1(ka) +
n

ka
hn(ka)→ i

(2n+ 1)!!

(ka)n+2
− in (2n− 1)!!

(ka)n+2
.

(3.54)

We can now calculate the products,

jn(k1a)jn
′(k2a) =

(k1a)n

(2n+ 1)!!

[
− (k2a)n+1

(2n+ 3)!!
+
n(k2a)n−1

(2n+ 1)!!

]
jn
′(k1a)jn(k2a) =

[
− (k1a)n+1

(2n+ 3)!!
+
n(k1a)n−1

(2n+ 1)!!

]
(k2a)n

(2n+ 1)!!

hn(k1a)jn
′(k2a) = −i (2n− 1)!!

(k1a)n+1

[
− (k2a)n+1

(2n+ 3)!!
+
n(k2a)n−1

(2n+ 1)!!

]
hn
′(k1a)jn(k2a) =

[
i
(2n+ 1)!!

(k1a)n+2
− in (2n− 1)!!

(k1a)n+2

]
(k2a)n

(2n+ 1)!!

(3.55)

Therefore, using Mathematica, we can calculate the ratio needed to find the scattered field:

ηjn(k1a)jn
′(k2a)− ξjn′(k1a)jn(k2a)

ηhn(k1a)jn
′(k2a)− ξhn′(k1a)jn(k2a)

=

i(k1a)2n+1(2n+ 1)(2n+ 3)

[
k1k2a

2(ξk1 − ηk2)

(2n+ 1)!!(2n+ 3)!!
+

n(ηk1 − ξk2)

(2n+ 1)!!(2n+ 1)!!

]
ηk1k2

2a
2 − (2n+ 3)[nηk1 + (1 + n)ξk2]

(3.56)

We can verify that this ratio rapidly drops off as n increases. We therefore retain only the first term, n = 0,
and have

∞∑
i=0

ηjn(k1a)jn
′(k2a)− ξjn′(k1a)jn(k2a)

ηhn(k1a)jn
′(k2a)− ξhn′(k1a)jn(k2a)

≈
ik2

1a
3(ηk2 − ξk1)

ηk1k2a2 − 3ξ
. (3.57)

Using the definitions η = k2/k1 and ξ = ρ2/ρ1, the scattered field may then be written as

ps ≈ −ωρ1h0(k1r)P0(cosφ)
k1a

3(ρ1k
2
2 − ρ2k

2
1)

ρ1k2
2a

2 − 3ρ2
. (3.58)
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Now,

ω = k1c1 , h0(k1r) = − i

k1r
eik1r and P0(cosφ) = 1 . (3.59)

Hence,

ps ≈ −
ik1ρ1c1

4πr
(4πa2)eik1r

[
a(ρ2k

2
1 − ρ1k

2
2)

ρ1k2
2a

2 − 3ρ2

]
� (3.60)

Further simplification is possible, but the above result shows that the solution is equivalent to that for a
simple point source.

For the field inside the sphere, we calculate the quantity in the denominator after substituting for η and xi
to get

ηhn(k1a)jn
′(k2a)− ξhn′(k1a)jn(k2a) =

i(k1a)−2−n(k2a)n[ρ1k
2
2a

2 − (2n+ 3)(ρ2 + (ρ1 + ρ2)n)]

ρ1[3 + 4n(n+ 2)]
.

(3.61)
Compared to n = 0, the contribution of the inverse of this quantity is quite small an can be ignored.
Therefore we have

∞∑
i=0

1

ηhn(k1a)jn
′(k2a)− ξhn′(k1a)jn(k2a)

≈ 3iρ1k
2
1a

2

3ρ2 − ρ1k2
2a

2
(3.62)

and we can express the internal pressure field as

pq ≈ −ik2c2ρ2 j0(k2r)P0(cosφ)

[
3ρ1

3ρ2 − ρ1k2
2a

2

]
. (3.63)

Now,

j0(k2r) =
sin k2r

k2r
and P0(cosφ) = 1 . (3.64)

Hence,

pq ≈ −ik2c2ρ2
sin k2r

k2r

[
3ρ1

3ρ2 − ρ1k2
2a

2

]
� (3.65)

Once again, further simplification is possible.

For large arguments, ka� 1,

jn(ka) ≈ 1

ka
sin
(
ka− nπ

2

)
hn(ka) ≈ i−n−1 1

ka
exp(ika) = − i

ka
exp

[
i
(
ka− nπ

2

)]
.

(3.66)

Therefore, ignoring terms containing 1/(ka)2,

j
′

n(ka) = −jn+1(ka) +
n

ka
jn(ka) ≈ − 1

ka
sin

(
ka− (n+ 1)π

2

)
h

′

n(ka) = −hn+1(ka) +
n

ka
hn(ka) ≈ i

ka
exp

[
i

(
ka− (n+ 1)π

2

)]
.

(3.67)

The products that we need are,

ηjn(k1a)jn
′(k2a) = − η

k1k2a2
sin
(
k1a−

nπ

2

)
sin

(
k2a−

(n+ 1)π

2

)
ξjn
′(k1a)jn(k2a) = − ξ

k1k2a2
sin
(
k2a−

nπ

2

)
sin

(
k1a−

(n+ 1)π

2

)
ηhn(k1a)jn

′(k2a) =
iη

k1k2a2
exp

[
i
(
k1a−

nπ

2

)]
sin

(
k2a−

(n+ 1)π

2

)
ξhn

′(k1a)jn(k2a) =
iξ

k1k2a2
sin
(
k2a−

nπ

2

)
exp

[
i

(
k1a−

(n+ 1)π

2

)]
.

(3.68)
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Therefore,

ηjn(k1a)jn
′(k2a)− ξjn′(k1a)jn(k2a)

ηhn(k1a)jn
′(k2a)− ξhn′(k1a)jn(k2a)

=
ξ sin

(
k2a− nπ

2

)
sin
(
k1a− (n+1)π

2

)
− η sin

(
k1a− nπ

2

)
sin
(
k2a− (n+1)π

2

)
iη exp

[
i
(
k1a− nπ

2

)]
sin
(
k2a− (n+1)π

2

)
− iξ sin

(
k2a− nπ

2

)
exp

[
i
(
k1a− (n+1)π

2

)]
= −e[i(−k1a+nπ

2 )] η cos
(
k2a− nπ

2

)
sin
(
k1a− nπ

2

)
− ξ cos

(
k1a− nπ

2

)
sin
(
k2a− nπ

2

)
iη cos

(
k1a− nπ

2

)
+ ξ sin

(
k2a− nπ

2

) .

(3.69)
This series is divergent, but more can be said about the behavior of acoustic waves in this “geometrical
acoustics” limit. See Morse and Ingard, p. 340, p. 426.
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Problem 3.4 From the following equations

ps = iωρ1

∞∑
n=0

in(2n+ 1)hn(k1r)Pn(cosφ)[ηjn(k1a)jn
′(k2a)− ξjn′(k1a)jn(k2a)]

ηhn(k1a)jn
′(k2a)− ξhn′(k1a)jn(k2a)

pq = −
ωρ2

k2
1a

2

∞∑
n=0

in(2n+ 1)jn(k2r)Pn(cosφ)

ηhn(k1a)jn
′(k2a)− ξhn′(k1a)jn(k2a)

.

(3.70)

identify the conditions under which there can be resonance within the system. Plot the scattered pressure
as a function of the frequency when the sphere in the figure below is made of air.

κ
1

κ
2

ρ
2

ρ
1

x
3

x
1

x
2

k
r

φ

Solution 3.4: We can express the above equations in terms of the frequency ω by using the relations k1 = ω/c1
and k2 = ω/c2. Then we have

ps = iωρ1

∞∑
n=0

in(2n+ 1)hn(ωrc1 )Pn(cosφ)[ηjn(ωac1 )jn
′(ωac2 )− ξjn′(ωac1 )jn(ωac2 )]

ηhn(ωac1 )jn
′(ωac2 )− ξhn′(ωac1 )jn(ωac2 )

pq = −
ρ2c

2
1

ωa2

∞∑
n=0

in(2n+ 1)jn(ωrc2 )Pn(cosφ)

ηhn(ωac1 )jn
′(ωac2 )− ξhn′(ωac1 )jn(ωac2 )

.

(3.71)

Clearly, we will have resonances when

ηhn

(
ωa

c1

)
jn
′
(
ωa

c2

)
− ξhn′

(
ωa

c1

)
jn

(
ωa

c2

)
= 0 for n = 0 . . .∞ � (3.72)

For n = 0, the condition for resonance is

ρ1c1

(
sinc

ωa

c2
− cos

ωa

c2

)
− ρ2(c1 − iωa)sinc

ωa

c2
= 0 (3.73)

where sinc(x) = sin(πx)/(πx) is the sinc function. For ωa/c2 � 1, a series expansion around ωa/c2 = 0
gives

ρ1c1

(
ωa

c2

)2

− 3ρ2(c1 − iωa) = 0 (3.74)

which is a quadratic equation that can be solved for ω.
We can plot the scattered wave at r = 1.2a and φ = π/2 using Mathematica. A version of the script is
given below.

hn = SphericalHankelH1[n, x]
hnp = D[hn, x]
jn = SphericalBesselJ[n, x]
jnp = D[jn, x]

49



An Introduction to Metamaterials and Waves in Composites: Solutions Manual

hnc1 = hn /. (x -> omega a/c1)
hnpc1 = hnp /. (x -> omega a/c1)
jnc1 = jn /. (x -> omega a/c1)
jnpc1 = jnp /. (x -> omega a/c1)
jnc2 = jn /. (x -> omega a/c2)
jnpc2 = jnp /. (x -> omega a/c2
hnr = hn /. (x -> omega r /c1);
Pn = LegendreP[n, Cos[phi]];
tt1 = eta jnc1 jnpc2 - xi jnpc1 jnc2 /. {eta -> c1/c2,

xi -> rho2/rho1};
tt2 = eta hnc1 jnpc2 - xi hnpc1 jnc2 /. {eta -> c1/c2,

xi -> rho2/rho1};
val = Iˆn (2 n + 1) hnr Pn tt1/tt2;
ps = Sum[I omega rho1 val, {n, 0, 10}];
pswaterair = ps /. {c1 -> 1500, c2 -> 346, rho1 -> 1000, rho2 -> 1.18};
psairphi = pswaterair /. {phi -> Pi/2, r -> 1.2 a};
pssimple = psairphi /. {a -> 0.11};
Plot[Re[pssimple]/10ˆ6, {omega, 0, 1000},
PlotRange -> {{0, 1000}, {-0.01, 0.1}}, PlotStyle -> Thick,
PlotLabel -> Style["p_s(omega) (MPa)", FontSize -> 18]]

A plot of ps vs. ω is shown below.
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Problem 3.5 Consider a plane harmonic acoustic wave incident from a medium with bulk modulus κ1 and
density ρ1 upon a sphere with bulk modulus κ2 and density ρ2. Let the radius of the sphere be a. The
sphere is coated with a fluid layer of density ρ3 = ρ2, radius b, and a bulk modulus given by

b3

κ3
=
a3

κ1
+
b3 − a3

κ2
. (3.75)

Find the scattering cross-section of the coated sphere.

Solution 3.5: Let the incident pressure wave have unit amplitude. Then,

pi = exp(ik1r cosφ) =

∞∑
n=0

in(2n+ 1)jn(k1r)Pn(cosφ) . (3.76)

The scattered pressure field in medium 1 has the form

ps =

∞∑
n=0

in(2n+ 1)Anhn(k1r)Pn(cosφ) . (3.77)

Therefore the total field in medium 1 is p1 = pi+ps. The pressure field in the core medium 2 has the form

p2 =

∞∑
n=0

in(2n+ 1)Dnjn(k2r)Pn(cosφ) . (3.78)

The pressure field in the coating medium 3 has the form

p3 =

∞∑
n=0

in(2n+ 1) [Bnjn(k3r) + Cnyn(k3r)]Pn(cosφ) . (3.79)

The corresponding radial displacements are given by u = ρω2∂p/∂r. Hence,

u1 = ρ1ω
2
∞∑
n=0

in(2n+ 1)k1

[
j
′

n(k1r) +Anh
′

n(k1r)
]
Pn(cosφ)

u2 = ρ2ω
2
∞∑
n=0

in(2n+ 1)k2Dnj
′

n(k2r)Pn(cosφ)

u3 = ρ3ω
2
∞∑
n=0

in(2n+ 1)k3

[
Bnj

′

n(k3r) + Cny
′

n(k3r)
]
Pn(cosφ) .

(3.80)

The boundary conditions at r = a are p2 = p3 and u2 = u3. At r = b, p1 = p3, u1 = u3. Applying these
BCs we have, at r = a,

Dnjn(k2a) = Bnjn(k3a) + Cnyn(k3a)

ρ2k2Dnj
′

n(k2a) = ρ3k3

[
Bnj

′

n(k3a) + Cny
′

n(k3a)
] (3.81)

and at r = b,
jn(k1b) +Anhn(k1b) = Bnjn(k3b) + Cnyn(k3b)

ρ1k1

[
j
′

n(k1b) +Anh
′

n(k1b)
]

= ρ3k3

[
Bnj

′

n(k3b) + Cny
′

n(k3b)
]
.

(3.82)

Solving for An, Bn, Cn, and Dn gives

An = −
αn

∆n
, Bn =

βn

∆n
, Cn =

γn

∆n
Dn =

δn

∆n
(3.83)
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where the numerators are

αn = ξ1ξ2j
′

n(k1b)j
′

n(k2a) [jn(k3b)yn(k3a)− jn(k3a)yn(k3b)]

+ ξ1η2j
′

n(k1b)jn(k2a)
[
j
′

n(k3a)yn(k3b)− jn(k3b)y
′

n(k3a)
]

+ ξ2η1jn(k1b)j
′

n(k2a)
[
jn(k3a)y

′

n(k3b)− j
′

n(k3b)yn(k3a)
]

+ η1η2jn(k1b)jn(k2a)
[
j
′

n(k3b)y
′

n(k3a)− j
′

n(k3a)y
′

n(k3b)
]
,

βn =
iξ1

k2
1b

2

[
ξ2j

′

n(k2a)yn(k3a)− η2jn(k2a)y
′

n(k3a)
]
,

γn =
iξ1

k2
1b

2

[
η2jn(k2a)j

′

n(k3a)− ξ2j
′

n(k2a)jn(k3a)
]
,

δn = −
iξ1η2

k2
1k

2
3a

2b2
,

(3.84)

the denominator is

∆n = ξ1ξ2h
′

n(k1b)j
′

n(k2a) [jn(k3b)yn(k3a)− jn(k3a)yn(k3b)]

+ ξ1η2h
′

n(k1b)jn(k2a)
[
j
′

n(k3a)yn(k3b)− jn(k3b)y
′

n(k3a)
]

+ ξ2η1hn(k1b)j
′

n(k2a)
[
jn(k3a)y

′

n(k3b)− j
′

n(k3b)yn(k3a)
]

+ η1η2hn(k1b)jn(k2a)
[
j
′

n(k3b)y
′

n(k3a)− j
′

n(k3a)y
′

n(k3b)
]
,

(3.85)

and

ξ1 =
ρ1

ρ3
, ξ2 =

ρ2

ρ3
, η1 =

k3

k1
=
c1

c3
, η2 =

k3

k2
=
c2

c3
. (3.86)

If ρ3 = ρ2, we have ξ2 = 1. Also, since

b3

κ3
=
a3

κ1
+
b3 − a3

κ2
(3.87)

and

c3 =

√
κ3

ρ3
, c2 =

√
κ2

ρ2
, and c1 =

√
κ1

ρ1
=⇒

η1

η2
=

√
κ1ρ2

κ2ρ1
(3.88)

we have

η1 =
c1

c3
=

√
[b3κ1 + a3(κ2 − κ1)]

b3κ2

ρ2

ρ1
and η2 =

c2

c3
=

√
[b3κ1 + a3(κ2 − κ1)]

b3κ1
. (3.89)

Therefore,

ξ1ξ2 = ξ1 =
ρ1

ρ2
, ξ1η2 =

√
[b3κ1 + a3(κ2 − κ1)]

b3κ1

ρ2
1

ρ2
2

ξ2η1 = η1 =

√
[b3κ1 + a3(κ2 − κ1)]

b3κ2

ρ2

ρ1
, η1η2 =

[b3κ1 + a3(κ2 − κ1)]

b3

√
1

κ1κ2

ρ2

ρ1
.

(3.90)

Also,

k3 =
ω

c3
=
ω
√
ρ3√
κ3

; k2 =
ω

c2
=
ω
√
ρ2√
κ2

; k1 =
ω

c1
=
ω
√
ρ1√
κ1

. (3.91)
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In terms of media 1 and 2,

k3 = ω
√
ρ2

√
a3

b3κ1
+
b3 − a3

b3κ2
. (3.92)

The scattered wave therefore has the form

ps =

∞∑
n=0

in(2n+ 1)αnhn(k1r)Pn(cosφ)

∆n
(3.93)

where all quantities have been expressed in terms of ρ1, ρ2, κ1, κ2.

Following the approach discussed in the text, the scattering cross-section is given by

γcs =
4π

k2
1

∞∑
n=0

1

2n+ 1

∥∥∥∥∥ αn∆n

∥∥∥∥∥
2

. (3.94)

We can plot the scattering cross-section for particular choices of geometry and material properties. For
example, if a = 1 m, b = 1.2 m, ρ1 = 1.2 kg/m3, ρ2 = 1000 kg/m3, κ1 = 1.42× 105 Pa, κ2 = 2.2 GPa,
we get the cross-section as a function of frequency shown in the plot below.

Scattering cross section as a 
function of frequency

500 1000 1500 2000
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Problem 3.6 A vector displacement potential for shear waves can be expressed in terms of scalar Debye poten-
tials (Π, χ) as

ψ = ∇× (Πrer) + ∇× (∇× (χrer)) (3.95)

Express the displacement and stress components for an elastic material in terms of these potentials. What
are the forms of the potential that can be used to represent an incident plane SV-wave and a plane SH-wave?
What are the appropriate forms of the expansions for the scattered fields.

Solution 3.6: The Debye potentials are applicable to problems involving spherical symmetry. The displacement
field in an isotropic and linear elastic material can be expressed as

u = up + us = ∇ϕ+ ∇×ψ with ∇ ·ψ = 0 (3.96)

where ϕ ≡ ϕ(r, θ, φ) and ψ ≡ ψ(r, θ, φ). The elastic wave equation

(λ+ 2µ)∇(∇ · u)− µ∇× (∇× u) = −ω2ρu (3.97)

is satisfied if the potentials satisfy the Helmholtz equations

∇2ϕ+
ω2

c2p
ϕ = 0 , ∇2Π +

ω2

c2s
Π = 0 , ∇2χ+

ω2

c2s
χ = 0 (3.98)

where Π ≡ Π(r, θ, φ) and χ ≡ χ(r, θ, φ).

Let us find the components of the displacement field term by term. In spherical coordinates

∇× (Πrer) =
1

sinφ

∂Π

∂θ
eφ −

∂Π

∂φ
eθ and ∇× (χrer) =

1

sinφ

∂χ

∂θ
eφ −

∂χ

∂φ
eθ . (3.99)

Also,

∇×∇× (Πrer) = −1

r

(
1

sin2 φ

∂2Π

∂θ2
+ cotφ

∂Π

∂φ
+
∂2Π

∂φ2

)
er +

(
1

r

∂Π

∂φ
+

∂2Π

∂r∂φ

)
eφ

+
1

r sinφ

(
∂Π

∂θ
+ r

∂2Π

∂r∂θ

)
eθ

∇×∇× (χrer) = −1

r

(
1

sin2 φ

∂2χ

∂θ2
+ cotφ

∂χ

∂φ
+
∂2χ

∂φ2

)
er +

(
1

r

∂χ

∂φ
+

∂2χ

∂r∂φ

)
eφ

+
1

r sinφ

(
∂χ

∂θ
+ r

∂2χ

∂r∂θ

)
eθ ,

(3.100)

and

∇×∇×∇× (χrer) =

− 1

r2 sinφ

(
cotφ

∂2χ

∂θ∂φ
+

∂3χ

∂θ∂φ2
+

1

sin2 φ

∂3χ

∂θ3
+ 2r

∂2χ

∂r∂θ
+ r2 ∂3χ

∂r2∂θ

)
eφ

+
1

r2

[
cotφ

∂2χ

∂φ2
+
∂3χ

∂φ3
+

1

sin2 φ

(
−
∂χ

∂φ
− 2 cotφ

∂2χ

∂θ2
+

∂3χ

∂θ2∂φ

)
+ r

(
2
∂2χ

∂r∂φ
+ r

∂3χ

∂r2∂φ

)]
eθ .

(3.101)
Now,

up = ∇ϕ =
∂ϕ

∂r
er +

1

r

∂ϕ

∂φ
eφ +

1

r sinφ

∂ϕ

∂θ
eθ (3.102)
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and
us = ∇×ψ = ∇×∇× (Πrer) + ∇×∇× (∇× (χrer)) (3.103)

Plugging in the expressions for the two terms, we have

us = −1

r

(
1

sin2 φ

∂2Π

∂θ2
+ cotφ

∂Π

∂φ
+
∂2Π

∂φ2

)
er

+

[(
1

r

∂Π

∂φ
+

∂2Π

∂r∂φ

)
− 1

r2 sinφ

(
cotφ

∂2χ

∂θ∂φ
+

∂3χ

∂θ∂φ2
+

1

sin2 φ

∂3χ

∂θ3
+ 2r

∂2χ

∂r∂θ
+ r2 ∂3χ

∂r2∂θ

)]
eφ

+

{
1

r sinφ

(
∂Π

∂θ
+ r

∂2Π

∂r∂θ

)
+

1

r2

[
cotφ

∂2χ

∂φ2
+
∂3χ

∂φ3
+

1

sin2 φ

(
−
∂χ

∂φ
− 2 cotφ

∂2χ

∂θ2
+

∂3χ

∂θ2∂φ

)

+ r

(
2
∂2χ

∂r∂φ
+ r

∂3χ

∂r2∂φ

)]}
eθ .

(3.104)
Combining up and us to get u = urer + uφeφ + uθeθ, we have

ur =
∂ϕ

∂r
− 1

r

(
1

sin2 φ

∂2Π

∂θ2
+ cotφ

∂Π

∂φ
+
∂2Π

∂φ2

)

uφ =
1

r

∂ϕ

∂φ
+

(
1

r

∂Π

∂φ
+

∂2Π

∂r∂φ

)

− 1

r2 sinφ

∂

∂θ

(
1

sin2 φ

∂2χ

∂θ2
+ cotφ

∂χ

∂φ
+
∂2χ

∂φ2
+ 2r

∂χ

∂r
+ r2 ∂

2χ

∂r2

)

uθ =
1

r sinφ

∂ϕ

∂θ
+

1

r sinφ

(
∂Π

∂θ
+ r

∂2Π

∂r∂θ

)

+
1

r2

[
cotφ

∂2χ

∂φ2
+
∂3χ

∂φ3
+

1

sin2 φ

(
−
∂χ

∂φ
− 2 cotφ

∂2χ

∂θ2
+

∂3χ

∂θ2∂φ

)

+ r

(
2
∂2χ

∂r∂φ
+ r

∂3χ

∂r2∂φ

)]

(3.105)

We can simplify these further using the Helmholtz equations satisfied by the potentials. Thus,

∇2Π =
∂2Π

∂r2
+

2

r

∂Π

∂r
+

1

r2 sin2 φ

∂2Π

∂θ2
+

cotφ

r2

∂Π

∂φ
+

1

r2

∂2Π

∂φ2
= −ω

2

c2s
Π (3.106)

or

r

(
∂2Π

∂r2
+

2

r

∂Π

∂r

)
+
rω2

c2s
Π = −1

r

(
1

sin2 φ

∂2Π

∂θ2
+ cotφ

∂Π

∂φ
+
∂2Π

∂φ2

)
. (3.107)

Therefore we can express the radial displacement as

ur(r, θ, φ) =
∂ϕ

∂r
+

∂2

∂r2
(rΠ) +

ω2

c2s
(rΠ) � (3.108)

Similarly, using

1

sin2 φ

∂2χ

∂θ2
+ cotφ

∂χ

∂φ
+
∂2χ

∂φ2
= −r2

(
∂2χ

∂r2
+

2

r

∂χ

∂r

)
− r2ω2

c2s
χ (3.109)
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we have

uφ =
1

r

∂ϕ

∂φ
+

(
1

r

∂Π

∂φ
+

∂2Π

∂r∂φ

)

− 1

r2 sinφ

∂

∂θ

(
−r2 ∂

2χ

∂r2
− 2r

∂χ

∂r
− r2ω2

c2s
χ+ 2r

∂χ

∂r
+ r2 ∂

2χ

∂r2

) (3.110)

or

uφ =
1

r

∂ϕ

∂φ
+

1

r

∂Π

∂φ
+

∂2Π

∂r∂φ
+

1

sinφ

ω2

c2s

∂χ

∂θ
(3.111)

or

uφ =
1

r

∂

∂φ

[
ϕ+

∂

∂r
(rΠ)

]
+

1

sinφ

ω2

c2s

∂χ

∂θ
� (3.112)

For uθ, we reorganize the expression to get

uθ =
1

r sinφ

∂ϕ

∂θ
+

1

r sinφ

(
∂Π

∂θ
+ r

∂2Π

∂r∂θ

)

+
1

r2

[
∂

∂φ

(
1

sin2 φ

∂2χ

∂θ2
+ cotφ

∂χ

∂φ
+
∂2χ

∂φ2

)
+

2 cotφ

sin2 φ

∂2χ

∂θ2
+

1

sin2 φ

∂χ

∂φ

+
1

sin2 φ

(
−
∂χ

∂φ
− 2 cotφ

∂2χ

∂θ2

)
+ r

(
2
∂2χ

∂r∂φ
+ r

∂3χ

∂r2∂φ

)] (3.113)

or

uθ =
1

r sinφ

∂ϕ

∂θ
+

1

r sinφ

(
∂Π

∂θ
+ r

∂2Π

∂r∂θ

)

−
∂

∂φ

(
∂2χ

∂r2
+

2

r

∂χ

∂r
+
ω2

c2s
χ

)
+

∂

∂φ

(
2

r

∂χ

∂r
+
∂2χ

∂r2

) (3.114)

or

uθ =
1

r sinφ

(
∂ϕ

∂θ
+
∂Π

∂θ
+ r

∂2Π

∂r∂θ

)
− ω2

c2s

∂χ

∂φ
(3.115)

or

uθ =
1

r sinφ

∂

∂θ

[
ϕ+

∂

∂r
(rΠ)

]
− ω2

c2s

∂χ

∂φ
� (3.116)

Now that we have expressions for the displacements, we can find the stresses using the stress-strain and
strain-displacement relations. Using

σ = λ(∇ · u)1 + µ[∇u + (∇u)T ] (3.117)

with

∇u =



∂ur

∂r
1
r

∂ur

∂φ
1

r sinφ

∂ur

∂θ
∂uφ

∂r
1
r

∂uφ

∂φ
1

r sinφ

∂uφ

∂θ
∂uθ

∂r
1
r

∂uθ

∂φ
1

r sinφ

∂uθ

∂θ


∇ · u =

1

r2

∂

∂r
(r2ur) +

1

r sinφ

∂

∂φ
(sinφuφ) +

1

r sinφ

∂uθ

∂θ

(3.118)
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gives

σrr =
λ

r

(
cotφuφ + 2ur +

∂uφ

∂φ
+

1

sinφ

∂uθ

∂θ

)
+ (λ+ 2µ)

∂ur

∂r

σrφ = µ

(
1

r

∂ur

∂φ
+
∂uφ

∂r

)

σrθ = µ

(
1

r sinφ

∂ur

∂θ
+
∂uθ

∂r

)
.

(3.119)

Plugging in the relations for the displacements, and following a similar procedure as before, gives the
expressions for the stresses:

σrr = −λω
2

c2p
ϕ+ 2µ

[
∂2

∂r2

(
ϕ+

∂

∂r
(rΠ)

)
+
ω2

c2s

∂

∂r
(rΠ)

]
� (3.120)

σrφ = µ

[
2
∂

∂r

{
1

r

∂

∂φ

(
ϕ+

∂

∂r
(rΠ)

)}
+
ω2

c2s

{
∂Π

∂φ
+

1

sinφ

∂

∂θ

(
∂χ

∂r
− χ

r

)}]
� (3.121)

and

σrθ = µ

[
2

sinφ

∂

∂r

{
1

r

∂

∂θ

(
ϕ+

∂

∂r
(rΠ)

)}
+
ω2

c2s

{
1

sinφ

∂Π

∂θ
−

∂

∂φ

(
∂χ

∂r
− χ

r

)}]
� (3.122)

For an SV-wave, the direction of polarization can be taken to be the x-direction and the direction of
propagation the z-direction. The out-of-plane displacements are zero, i.e., uy = 0 and the displacement
in the direction of propagation is also zero, i.e., uz = 0. Therefore the displacement vector in Cartesian
coordinates has the form u = uxex. This form of the displacement vector can be derived from a vector
potential of the form

ψ = F (x, y, z)ey =⇒ u = ∇×ψ = −
∂F

∂z
ex +

∂F

∂x
ez . (3.123)

Therefore, the potential ψ for an incident SV-wave of unit amplitude will have the form

ψSV = exp(iksz)ey � (3.124)

where ks = ω/cs. Now, the transformation of coordinates from a Cartesian to a spherical basis iser
eφ
eθ

 =

cos θ sinφ sin θ sinφ cosφ
cos θ cosφ sin θ cosφ − sinφ
− sin θ cos θ 0

ex
ey
ez

 . (3.125)

The inverse relationship isex
ey
ez

 =

cos θ sinφ cos θ cosφ − sin θ
sin θ sinφ sin θ cosφ cos θ

cosφ − sinφ 0

er
eφ
eθ

 . (3.126)

We can use z = r cosφ and the above relationship to write

ψSV = exp(iksr cosφ) [sin θ sinφ er + sin θ cosφ eφ + cos θ eθ] . (3.127)

Using the series expansion

exp(iz cosα) =

∞∑
n=0

in(2n+ 1)jn(z)Pn(cosα) (3.128)
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we can write

ψSV =

∞∑
n=0

in(2n+ 1)jn(ksr)Pn(cosφ) [sin θ sinφ er + sin θ cosφ eφ + cos θ eθ] (3.129)

or,

ψSV =

∞∑
n=0

in(2n+ 1)jn(ksr)Pn(cosφ) cos θ eθ

+

∞∑
n=0

in(2n+ 1)jn(ksr)Pn(cosφ) [sinφ er + cosφ eφ] sin θ .

(3.130)

In the case of an SV-wave the incident wave has the form

φi = 0 , ψi = ∇×(Πirer)+∇×(∇×(χirer)) ≡ (Fπeθ+Gπeφ)+(Fχer+Gχeθ+Hχeφ) (3.131)

For equations (3.130) and (3.131) to match, the potentials Πi and χi may have the forms

Πi = −Π0

∞∑
n=1

(−i)n (2n+ 1)

n(n+ 1)
jn(ksr)P

1
n(cosφ) cos θ

χi = −χ0
i

ks

∞∑
n=1

(−i)n (2n+ 1)

n(n+ 1)
jn(ksr)P

1
n(cosφ) sin θ

� (3.132)

Other forms can also be found.

For an SH-wave, the only allowable displacements are out-of-plane, i.e., ux = uz = 0 and the displace-
ment vector has the form u = uyey . In this case, we can choose a potential of the form

ψ = G(x, z)ex =⇒ u = ∇×ψ =
∂G

∂z
ey . (3.133)

Therefore the potential ψ for an incident SH-wave of unit amplitude will have the form

ψSH = exp(iksz)ex � (3.134)

We can follow the procedure used for SV-waves to find expressions for the potentials for SH-waves.
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Problem 3.7 Consider three identical infinitely long rigid circular cylinders arranged in an equilateral triangle.
Assume that a plane wave with wavenumber k is incident on the system along the line joining two of the
cylinders and that ka = 2 where a is the radius of the cylinder. Assume that the cylinders are separated by
a distance b = πa. Calculate the effective potential field (φ) around a cylinder at a distance r = 0.5b as a
function of angle.

Solution 3.7: Let us define the origin of the global coordinate system at the center of one of the cylinders. Then
the centers of the three cylinders are, in cylindrical coordinates, at

b1 = (0, 0) , b2 = (πa, 0) , b3 = (πa, 2π/3) . (3.135)

Let as also define local coordinate systems, (ri, θi), i = 1, 2, 3, at the center of each cylinder. The the
coordinates of a point in the plane with respect to the origin is

r = b1 + r1 = b2 + r2 = b3 + r3 . (3.136)

Let the regular part of the solution be composed of terms ψm(rj) and let the general solution be composed
of terms χm(rj). The total field outside the first cylinder is

φ1 =

∞∑
m=−∞

A1mψm(r1) +

∞∑
m=−∞

B1mχm(r1) +

∞∑
m=−∞

B2mχm(r2) +

∞∑
m=−∞

B3mχm(r3) . (3.137)

The solutions χm(rj) may be singular at the location rj = (0, θ) but not at locations rp = (0, θ) where
p 6= j. Then, Graf’s addition theorem implies that

χm(r2) =

∞∑
n=−∞

Smn(b2 − b1)ψn(r1) for r1 < ‖b2 − b1‖

χm(r3) =

∞∑
n=−∞

Smn(b3 − b1)ψn(r1) for r1 < ‖b3 − b1‖ .
(3.138)

where, for cylindrical scatterers,

ψn(r) = Jn(k ‖r‖) einθ ; χm(r) = H(1)
m (k ‖r‖) eimθ ; Snm(b) = H

(1)
n−m(k ‖b‖) ei(n−m)β (3.139)

and

cos θ =
r · ex
‖r‖

cosβ =
b · ex
‖b‖

. (3.140)

Therefore we can write

φ1 =

∞∑
m=−∞

B1mχm(r1) +

A1m +

∞∑
n=−∞

Snm(b2 − b1)B2n +

∞∑
n=−∞

Snm(b3 − b1)B3n

ψm(r1)

 . (3.141)

Applying boundary conditions ∂φj/∂rj = 0 and rj = a gives us

B1mH
′
m(ka) +

 ∞∑
n=−∞

Snm(b1 − b2)B2n +
∞∑

n=−∞
Snm(b1 − b3)B3n

 J ′
m(ka) = −A1mJ

′
m(ka)

B2mH
′
m(ka) +

 ∞∑
n=−∞

Snm(b2 − b1)B1n +

∞∑
n=−∞

Snm(b2 − b3)B3n

 J ′
m(ka) = −A2mJ

′
m(ka)

B3mH
′
m(ka) +

 ∞∑
n=−∞

Snm(b3 − b1)B1n +

∞∑
n=−∞

Snm(b3 − b2)B2n

 J ′
m(ka) = −A3mJ

′
m(ka)

An example solution for incident waves of unit amplitude with m,n,−1, 0, 1 is shown below. Better
solutions can be obtained for larger ranges of m,n.
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1 2 3 4 5 6

-0.6

-0.4

-0.2

0.2

psin = BesselJ[n, kr]/k;psin = BesselJ[n, kr]/k;psin = BesselJ[n, kr]/k;
chim = HankelH1[m, kr]/k;chim = HankelH1[m, kr]/k;chim = HankelH1[m, kr]/k;
Smn = HankelH1[n−m, kb]Exp[I(n−m)beta];Smn = HankelH1[n−m, kb]Exp[I(n−m)beta];Smn = HankelH1[n−m, kb]Exp[I(n−m)beta];
chimr1 = chim/.{r → r1};chimr1 = chim/.{r → r1};chimr1 = chim/.{r → r1};
psimr1 = psin/.{n→ m, r → r1};psimr1 = psin/.{n→ m, r → r1};psimr1 = psin/.{n→ m, r → r1};
Smnb12 = Smn/.{b→ b12, beta→ beta12};Smnb12 = Smn/.{b→ b12, beta→ beta12};Smnb12 = Smn/.{b→ b12, beta→ beta12};
Smnb13 = Smn/.{b→ b13, beta→ beta13};Smnb13 = Smn/.{b→ b13, beta→ beta13};Smnb13 = Smn/.{b→ b13, beta→ beta13};
SumB2 = Sum[Smnb12B2[n], {n,−p, p}];SumB2 = Sum[Smnb12B2[n], {n,−p, p}];SumB2 = Sum[Smnb12B2[n], {n,−p, p}];
SumB3 = Sum[Smnb13B3[n], {n,−p, p}];SumB3 = Sum[Smnb13B3[n], {n,−p, p}];SumB3 = Sum[Smnb13B3[n], {n,−p, p}];
phi1 = B1[m]chimr1 + (A1[m] + SumB2 + SumB3)psimr1;phi1 = B1[m]chimr1 + (A1[m] + SumB2 + SumB3)psimr1;phi1 = B1[m]chimr1 + (A1[m] + SumB2 + SumB3)psimr1;
Dphi1Dr = D[phi1, r1];Dphi1Dr = D[phi1, r1];Dphi1Dr = D[phi1, r1];
Dphi1Dra =Dphi1Dra =Dphi1Dra =
Dphi1Dr/.{r1→ a, b12→ Pia, b13→ Pia, beta13→ 2Pi/3, beta12→ 0};Dphi1Dr/.{r1→ a, b12→ Pia, b13→ Pia, beta13→ 2Pi/3, beta12→ 0};Dphi1Dr/.{r1→ a, b12→ Pia, b13→ Pia, beta13→ 2Pi/3, beta12→ 0};
Dphi1Drb = Dphi1Dra/.{k → 2/a};Dphi1Drb = Dphi1Dra/.{k → 2/a};Dphi1Drb = Dphi1Dra/.{k → 2/a};
Dphi1Drc = Dphi1Drb/.{p→ 1};Dphi1Drc = Dphi1Drb/.{p→ 1};Dphi1Drc = Dphi1Drb/.{p→ 1};
eq11 = Dphi1Drc/.{m->− 1};eq11 = Dphi1Drc/.{m->− 1};eq11 = Dphi1Drc/.{m->− 1};
eq12 = Dphi1Drc/.{m->0};eq12 = Dphi1Drc/.{m->0};eq12 = Dphi1Drc/.{m->0};
eq13 = Dphi1Drc/.{m->1};eq13 = Dphi1Drc/.{m->1};eq13 = Dphi1Drc/.{m->1};

chimr2 = chim/.{r → r2};chimr2 = chim/.{r → r2};chimr2 = chim/.{r → r2};
psimr2 = psin/.{n→ m, r → r2};psimr2 = psin/.{n→ m, r → r2};psimr2 = psin/.{n→ m, r → r2};
Smnb21 = Smn/.{b→ b21, beta→ beta21};Smnb21 = Smn/.{b→ b21, beta→ beta21};Smnb21 = Smn/.{b→ b21, beta→ beta21};
Smnb23 = Smn/.{b→ b23, beta→ beta23};Smnb23 = Smn/.{b→ b23, beta→ beta23};Smnb23 = Smn/.{b→ b23, beta→ beta23};
SumB21 = Sum[Smnb21B1[n], {n,−p, p}];SumB21 = Sum[Smnb21B1[n], {n,−p, p}];SumB21 = Sum[Smnb21B1[n], {n,−p, p}];
SumB23 = Sum[Smnb23B3[n], {n,−p, p}];SumB23 = Sum[Smnb23B3[n], {n,−p, p}];SumB23 = Sum[Smnb23B3[n], {n,−p, p}];
phi2 = B2[m]chimr2 + (A2[m] + SumB21 + SumB23)psimr2;phi2 = B2[m]chimr2 + (A2[m] + SumB21 + SumB23)psimr2;phi2 = B2[m]chimr2 + (A2[m] + SumB21 + SumB23)psimr2;
Dphi2Dr = D[phi2, r2];Dphi2Dr = D[phi2, r2];Dphi2Dr = D[phi2, r2];
Dphi2Dra =Dphi2Dra =Dphi2Dra =
Dphi2Dr/.{r2→ a, b21→ Pia, b23→ Pia, beta21→ −Pi, beta23→ 5Pi/6};Dphi2Dr/.{r2→ a, b21→ Pia, b23→ Pia, beta21→ −Pi, beta23→ 5Pi/6};Dphi2Dr/.{r2→ a, b21→ Pia, b23→ Pia, beta21→ −Pi, beta23→ 5Pi/6};
Dphi2Drb = Dphi2Dra/.{k → 2/a};Dphi2Drb = Dphi2Dra/.{k → 2/a};Dphi2Drb = Dphi2Dra/.{k → 2/a};
Dphi2Drc = Dphi2Drb/.{p→ 1};Dphi2Drc = Dphi2Drb/.{p→ 1};Dphi2Drc = Dphi2Drb/.{p→ 1};
eq21 = Dphi2Drc/.{m->− 1};eq21 = Dphi2Drc/.{m->− 1};eq21 = Dphi2Drc/.{m->− 1};
eq22 = Dphi2Drc/.{m->0};eq22 = Dphi2Drc/.{m->0};eq22 = Dphi2Drc/.{m->0};
eq23 = Dphi2Drc/.{m->1};eq23 = Dphi2Drc/.{m->1};eq23 = Dphi2Drc/.{m->1};
chimr3 = chim/.{r → r3};chimr3 = chim/.{r → r3};chimr3 = chim/.{r → r3};
psimr3 = psin/.{n→ m, r → r3};psimr3 = psin/.{n→ m, r → r3};psimr3 = psin/.{n→ m, r → r3};
Smnb31 = Smn/.{b→ b31, beta→ beta31};Smnb31 = Smn/.{b→ b31, beta→ beta31};Smnb31 = Smn/.{b→ b31, beta→ beta31};
Smnb32 = Smn/.{b→ b32, beta→ beta32};Smnb32 = Smn/.{b→ b32, beta→ beta32};Smnb32 = Smn/.{b→ b32, beta→ beta32};
SumB31 = Sum[Smnb31B1[n], {n,−p, p}];SumB31 = Sum[Smnb31B1[n], {n,−p, p}];SumB31 = Sum[Smnb31B1[n], {n,−p, p}];
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SumB32 = Sum[Smnb32B2[n], {n,−p, p}];SumB32 = Sum[Smnb32B2[n], {n,−p, p}];SumB32 = Sum[Smnb32B2[n], {n,−p, p}];
phi3 = B3[m]chimr3 + (A3[m] + SumB31 + SumB32)psimr3;phi3 = B3[m]chimr3 + (A3[m] + SumB31 + SumB32)psimr3;phi3 = B3[m]chimr3 + (A3[m] + SumB31 + SumB32)psimr3;
Dphi3Dr = D[phi3, r3];Dphi3Dr = D[phi3, r3];Dphi3Dr = D[phi3, r3];
Dphi3Dra =Dphi3Dra =Dphi3Dra =
Dphi3Dr/.{r3→ a, b31→ Pia, b32→ Pia, beta31→ 5Pi/3, beta32→ −2Pi/3};Dphi3Dr/.{r3→ a, b31→ Pia, b32→ Pia, beta31→ 5Pi/3, beta32→ −2Pi/3};Dphi3Dr/.{r3→ a, b31→ Pia, b32→ Pia, beta31→ 5Pi/3, beta32→ −2Pi/3};
Dphi3Drb = Dphi3Dra/.{k → 2/a};Dphi3Drb = Dphi3Dra/.{k → 2/a};Dphi3Drb = Dphi3Dra/.{k → 2/a};
Dphi3Drc = Dphi3Drb/.{p→ 1};Dphi3Drc = Dphi3Drb/.{p→ 1};Dphi3Drc = Dphi3Drb/.{p→ 1};
eq31 = Dphi3Drc/.{m->− 1};eq31 = Dphi3Drc/.{m->− 1};eq31 = Dphi3Drc/.{m->− 1};
eq32 = Dphi3Drc/.{m->0};eq32 = Dphi3Drc/.{m->0};eq32 = Dphi3Drc/.{m->0};
eq33 = Dphi3Drc/.{m->1};eq33 = Dphi3Drc/.{m->1};eq33 = Dphi3Drc/.{m->1};

neq11 =neq11 =neq11 =
eq11/.{A1[0]→ 1,A1[−1]→ 1,A1[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq11/.{A1[0]→ 1,A1[−1]→ 1,A1[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq11/.{A1[0]→ 1,A1[−1]→ 1,A1[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,
B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,
B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}
neq12 =neq12 =neq12 =
eq12/.{A1[0]→ 1,A1[−1]→ 1,A1[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq12/.{A1[0]→ 1,A1[−1]→ 1,A1[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq12/.{A1[0]→ 1,A1[−1]→ 1,A1[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,
B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,
B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}
neq13 =neq13 =neq13 =
eq13/.{A1[0]→ 1,A1[−1]→ 1,A1[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq13/.{A1[0]→ 1,A1[−1]→ 1,A1[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq13/.{A1[0]→ 1,A1[−1]→ 1,A1[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,
B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,
B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}
neq21 =neq21 =neq21 =
eq21/.{A2[0]→ 1,A2[−1]→ 1,A2[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq21/.{A2[0]→ 1,A2[−1]→ 1,A2[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq21/.{A2[0]→ 1,A2[−1]→ 1,A2[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,
B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,
B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}
neq22 =neq22 =neq22 =
eq22/.{A2[0]→ 1,A2[−1]→ 1,A2[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq22/.{A2[0]→ 1,A2[−1]→ 1,A2[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq22/.{A2[0]→ 1,A2[−1]→ 1,A2[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,
B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,
B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}
neq23 =neq23 =neq23 =
eq23/.{A2[0]→ 1,A2[−1]→ 1,A2[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq23/.{A2[0]→ 1,A2[−1]→ 1,A2[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq23/.{A2[0]→ 1,A2[−1]→ 1,A2[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,
B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,
B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}
neq31 =neq31 =neq31 =
eq31/.{A3[0]→ 1,A3[−1]→ 1,A3[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq31/.{A3[0]→ 1,A3[−1]→ 1,A3[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq31/.{A3[0]→ 1,A3[−1]→ 1,A3[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,
B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,
B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}
neq32 =neq32 =neq32 =
eq32/.{A3[0]→ 1,A3[−1]→ 1,A3[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq32/.{A3[0]→ 1,A3[−1]→ 1,A3[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq32/.{A3[0]→ 1,A3[−1]→ 1,A3[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,
B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,
B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}
neq33 =neq33 =neq33 =
eq33/.{A3[0]→ 1,A3[−1]→ 1,A3[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq33/.{A3[0]→ 1,A3[−1]→ 1,A3[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,eq33/.{A3[0]→ 1,A3[−1]→ 1,A3[1]→ 1,B1[−1]→ B111,B2[−1]→ B211,
B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,B3[−1]→ B311,B1[0]→ B10,B2[0]→ B20,B3[0]→ B30,B1[1]→ B11,
B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}B2[1]→ B21,B3[1]→ B31}

1

2
B111(−HankelH1[0, 2] + HankelH1[2, 2]) +

1

2
(−BesselJ[0, 2] + BesselJ[2, 2])

(1 + B211HankelH1[0, 2π] + B311HankelH1[0, 2π] + B20HankelH1[1, 2π]+

B30e
2iπ
3 HankelH1[1, 2π] + B21HankelH1[2, 2π] + B31e−

2iπ
3 HankelH1[2, 2π]

)
−B10HankelH1[1, 2]−

BesselJ[1, 2](1 + B20HankelH1[0, 2π] + B30HankelH1[0, 2π] + B21HankelH1[1, 2π]−

B211HankelH1[1, 2π]− B311e−
2iπ
3 HankelH1[1, 2π] + B31e

2iπ
3 HankelH1[1, 2π]

)
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1

2
B11(HankelH1[0, 2]− HankelH1[2, 2]) +

1

2
(BesselJ[0, 2]− BesselJ[2, 2])

(1 + B21HankelH1[0, 2π] + B31HankelH1[0, 2π]− B20HankelH1[1, 2π]−

B30e−
2iπ
3 HankelH1[1, 2π] + B211HankelH1[2, 2π] + B311e

2iπ
3 HankelH1[2, 2π]

)
1

2
B211(−HankelH1[0, 2] + HankelH1[2, 2]) +

1

2
(−BesselJ[0, 2] + BesselJ[2, 2])

(1 + B111HankelH1[0, 2π] + B311HankelH1[0, 2π]− B10HankelH1[1, 2π]+

B30e
5iπ
6 HankelH1[1, 2π] + B11HankelH1[2, 2π] + B31e−

iπ
3 HankelH1[2, 2π]

)
−B20HankelH1[1, 2]−

BesselJ[1, 2](1 + B10HankelH1[0, 2π] + B30HankelH1[0, 2π]− B11HankelH1[1, 2π]+

B111HankelH1[1, 2π]− B311e−
5iπ
6 HankelH1[1, 2π] + B31e

5iπ
6 HankelH1[1, 2π]

)
1

2
B21(HankelH1[0, 2]− HankelH1[2, 2]) +

1

2
(BesselJ[0, 2]− BesselJ[2, 2])

(1 + B11HankelH1[0, 2π] + B31HankelH1[0, 2π] + B10HankelH1[1, 2π]−

B30e−
5iπ
6 HankelH1[1, 2π] + B111HankelH1[2, 2π] + B311e

iπ
3 HankelH1[2, 2π]

)
1

2
B311(−HankelH1[0, 2] + HankelH1[2, 2])+

1

2
(−BesselJ[0, 2] + BesselJ[2, 2])(1 + B111HankelH1[0, 2π]+

B211HankelH1[0, 2π] + B10e−
iπ
3 HankelH1[1, 2π] + B20e−

2iπ
3 HankelH1[1, 2π]+

B11e−
2iπ
3 HankelH1[2, 2π] + B21e

2iπ
3 HankelH1[2, 2π]

)
−B30HankelH1[1, 2]− BesselJ[1, 2](

1 + B10HankelH1[0, 2π] + B20HankelH1[0, 2π] + B11e−
iπ
3 HankelH1[1, 2π]− B111

e
iπ
3 HankelH1[1, 2π] + B21e−

2iπ
3 HankelH1[1, 2π]− B211e

2iπ
3 HankelH1[1, 2π]

)
1

2
B31(HankelH1[0, 2]− HankelH1[2, 2])+

1

2
(BesselJ[0, 2]− BesselJ[2, 2])(1 + B11HankelH1[0, 2π]+

B21HankelH1[0, 2π]− B10e
iπ
3 HankelH1[1, 2π]− B20e

2iπ
3 HankelH1[1, 2π]+

B211e−
2iπ
3 HankelH1[2, 2π] + B111e

2iπ
3 HankelH1[2, 2π]

)
Neq11 = N [neq11];Neq11 = N [neq11];Neq11 = N [neq11];
Neq12 = N [neq12];Neq12 = N [neq12];Neq12 = N [neq12];
Neq13 = N [neq13];Neq13 = N [neq13];Neq13 = N [neq13];
Neq21 = N [neq21];Neq21 = N [neq21];Neq21 = N [neq21];
Neq22 = N [neq22];Neq22 = N [neq22];Neq22 = N [neq22];
Neq23 = N [neq23];Neq23 = N [neq23];Neq23 = N [neq23];
Neq31 = N [neq31];Neq31 = N [neq31];Neq31 = N [neq31];
Neq32 = N [neq32];Neq32 = N [neq32];Neq32 = N [neq32];
Neq33 = N [neq33];Neq33 = N [neq33];Neq33 = N [neq33];

sol = Solve[{Neq11 == 0,Neq12 == 0,Neq13 == 0,Neq21 == 0,Neq22 == 0,sol = Solve[{Neq11 == 0,Neq12 == 0,Neq13 == 0,Neq21 == 0,Neq22 == 0,sol = Solve[{Neq11 == 0,Neq12 == 0,Neq13 == 0,Neq21 == 0,Neq22 == 0,
Neq23 == 0,Neq31 == 0,Neq32 == 0,Neq33 == 0},Neq23 == 0,Neq31 == 0,Neq32 == 0,Neq33 == 0},Neq23 == 0,Neq31 == 0,Neq32 == 0,Neq33 == 0},
{B111,B10,B11,B211,B20,B21,B311,B30,B31}]{B111,B10,B11,B211,B20,B21,B311,B30,B31}]{B111,B10,B11,B211,B20,B21,B311,B30,B31}]
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{{B111→ −0.00104653− 0.0877363i,

B10→ −0.471547− 0.187902i,B11→ −0.011804− 0.0776243i,

B211→ −0.0503947− 0.0819051i,B20→ −0.535029− 0.225689i,

B21→ 0.0362463@− 0.110834i,B311→ −0.0351225− 0.133928i,

B30→ −0.70556− 0.347127i,B31→ −0.0345999− 0.135592i}}

B111a = (B111/.sol)[[1]];B111a = (B111/.sol)[[1]];B111a = (B111/.sol)[[1]];
B10a = (B10/.sol)[[1]];B10a = (B10/.sol)[[1]];B10a = (B10/.sol)[[1]];
B11a = (B11/.sol)[[1]];B11a = (B11/.sol)[[1]];B11a = (B11/.sol)[[1]];
B211a = (B211/.sol)[[1]];B211a = (B211/.sol)[[1]];B211a = (B211/.sol)[[1]];
B20a = (B20/.sol)[[1]];B20a = (B20/.sol)[[1]];B20a = (B20/.sol)[[1]];
B21a = (B21/.sol)[[1]];B21a = (B21/.sol)[[1]];B21a = (B21/.sol)[[1]];
B311a = (B311/.sol)[[1]];B311a = (B311/.sol)[[1]];B311a = (B311/.sol)[[1]];
B30a = (B30/.sol)[[1]];B30a = (B30/.sol)[[1]];B30a = (B30/.sol)[[1]];
B31a = (B31/.sol)[[1]];B31a = (B31/.sol)[[1]];B31a = (B31/.sol)[[1]];

fieldPhi1 = Sum[phi1(kExp[Imtheta]), {m,−p, p}];fieldPhi1 = Sum[phi1(kExp[Imtheta]), {m,−p, p}];fieldPhi1 = Sum[phi1(kExp[Imtheta]), {m,−p, p}];
fPhi1a =fPhi1a =fPhi1a =
fieldPhi1/.{r1→ 0.5Pia, b12→ Pia, b13→ Pia, beta13→ 2Pi/3,fieldPhi1/.{r1→ 0.5Pia, b12→ Pia, b13→ Pia, beta13→ 2Pi/3,fieldPhi1/.{r1→ 0.5Pia, b12→ Pia, b13→ Pia, beta13→ 2Pi/3,
beta12→ 0, k → 2/a, p→ 1};beta12→ 0, k → 2/a, p→ 1};beta12→ 0, k → 2/a, p→ 1};
fPhi1b =fPhi1b =fPhi1b =
fPhi1a/.{A1[0]→ 1,A1[−1]→ 1,A1[1]→ 1,B1[−1]→ B111a,B2[−1]→ B211a,fPhi1a/.{A1[0]→ 1,A1[−1]→ 1,A1[1]→ 1,B1[−1]→ B111a,B2[−1]→ B211a,fPhi1a/.{A1[0]→ 1,A1[−1]→ 1,A1[1]→ 1,B1[−1]→ B111a,B2[−1]→ B211a,
B3[−1]→ B311a,B1[0]→ B10a,B2[0]→ B20a,B3[0]→ B30a,B1[1]→ B11a,B3[−1]→ B311a,B1[0]→ B10a,B2[0]→ B20a,B3[0]→ B30a,B1[1]→ B11a,B3[−1]→ B311a,B1[0]→ B10a,B2[0]→ B20a,B3[0]→ B30a,B1[1]→ B11a,
B2[1]→ B21a,B3[1]→ B31a}B2[1]→ B21a,B3[1]→ B31a}B2[1]→ B21a,B3[1]→ B31a}

(0.051091@− 0.128215i)− (0.249892@− 0.00298075i)e−itheta + (0.221091@− 0.0336205i)eitheta

fPhi1c = Re[fPhi1b];fPhi1c = Re[fPhi1b];fPhi1c = Re[fPhi1b];
Plot[Re[−IfPhi1b], {theta, 0, 2Pi}]Plot[Re[−IfPhi1b], {theta, 0, 2Pi}]Plot[Re[−IfPhi1b], {theta, 0, 2Pi}]
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Chapter 4

Solutions for Exercises in Chapter 4

Problem 4.1 Show that the effective permittivity of an array of thin wires with finite conductivity can be ex-
pressed in the form

ε(ω) = ε0

(
1−

Ω2
p

ω2 + iΓω

)
with Γ :=

ε0b
2Ω2

p

πa2σ
. (4.1)

Solution 4.1 The Drude model for the effective permittivity has the form

ε(ω) = ε0 +
∑
j

aj
ω2

0 − ω2 − iωγ
. (4.2)

For high frequencies, ω � ω0, we can write the above equation as

ε(ω) = ε0 −
∑
j

aj
ω2 + iωγ

. (4.3)

Using the plasma frequency ω2
p := 1

ε0

∑
j aj , we can write

ε(ω) = ε0

(
1−

ω2
p

ω2 + iωγ

)
. (4.4)

For an array of thin wires, we seek a similar equation for the effective permittivity ε(ω) of the form

ε(ω) = ε0

(
1−

Ω2
p

ω2 + iωΓ

)
. (4.5)

where the effective plasma frequency is ωp and the effective damping coefficient is Γ.

We have already see that the effective plasma frequency for an square array of thin wires is given by

Ω2
p =

2πc2

b2 ln(b/a)
(4.6)

where c the speed of light in vacuum, a is the radius of the wires, and b is the spacing between the wires.
Alternative expressions are possible.

We now want to find the effective damping constant Γ for wires with finite conductivity.

The electric field, Ez , along the wires is related to the current induced, I , and the total inductance, L, per
unit length by the relation

Ez = L
dI

dt
= −iωLI . (4.7)
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If the wires have finite conductivity, σ, we have

Ez = −iωLI +
I

σπa2
= −iω

(
L− 1

ωσπa2

)
I = −iωL

′
I where L

′
:=

(
L− 1

iωσπa2

)
I . (4.8)

The axial component of the magnetic potential, A, around each wire is given by

Az(r) ≈
Iµ0

2π
ln

(
b

r

)
where I = πa2Nve . (4.9)

We can estimate the inductance, L, from the magnetic flux per unit length passing though a representative
volume element of the composite,

Φ = LI = µ0

∫ rc

a

Hθ(r) dr = Az(a) =⇒ L =
µ0

2π
ln

(
b

a

)
=⇒ ln(b/a) = 2πL/µ0 .

(4.10)
Therefore,

Ω2
p =

µ0c
2

b2L
=

1

ε0b2L
=⇒ L =

1

ε0b2Ω2
p

. (4.11)

Now, the polarization per unit volume in the homogenized medium, with wires of finite conductivity, is

P = − Ez
ω2b2L′ = (ε− ε0)Ez (4.12)

or

ε = ε0 −
1

ω2b2

[
1

ε0b2Ω2
p

−
1

iωσπa2

] . (4.13)

Therefore,

ε(ω) = ε0

[
1−

Ω2
p

ω2 + iωΓ

]
(4.14)

where

Γ :=
b2ε0Ω2

p

πa2σ
� (4.15)
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Problem 4.2 Derive the effective permittivity relation

εeff(ω) = ε0

[
1−

2πfc2

ω2 + 2iωπfc2ε0 〈σ〉−1

]
(4.16)

using the approach in Felbacq and Bouchitté (2005).

Solution 4.2: The composite studied by Felbacq and Bouchitté in their paper on left-handed media is a volume
of isotropic and homogeneous electromagnetic material containing a periodic array of thin wires. The
region outside the volume is vacuum.

The starting point of the approach is the determination of a polarization field due to the current induced in
each wire by an external TE-wave (s-polarized) field. If the wires are oriented in the z-direction, then the
incident wave has a non-zero component Ez(x, y).

We assume the correctness of the scattering calculations of Felbacq and Bouchitté that lead to a polariza-
tion, in the volume element around the j-th wire, of

P ≈ 4i
[
− π

2i
ln(ka)

]
(1− S)Ez = −2π ln

(
2πa

λ

)
(1− S)Ez (4.17)

where k = 2π/λ = ω/c is the wave number, S is the scattering amplitude inside the unit cell (which can
be imagined as a cylinder of diameter b in the x − y plane with a circular wire of radius a at the center)
due to the wire. For a unit cell that is small relative to the wavelength, i.e., a� b� λ, we can write

P ≈ −2π ln

(
2πa

b

)
(1− S)Ez . (4.18)

Define

γ := − 1

η2
ln

(
2πa

b

)
where η :=

b

λ
. (4.19)

Then we can write the polarization as

P ≈ 2πγη2(Ez − SEz) . (4.20)

Let us define the average electric field in the unit cell, Ω, as

〈Ez〉 :=
1

V

∫
Ω

Ez dV (4.21)

where V is the volume of the unit cell. Only the polarization, SEz , contributes a non-zero amount to the
volume average and we can write

P ≈ 2πγη2 (Ez − 〈Ez〉) . (4.22)

The wave equation for a TE wave in an isotropic and homogeneous medium in the absence of sources is

∇2Ez + k2Ez = 0 where k2 = ω2εµ =
ω2

c2
(4.23)

and ε and µ are the permittivity and magnetic permeability of the medium. If we add a source term due to
the polarization P , we can write, in the limit η → 0,

∇2Ez + k2Ez =
P

b2
=

2πγ

λ2
(Ez − 〈Ez〉) (4.24)

We want to express 〈Ez〉 in terms of Ez so that we can get an equation of the form

∇2Ez + k2
effEz = 0 . (4.25)
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We can calculate the required effective properties from keff.

To find the average field in the unit cell, we can examine the fields in the individual components. In the
“matrix” outside the wires, the electric field satisfies

∇2Ez + k2
mEz = 0 with k2

m = ω2εmµm (4.26)

where εm, µm are the permittivity and magnetic permeability of the medium. The wave equation in the
wire is

∇2Ez + k2
wEz = 0 with k2

w = ω2εwµw (4.27)

where εw, µw are the permittivity and magnetic permeability of the wire. We can write the above equation
as

∇2Ez + ω2ε0

(
1 +

iσ

ε0ω

)
µwEz = 0 (4.28)

where ε0 is a reference permittivity. Define the relative electric displacement inside the wires as

Dz =
iσ

ε0ω
Ez . (4.29)

Then,
∇2Ez + ω2ε0µwEz = −ω2ε0µwDz (4.30)

The average electrical conductivity of the wires is assumed to be

〈σ〉 =
1

V

∫
Ω

σdV =
πa2

b2
σ =: θσ . (4.31)

Then we can write,

Dz =
i 〈σ〉
ε0ω

Ez
θ
. (4.32)

Felbacq and Bouchitté assume that 〈Ez〉 = Ez/θ, and express the wave equation in the form

∇2Ez + ω2ε0µwEz + ω2ε0µw
i 〈σ〉
ε0ω

〈Ez〉 = 0 . (4.33)

Defining k2
0 := ω2ε0µw, we have

∇2Ez + k2
0Ez + k2

0

i 〈σ〉
ε0ω

〈Ez〉 = 0 . (4.34)

The authors combine equations (4.26) and (4.34) into a single equation of the form

∇2Ez + k2
nEz = −χnk2

0

i 〈σ〉
ε0ω

〈Ez〉 (4.35)

where χn is an indicator function (1 inside the wires and 0 outside) with n = 0 inside the wires and n = m
in the matrix. Comparing equations (4.24) and (4.35), we have

2πγ

λ2
(Ez − 〈Ez〉) = −k2

0

i 〈σ〉
ε0ω

〈Ez〉 . (4.36)

Solving for 〈Ez〉 gives

〈Ez〉 =
2πε0ωγ

−ik2
0λ

2 〈σ〉+ 2πε0ωγ
Ez . (4.37)

Plugging the above expression into equation (4.24) gives us

∇2Ez +

(
k2
n −

2π 〈σ〉 γk2
0

2iε0γω + 〈σ〉 k2
0λ

2

)
Ez = 0 . (4.38)
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Therefore, the effective wave vector is

k2
eff = k2

n −
2π 〈σ〉 γk2

0

2iε0γω + 〈σ〉 k2
0λ

2
. (4.39)

Substituting k2
eff = ω2εeffµ0, k2

n = ω2εmµ0, k2
0 = ω2ε0µ0, and µ0 = 1/(ε0c

2), we get

ω2εeffµ0 = ω2µ0

[
εm −

2πε0c
2γ 〈σ〉

ω2 〈σ〉λ2 + 2iωπε0c2γ

]
(4.40)

or

εeff = εm −

2πγε0c
2

λ2

ω2 +
2iωπε0c

2γ

λ2 〈σ〉

. (4.41)

Define
f :=

γ

λ2
. (4.42)

Then

εeff = εm −
2πfc2ε0

ω2 + 2iωπfε0c2 〈σ〉−1 . (4.43)

Let us now take the reference permittivity to be ε0 = εm. Then,

εeff = ε0

[
1−

2πfc2

ω2 + 2iωπfε0c2 〈σ〉−1

]
� (4.44)
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Problem 4.3 Derive the effective magnetic permeability for the single split-ring resonator array using the ap-
proach used for the array of cylinders.

Solution 4.3: For an array of single split-ring resonators, we have

2πa

(
−iωL− 1

iωC
+R

)
I = iωµ0πa

2 (H0 − fI) . (4.45)

Using

L = 4πaµ0 ln

(
2πa

w

)
, C =

4w2

gc2µ0
, R =

4πa

cw
√
εm

, εm = εring/ε0 (4.46)

and solving for I gives,

I = −
2ω2aw2c

√
εmµ0H0

16iπωaw − c√εmµ0(gc2 + 2aw2fω2) + 16πω2aw2c
√
εmµ0 ln(2πa/w)

(4.47)

Using the relation

µeff =
µ0H0

H0 − fI
(4.48)

and plugging in the expression for I leads to

µeff = µ0

[
1−

2ω2aw2c
√
εmµ0f

ω2[16πaw2 ln(2πa/w)](c
√
εmµ0) + iω(16πaw)− gc3√εmµ0

]
(4.49)

or

µeff = µ0

1−
ω2f

ω2 8π ln

(
2πa

w

)
+ iω

8π

wc
√
εmµ0

−
gc2

2aw2

 (4.50)

or

µeff = µ0

[
1 +

ω2F

ω2
0 − ω2 − iωΓ

]
(4.51)

where

F :=
f

8π ln(2πa/w)
, ω2

0 :=
1

8π ln(2πa/w)

gc2

2aw2
, Γ :=

1

ln(2πa/w)

1

wc
√
εmµ0

. (4.52)
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Problem 4.4 Show that

µeff = µ0

[
1 +

fω2

ω2
0 − ω2 − iωΓ

]
(4.53)

for the double split cylinder geometry using the assumptions in Pendry et al. (1999).

Solution 4.4: In Pendry’s approach, the equation for the balance of emf takes the form

−iωLI − I

iωC
+ 2πaRI = iωµ0(H0 − fI)(πa2) . (4.54)

Following the procedure from the previous problem we get

µeff = µ0

1 +
fω2

1

πa2µ0C
−

ω

πa2µ0
(i2πaR+ ωL)

 (4.55)

or,

µeff = µ0

[
1 +

fω2

ω2
0 − ω2 − iωΓ

]
(4.56)

where
ω2

0 =
1

πa2µ0C
, Γ =

2R

aµ0
, L = πa2µ0 . (4.57)

The gap capacitance is assumed to be approximately

C =
πaε

3d
=

πa

3dµ0c2
. (4.58)

Then, we have

ω2
0 =

3d

π2a3µ0ε
, Γ =

2

aµ0σ
, L = πa2µ0 . (4.59)
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Problem 4.5 Show that for evanescent TM-waves incident on a slab lens in vacuum with axis along the z-
direction, the effective transmision coefficient is

lim
µr→−1
εr→−1

T = e−ikzid (4.60)

where d is the thickness of the slab and kzi is the the z-component of the wave vector in the medium of
incidence.

Solution 4.5: The procedure is identical to that for TE waves.

The TM wave equation has the form

∇ ·
(

1

ε(z)
∇Hy

)
+ ω2µ(z)Hy = 0 . (4.61)

Now,

∇Hy =
∂Hy

∂x
ex +

∂Hy

∂z
ez (4.62)

and

∇ · F =
∂Fx

∂x
+
∂Fz

∂z
(4.63)

Therefore, the TM wave equation can be written as

∇ ·
(

1

ε(z)

∂Hy

∂x
ex +

1

ε(z)

∂Hy

∂z
ez

)
+ ω2µ(z)Hy = 0 (4.64)

or
∂

∂x

(
1

ε(z)

∂Hy

∂x

)
+

∂

∂z

(
1

ε(z)

∂Hy

∂z

)
+ ω2µ(z)Hy = 0 (4.65)

or
1

ε(z)

∂2Hy

∂x2
+

∂

∂z

(
1

ε(z)

∂Hy

∂z

)
+ ω2µ(z)Hy = 0 (4.66)

or
∂2Hy

∂x2
+ ε(z)

∂

∂z

(
1

ε(z)

∂Hy

∂z

)
+ ω2ε(z)µ(z)Hy = 0 . (4.67)

With solutions of the form
Hy(x, z) = H̃y(z) exp(±ikxx) (4.68)

we can write the wave equation as

d2H̃y

dz2
+ k2

zH̃y = 0 where k2
z = ω2ε(z)µ(z)− k2

x . (4.69)

Continuity of the tangential components of the magnetic and electric field at the interface can then be used
to find equations that are identical in form to the TE fields with

R =
µ1kz1 − µ2kz2
µ1kz1 + µ2kz2

and T =
2µ1kz1

µ1kz1 + µ2kz2
. (4.70)

The result follows in a manner identical to that for TE waves.
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Problem 4.6 Show that evanescent pressure waves in an acoustic medium can also be amplified by a negative
refractive index acoustic slab lens.

Solution 4.6: The procedure is identical to that for TE and TM waves once we see that the wave equation can
be expressed as

∇ ·
(

1

ρ(z)
∇p

)
+

ω2

κ(z)
p = 0 . (4.71)

Expanded out,
∂2p

∂x2
+ ρ(z)

∂

∂z

(
1

ρ(z)

∂p

∂z

)
+ ω2 ρ(z)

κ(z)
p = 0 . (4.72)

With solutions of the form
p(x, z) = p̃(z) exp(±ikxx) (4.73)

we can write the acoustic wave equation for each layer as

d2p̃

dz2
+ k2

z p̃ = 0 where k2
z = ω2 ρ(z)

κ(z)
− k2

x . (4.74)

Continuity of the pressure and the normal component of the displacement can then be used to find the
refelection and transmission coefficients is terms of kz for each layer. Using the evanescent solutions

kz = i
√
k2
x − ω2ρ/κ (4.75)

in the reflection and transmission coefficients and taking the limit as ρ → −1 and κ → −1 gives us the
required amplification behavior.
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Solutions for Exercises in Chapter 5

Problem 5.1 Plot the effective mass and transmission loss for a bar of mass M0 = 2 kg with a cavity containing
a mass m1 = 2 kg and two springs with k1 = k2 = 105(1 + 0.5i) N/m. Compare the transmission loss
with the mass law for the system. The impedance used to calculate the mass law is Z = i ω (M0 +m1).

What happens when the mass m1 in the system is also frequency-dependent and has the form

m1 = m0 +
ω2

0 m2

ω2
0 − ω2

; ω0 :=

√
2 G

m2
(5.1)

with m1 = m2 = 1 kg and G = 104 N/m?

Solution 5.1 For the first part of the problem, we get the plots shown below. These are typical of what we
observe in impedance tubes.
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When the mass m1 in the system is also frequency-dependent and has the form

m1 = m0 +
ω2

0 m2

ω2
0 − ω2

; ω0 :=

√
2 G

m2
(5.2)

and m1 = m2 = 1 kg and G = 104 N/m we get the curves shown below.
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Problem 5.2 Consider the modified rigid bar with voids shown in the figure below.

x(t)

2r
d

X(t)

m m
F(t)

VoidRigid

m

Hidden

Each ball is attached to the bar by a massless beam with a circular cross section and radius h. Calculate
the effective dynamic mass of the system. Plot the effective mass as a function of frequency. Are there
regions where the effective mass is negative?

Solution 5.2: The equation of motion for each isotropic, homogeneous, linear elastic beam of constant cross-
section is

EI
∂4u(y, t)

∂y4
+ ρA

∂2u(y, t)

∂t2
= 0 (5.3)

where E is the Young’s modulus, ρ is the mass density, I is the area moment of inertia, A is the cross-
sectional area, and u(y) is the displacement. For a beam with negligible mass compared to the mass at the
end, the governing equation reduces to

EI
∂4u(y, t)

∂y4
= 0 . (5.4)

The boundary conditions at the point of attachment to the rigid bar are

u(0) = U(X) and
∂u

∂y

∣∣∣∣∣
y=0

= 0 . (5.5)

At the free end of the beam, y = L, the bending moment and shear force is equal to the inertial load due
to the mass m, i.e.,

∂2u

∂y2

∣∣∣∣∣
y=L

= 0 and EI
∂3u

∂y3

∣∣∣∣∣
y=L

= m
∂2u

∂t2

∣∣∣∣∣
y=L

. (5.6)

If we assume a time harmonic displacement

u(X, y, t) = Re[u(X, y) exp(−iωt)] (5.7)

then we need to find u(X, y) such that

EI
∂4u(X, y)

∂y4
= 0 (5.8)

with

u(X, 0) = U(X) ,
∂u

∂y

∣∣∣∣∣
y=0

= 0 ,
∂2u

∂y2

∣∣∣∣∣
y=L

= 0 and EI
∂3u

∂y3

∣∣∣∣∣
y=L

= −mω2u(L) . (5.9)
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The solution to the above equation can be found by direct integration and has the form

u(X, y) = U(X)
6EI −mω2(2L3 − 3Ly2 + y3)

6EI − 2mω2L3
. (5.10)

The displacement of the beam-tip mass is

u(X,L) =
6EI

6EI − 2mω2L3
U(X) . (5.11)

To find the effective mass of the system we can equate the total momentum to the effective momentum,

M0U(X) +mu(X,L) = MeffU(X) . (5.12)

Therefore,

Meff = M0 +
6EI

6EI − 2mω2L3
where I =

πh4

4
� (5.13)

The resonance frequency is

ωr =

√
3EI

mL3
. (5.14)

A plot of the effective mass as a function of frequency is shown below. The effective mass is negative for
a small range of frequencies close to resonance.
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Problem 5.3 Consider the model of an elastic bar containing hidden springs and masses. Plot the effective mass
of the bar as a function of frequency and compare the result to the rigid case. Can you think of other
representations of an elastic bar with hidden springs and masses?

Extend the the model of the elastic bar containing springs and masses to two-dimensions and plot the
effective mass of the system in polar coordinates as a function of angle.

Solution 5.3: The equation of motion of an elastic bar with internal mass-spring systems can be written as

(K− ω2M) u = f . (5.15)

This system of equations can be solved for u. The effective mass of the system may then be calculated
using

Meff = M0 +

n∑
i=1

miui/U (5.16)

where U = un+1 − u0 is the displacement of the elastic body. For the model in Figure 5.9, if we look at
the situation where there is only one internal mass, we have

K =

2K0 + k −k −K0

−k 2k −k
−K0 −k 2K0 + k

 ; M =

M0/2 0 0
0 m 0
0 0 M0/2

 ; u =

u0

u1

u2

 ; f =

K0ua
0

K0ub

 (5.17)

where ua and ub are the displacements at locations where physical measurements can be made. Solving
the system of equations gives us an effective mass

Meff =
M0

2

u0 + u2

U
+m

u1

U
=

2K0[2k(m+M0)−mM0ω
2]

4kK0 − 2[K0m+ k(m+M0)]ω2 +mM0ω4

ua + ub

U
(5.18)

or

Meff =
4km+ 2M0(2k −mω2)

4k − 2

[
m+

k(m+M0)

K0

]
ω2 +

mM0ω
4

K0

ua + ub

U
. (5.19)

Note that if we do not include the spatial variation of the phase of the wave, Meff → 0 as ω → ∞, which
is unphysical. Also note that in the limit K0 →∞, ua = ub = U and we have

Meff =
4km+ 2M0(2k −mω2)

4k − 2mω2
= M0 +

2km

2k −mω2
. (5.20)

This is identical to the expression that we had derived for the equivalent rigid bar,

Meff = M0 +
2km

2k −mω2
. (5.21)

Going back to the unphysical nature of the expression for Meff for the elastic bar, we are clearly missing
an important factor. We have tacitly assumed that the phase velocity of the system remains unchanged as
the frequency changes. This assumption is not valid for elastic bodies.

For a elastic body with a periodic distribution of hidden masses, we can use Bloch wave solutions of the
form

U = ub = ua exp(iκL) (5.22)

where κ = f(ω) is the phase speed in the elastic bar and L is the distance between points a and b. Then
we have

Meff =
4km+ 2M0(2k −mω2)

4k − 2

[
m+

k(m+M0)

K0

]
ω2 +

mM0ω
4

K0

[cosκL+ 1] . (5.23)
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We now have to find the function κ(ω). If the internal mass is hidden, the effective dispersion relation for
the elastic bar is

ω2 =
2K0

Meff
(1− cosκL) . (5.24)

Expressing cosκL in terms of ω andMeff, plugging into the expression forMeff, and solving forMeff gives

Meff =
8km+ 4M0(2k −mω2)

8k − 2

[
2m+

k(m+M0)

K0

]
ω2 +

mM0ω
4

K0

. (5.25)

This expression has the same form as (5.23) and hence also the same unphysical behavior as ω →∞.

An alternative approach is to match the actual and effective dispersion relations directly. The equations of
motion of the two masses can be expressed as

K0(2U0 − U−L − UL) + k(2U0 − u−L − u0)− ω2M0U0 = 0

k(2u0 − U0 − UL)− ω2mu0 = 0
(5.26)

where
Uα := U exp[iκ(x+ α)] and uα = u exp[iκ(x+ α)] . (5.27)

If we match the dispersion relations from the above equations with those of an effective medium with mass
Meff and stiffness Keff = K0 + k/2, we get

Meff =
2km+M0(2k −mω2)

2k − 2K0

2K0+k mω
2

. (5.28)

This model reduces to the rigid bar model as K0 →∞. If the limit ω → 0, we have

Meff = m+M0 . (5.29)

In the limit ω → ∞, we have Meff = M0(1 + k/(2K0)). This expression using a dispersion-based
approach for the effective mass, while not ideal, is better than that from the previous momentum-based
approach. The dependence on k and K0 as ω → ∞ indicates that the model we have used may not be
an accurate representation of an elastic bar with hidden masses. A script showing the calculation is given
below.

UUa[n_] := BB Exp[I (kappa (x + n L ) - omega t)]
uua[n_] := bb Exp[I (kappa (x + n L ) - omega t)]
Uaeq1 = M0 D[D[UUa[0], t], t] + K0 (2 UUa[0] - UUa[ -1] - UUa[1]) +

k (2 UUa[0] - uua[-1] - uua[0])
Uaeq2 = m D[D[uua[0], t], t] + k (2 uua[0] - UUa[0] - UUa[1])
Ba11 = Coefficient[Uaeq1, BB]
Ba12 = Coefficient[Uaeq1, bb]
Ba21 = Coefficient[Uaeq2, BB]
Ba22 = Coefficient[Uaeq2, bb]
Bamat = {{Ba11, Ba12}, {Ba21, Ba22}}
detBa = Det[Bamat] /Eˆ(-2 I (omega t - kappa x)) // FullSimplify
detBaa = ComplexExpand[Re[detBa]] // FullSimplify
Collect[detBaa, {omega, k, K0, m}]
Keff = K0 + k/2
Bacosql = (2 Keff - meff omegaˆ2)/(2 Keff)
Bacosql2 = 2 Bacosqlˆ2 - 1
Bameffeq =
detBaa /. {Cos[kappa L] -> acosql, Cos[2 kappa L] -> Bacosql2} //
FullSimplify
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Basol = Solve[Bameffeq == 0, meff] // FullSimplify
BaMeff = (meff /. Basol)[[1]]
Limit[BaMeff, omega -> 0]
Limit[BaMeff, omega -> Infinity]
Limit[BaMeff, K0 -> Infinity] // FullSimplify

A representative plot of the effective mass versus frequency is shown below. Note that the two resonance
peaks due to the two spring stiffnesses is observed in an actual experiments. However, the effective behav-
ior at large enough wavelengths identifies only the first (local) resonance peak.
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A two dimensional model can be created by superposing the x- and y-direction responses, assuming they
are uncoupled. In matrix form,

MeffU =

[
M eff
x 0
0 M eff

y

] [
Ux
Uy

]
. (5.30)
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where

M eff
x =

2kxm+M0(2kx −mω2)

2kx +
k2x
K0
−mω2

M eff
y =

2kym+M0(2ky −mω2)

2ky +
k2y
K0
−mω2

.

(5.31)

We can rotate the mass matrix using

Meff = R
[
M eff
x 0
0 M eff

y

]
RT where R =

[
cos θ sin θ
− sin θ cos θ

]
� . (5.32)

A plot of the components Mxx (red) and Myy (blue) of the effective mass matrix is shown in the figure
below.
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Problem 5.4 Show that the effective Young’s modulus function for a one-dimensional lossy material is analytic
in the entire complex plane except for isolated singularities in the negative Im(ω) part of the plane. Draw
a schematic of the locations of the singularities. Also show that E(ω) = E(−ω) for this model, where (•)
indicates the complex conjugate.

Solution 5.4: The effective Young’s modulus is given by

E(ω) = E0

∑
j

(
1−

αjω
2
j

ω2 − ω2
j + iωγj

)−1

. (5.33)

If we expand this function in terms of ω = ωr + iωi, we get

E(ω) = E0

1−
∑
j

αjωj

(αj + ωj)ωj + (ωi − iωr)(γj + ωi − iωr)

 . (5.34)

If ω = ωr − iωi, we have

E(−ω) = E0

∑
j

ω2
j + (ωi + Iωr)(γj + ωi + Iωr)

(αj + ωj)ωj + (ωi + Iωr)(γj + ωi + Iωr)

 . (5.35)

The real and imaginary parts of E(ω) = Er(ω) + iEi(ω) are

Er

E0
=

[ωi(γj + ωi) + ω2
j ][ωi(γj + ωi) + ωj(αj + ωj)] + [γ2

j + 2γjωi + 2ω2
i − ωj(αj + 2ωj)]ω

2
r + ω4

r

[ωi(γj + ωi) + ωj(αj + ωj)]2 + [γ2
j + 2γjωi + 2ω2

i − 2ωj(αj + ωj)]ω2
r + ω4

r

Ei

E0
= −

αj(γj + 2ωi)ωjωr

[ωi(γj + ωi) + ωj(αj + ωj)]2 + [γ2
j + 2γjωi + 2ω2

i − 2ωj(αj + ωj)]ω2
r + ω4

r

(5.36)
Therefore,

E(ω) = Er(ω)− iEi(ω) = E0

∑
j

ω2
j + (ωi + iωr)(γj + ωi + iωr)

(αj + ωj)ωj + (ωi + iωr)(γj + ωi + iωr)

 = E(−ω) . (5.37)

This shows that E(ω) = E(−ω) for this model.

To show analyticity, we can use the Cauchy-Riemann equations,

∂Er

∂ωr
−
∂Ei

∂ωi
= 0 and

∂Er

∂ωi
+
∂Ei

∂ωr
= 0 . (5.38)

Detailed calculations show that these equations indeed hold and hence the function is analytic in the com-
plex ω-plane. To locate the poles, we try to find the conditions under which the denominator in the
expression for E(ω) is zero, i.e.,

γjωi + ω2
i + αjωj + ω2

j − ωr = 0 and − γjωr − 2ωiωr = 0 . (5.39)

From the second equation, we have
ωi = −γj

2
. (5.40)

Plugging this into the first equation gives,

ωr = ±
√
−γ2

j /4 + αjωj + ω2
j . (5.41)

The poles are therefore on the negative part of the ω plane below the real ω axis and are spaced equally on
both sides of the imaginary ω axis.

81



An Introduction to Metamaterials and Waves in Composites: Solutions Manual

Problem 5.5 Examine the effective mass as a function of frequency when there is dissipation in the system.
What is the predominant effect that you observe as the amount of dissipation increases?

Solution 5.5: We can include dissipation in a spring-mass system by adding an imaginary part to the spring
stiffness. For the elastic bar, if we define

k → k + iα and K0 → K0 + iα (5.42)

we get a plot of the form shown below. The effect of damping is to smooth out the resonance peak.
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Problem 5.6 Starting from

p(t) =

∫ ∞
−∞

H(t− τ) · v(τ) dτ . (5.43)

show that
P̂(ω) = M(ω) · V̂(ω) (5.44)

where

M(ω) := Ĥ(ω) =

∫ ∞
−∞

H(s) eiωs ds . (5.45)

Solution 5.6: Assume
p(t) = P̂ exp(−iωt) and v(t) = V̂ exp(−iωt) . (5.46)

Then,

P̂ exp(−iωt) =

∫ ∞
−∞

H(t− τ) · V̂ exp(−iωτ) dτ . (5.47)

Define
s := t− τ =⇒ dτ = −ds (5.48)

which gives

P̂ exp(−iωt) =

∫ ∞
−∞

H(s) · V̂ exp[−iω(t− s)] ds =

[∫ ∞
−∞

H(s) exp(iωs) ds
]
· V̂ exp(−iωt) (5.49)

or
P̂ = M(ω) · V̂ (5.50)

where

M(ω) :=

∫ ∞
−∞

H(s) exp(iωs) ds � (5.51)
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Problem 5.7 Starting from the relation

qr(t) =

∫ 2π

0

xr(ϕ, t)× dpr(ϕ, t) (5.52)

show that the angular momentum of the ring can be expressed in the form

qr(t) = q0 + Re(q̂r e
−iωt) (5.53)

where

q0 = −mr2
0ωre3 and q̂r =

εmr2
0

2

[
−

(
2iωrΩ̂2

ω
+ 3Ω̂1

)
e1 +

(
2iωrΩ̂1

ω
− 3Ω̂2

)
e2

]
. (5.54)

Solution 5.7: The angular momentum of the ring is given by

qr(t) =

∫ 2π

0

xr(ϕ, t)× dpr(ϕ, t) (5.55)

where
xr(ϕ, t) = uo(t) +R(t) · Xr(ϕ) (5.56)

and

dpr(ϕ, t) =

(
m dϕ
2π

)
d

dt
[xr(ϕ, t)] . (5.57)

We know that

uo(t) = εRe(ûo e
−iωt) and R(t) = Q(t) +B(t) ·Q(t) where B(t) = εRe(B̂ e−iωt) . (5.58)

Therefore,

dxr

dt
=
duo

dt
+
dR

dt
· Xr(ϕ) =

duo

dt
+

(
dQ

dt
+
dB

dt
·Q(t) +B(t) ·

dQ

dt

)
· Xr(ϕ) . (5.59)

Now,
duo

dt
= εRe(−iωûo e

−iωt) = vo(t) and
dB

dt
= εRe(−iωB̂ e−iωt) . (5.60)

Also, since

Q(t) =

 cos(ωrt) sin(ωrt) 0
− sin(ωrt) cos(ωrt) 0

0 0 cos(0)

 (5.61)

we have
dQ

dt
= ωr

− sin(ωrt) cos(ωrt) 0
− cos(ωrt) − sin(ωrt) 0

0 0 0

 = ωrQ(ωr + π/2) =: ωr Q̃(t) . (5.62)

Therefore we can write

dxr

dt
= vo(t) +

(
ωrQ̃(t) +

dB

dt
·Q(t) + ωrB(t) · Q̃(t)

)
· Xr(ϕ) . (5.63)

So, the cross product inside the integral can be expressed as

xr(ϕ, t)× dpr(ϕ, t) = dα [uo(t) +Q(t) · Xr(ϕ) + {B(t) ·Q(t)} · Xr(ϕ)]

×

[
vo(t) +

{
ωr[1 +B(t)] · Q̃(t)

}
· Xr(ϕ) +

{
dB

dt
·Q(t)

}
· Xr(ϕ)

]
(5.64)
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where dα := (m/2π)dϕ. Multiplying terms by term and eliminating terms that are O(ε2), we get

xr(ϕ, t)×dpr(ϕ, t) = dα

[
{Q · Xr(ϕ)} × vo + ωruo × [Q̃ · Xr(ϕ)]

+ ωr{Q · Xr(ϕ)} × [{(1 +B) · Q̃} · Xr(ϕ)] + ωr[(B ·Q) · Xr(ϕ)]× [Q̃ · Xr(ϕ)]

+ {Q · Xr(ϕ)} × [(B′ ·Q) · Xr(ϕ)]

] (5.65)

Integrating term by term gives∫ 2π

0
xr(ϕ, t)×dpr(ϕ, t)dϕ =

m

2π

[(
Q ·

∫ 2π

0
Xr(ϕ)dϕ

)
× vo + ωruo ×

(
Q̃ ·

∫ 2π

0
Xr(ϕ)dϕ

)
+ ωr

∫ 2π

0
[Q · Xr(ϕ)]× [Q̃ · Xr(ϕ)]dϕ+ ωr

∫ 2π

0
[Q · Xr(ϕ)]× [(B · Q̃) · Xr(ϕ)]dϕ

+ ωr

∫ 2π

0
[(B ·Q) · Xr(ϕ)]× [Q̃ · Xr(ϕ)]dϕ+

∫ 2π

0
[Q · Xr(ϕ)]×

[
(B′ ·Q) · Xr(ϕ)

]
dϕ
]
.

(5.66)

Since Xr(ϕ) = r0 cosϕe1 + r0 sinϕe2, the first two terms are zero. Also,

B′ =
dB

dt
= εRe(−iωB̂ e−iωt) = Re(−iωB) . (5.67)

If we defineA := B ·Q and Ã := B · Q̃, we have∫ 2π

0

xr(ϕ, t)×dpr(ϕ, t)dϕ =
m

2π

[
ωr

∫ 2π

0

[Q · Xr(ϕ)]× [Q̃ · Xr(ϕ)]dϕ+ ωr

∫ 2π

0

[Q · Xr(ϕ)]× [Ã · Xr(ϕ)]dϕ

+ ωr

∫ 2π

0

[A · Xr(ϕ)]× [Q̃ · Xr(ϕ)]dϕ− iω
∫ 2π

0

[Q · Xr(ϕ)]× [A · Xr(ϕ)dϕ
]
.

(5.68)

Let us look at each term in the above expression separately. The first term is∫ 2π

0

[Q · Xr(ϕ)]× [Q̃ · Xr(ϕ)]dϕ =

∫ 2π

0

eijkQjpXp(ϕ)Q̃kqXq(ϕ)eidϕ

= eijkQjpQ̃kq

[∫ 2π

0

Xp(ϕ)Xq(ϕ)dϕ
]

ei .
(5.69)

Similarly, the other three terms can be written as,∫ 2π

0

[Q · Xr(ϕ)]× [Ã · Xr(ϕ)]dϕ = eijkQjpÃkq

[∫ 2π

0

Xp(ϕ)Xq(ϕ)dϕ
]

ei∫ 2π

0

[A · Xr(ϕ)]× [Q̃ · Xr(ϕ)]dϕ = eijkAjpQ̃kq

[∫ 2π

0

Xp(ϕ)Xq(ϕ)dϕ
]

ei∫ 2π

0

[Q · Xr(ϕ)]× [A · Xr(ϕ)]dϕ = eijkQjpAkq

[∫ 2π

0

Xp(ϕ)Xq(ϕ)dϕ
]

ei .

(5.70)

Now, ∫ 2π

0

Xp(ϕ)Xq(ϕ)dϕ ≡ r2
0

π 0 0
0 π 0
0 0 0

 ≡ r2
0π(δpq − δp3δq3) . (5.71)
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Therefore, ∫ 2π

0

[Q · Xr(ϕ)]× [Q̃ · Xr(ϕ)]dϕ = πr2
0eijk(QjpQ̃kp −Qj3Q̃k3)ei∫ 2π

0

[Q · Xr(ϕ)]× [Ã · Xr(ϕ)]dϕ = πr2
0eijk(QjpÃkp −Qj3Ãk3)ei∫ 2π

0

[A · Xr(ϕ)]× [Q̃ · Xr(ϕ)]dϕ = πr2
0eijk(AjpQ̃kp −Aj3Q̃k3)ei∫ 2π

0

[Q · Xr(ϕ)]× [A · Xr(ϕ)]dϕ = πr2
0eijk(QjpAkp −Qj3Ak3)ei .

(5.72)

Because Q33 = 1 and all other Qi3 = Q̃i3 = 0, the above relations simplify to∫ 2π

0

[Q · Xr(ϕ)]× [Q̃ · Xr(ϕ)]dϕ = πr2
0eijkQjpQ̃kpei∫ 2π

0

[Q · Xr(ϕ)]× [Ã · Xr(ϕ)]dϕ = πr2
0eijk(QjpÃkp − δj3Ãk3)ei∫ 2π

0

[A · Xr(ϕ)]× [Q̃ · Xr(ϕ)]dϕ = πr2
0eijkAjpQ̃kpei∫ 2π

0

[Q · Xr(ϕ)]× [A · Xr(ϕ)]dϕ = πr2
0eijk(QjpAkp − δj3Ak3)ei .

(5.73)

Therefore,∫ 2π

0

xr(ϕ, t)× dpr(ϕ, t)dϕ =
mr2

0

2
eijk

[
ωr

(
QjpQ̃kp + (QjpÃkp − δj3Ãk3) +AjpQ̃kp

)
− iω(QjpAkp − δj3Ak3)

]
ei .

(5.74)

Recall thatA = B ·Q and Ã = B · Q̃. Substituting these into the above expression gives∫ 2π

0

xr(ϕ, t)× dpr(ϕ, t)dϕ =
mr2

0

2
eijk

[
ωr
(
QjpQ̃kp

+ (QjpBkmQ̃mp − δj3BkmQ̃m3) +BjmQmpQ̃kp
)

− iω(QjpBkmQmp − δj3BkpQp3)

]
ei .

(5.75)

Now Q̃m3 = 0 and Qp3 = δp3. Therefore,∫ 2π

0

xr(ϕ, t)× dpr(ϕ, t)dϕ =
mr2

0

2
eijk

[
ωr
(
QjpQ̃kp

+BkmQjpQ̃mp +BjmQmpQ̃kp
)

− iω(BkmQjpQmp − δj3Bk3)

]
ei .

(5.76)

We also have,

Q · Q̃T ≡ QjpQ̃kp ≡

0 −1 0
1 0 0
0 0 0

 and Q ·QT ≡ QjpQkp ≡

1 0 0
0 1 0
0 0 1

 (5.77)
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and

B ≡ Bij ≡

 0 b3 −b2
−b3 0 b1
b2 −b1 0

 . (5.78)

Therefore,

BkmQjpQ̃mp ≡ (Q · Q̃T ) ·BT ≡

−b3 0 b1
0 −b3 b2
0 0 0

 , (5.79)

BjmQmpQ̃kp ≡ B · (Q · Q̃T ) ≡

 b3 0 0
0 b3 0
−b1 −b2 0

 , (5.80)

BkmQjpQmp ≡ (Q ·QT ) ·BT ≡

 0 −b3 b2
b3 0 −b1
−b2 b1 0

 , (5.81)

and

δj3Bk3 ≡

 0 0 0
0 0 0
b2 −b1 0

 . (5.82)

Hence,

ωr
(
QjpQ̃kp +BkmQjpQ̃mp +BjmQmpQ̃kp

)
≡ ωr

 0 −1 b1
1 0 b2
−b1 −b2 0

 (5.83)

and

iω(BkmQjpQmp − δj3Bk3) ≡ iω

 0 −b3 b2
b3 0 −b1
−2b2 2b1 0

 (5.84)

Therefore,

ωreijk
(
QjpQ̃kp +BkmQjpQ̃mp +BjmQmpQ̃kp

)
≡ ωr

 2b2
−2b1
−2

 (5.85)

and

iωeijk(BkmQjpQmp − δj3Bk3) ≡ iω

−3b1
−3b2
−2b3

 (5.86)

Hence the angular momentum vector has the form∫ 2π

0

xr(ϕ, t)× dpr(ϕ, t)dϕ =
mr2

0

2
eijk

[
ωr
(
QjpQ̃kp +BkmQjpQ̃mp +BjmQmpQ̃kp

)
− iω(BkmQjpQmp − δj3Bk3)

]
ei

=mr2
0ωr

 b2
−b1
−1

+mr2
0

3iωb1/2
3iωb2/2
iωb3


(5.87)

Recall that
b = εRe(b̂ e−iωt) = θo = εRe(θ̂o e

−iωt) = εRe(iΩ̂o/ω e
−iωt) . (5.88)

Therefore, if there is no friction between the spindle and the cavity,

b̂1 =
iΩ̂1

ω
; b̂2 =

iΩ̂2

ω
; b̂3 = 0 and ωb̂1 = iΩ̂1 ; ωb̂2 = iΩ̂2 ; (5.89)
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We can then write

∫ 2π

0

xr(ϕ, t)× dpr(ϕ, t)dϕ = εmr2
0ωr

 Re(̂b2 e
−iωt)

−Re(̂b1 e
−iωt)

−1/ε

+
εmr2

0

2

3Re(iωb̂1 e
−iωt)

3Re(iωb̂2 e
−iωt)

0

 (5.90)

or,

∫ 2π

0

xr(ϕ, t)× dpr(ϕ, t)dϕ = −εmr2
0ωr

Re(−iΩ̂2/ω e
−iωt)

Re(iΩ̂1/ω e
−iωt)

1

+
εmr2

0

2

3Re(−Ω̂1 e
−iωt)

3Re(−Ω̂2 e
−iωt)

0

 . (5.91)

Reorganization leads to

∫ 2π

0

xr(ϕ, t)× dpr(ϕ, t)dϕ = −mr2
0ωr

0
0
1

+
εmr2

0

2
Re

−2iωrΩ̂2/ω − 3Ω̂1

2iωrΩ̂1/ω − 3Ω̂2

0

 e−iωt
 . (5.92)

Therefore, the angular momentum is given by

qr(t) = q0 + Re(q̂r e
−iωt) (5.93)

where

q0 = −mr2
0ωre3 and q̂r =

εmr2
0

2

[
−

(
2iωrΩ̂2

ω
+ 3Ω̂1

)
e1 +

(
2iωrΩ̂1

ω
− 3Ω̂2

)
e2

]
.� (5.94)
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Problem 5.8 Using the Helmholtz model as an analogy, come up with another model system that can have a
negative effective elastic modulus.

Solution 5.8: Several examples can be found in Shu Zhang’s doctoral dissertation. The model below is the unit
cell of a periodic structure has a negative effective elastic bulk modulus for acoustic waves.
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Problem 5.9 Verify that the ensemble averaged equations

〈ε〉 = ε0 − Sx ? 〈S〉 −Mx ? 〈m〉
〈u̇〉 = u̇0 − St ? 〈S〉 −Mt ? 〈m〉 .

(5.95)

are correct, i.e., the quantities Cx, Mx, St, andMt can be taken outside the integrals during averaging.

Solution 5.9: Let us start with the solution for the displacement

u(x, t) = u0(x, t) + [G ? (∇ · S − ṁ)](x, t) . (5.96)

The first thing to note is that the convolution is over both space and time, i.e., the ? notation indicates both
convolution in space-time and convolution in space,

G ? (∇ · S − ṁ) =

∫
Ω

dx′ [G(x′ − x, t) ? (∇ · S − ṁ)(x′, t)]

=

∫
Ω

dx′
[∫ t

−∞
dτ G(x′ − x, t− τ) · (∇ · S − ṁ)(x′, τ)

]
.

(5.97)

Consider the term containing the divergence of S. We have

G ? (∇ · S) =

∫
Ω

dx′
[∫ t

−∞
G · (∇ · S) dτ

]
. (5.98)

Switching the order of integration gives

G ? (∇ · S) =

∫ t

−∞
dτ
[∫

Ω

G · (∇ · S) dx′
]
. (5.99)

The formula for integration by parts is∫
Ω

F · (∇ ·G) dΩ =

∫
Γ

n · (G · F T ) dΓ−
∫

Ω

∇F : GT dΩ . (5.100)

With the appropriate choice of boundary conditions, we have∫
Ω

F · (∇ ·G) dΩ = −
∫

Ω

∇F : GT dΩ . (5.101)

Therefore, from (5.99) and (5.101), and using the symmetry of S, we have

G ? (∇ · S) = −
∫ t

−∞
dτ
[∫

Ω

∇G : S dx′
]
. (5.102)

Since we are dealing with time derivatives of displacement, we need the quantity

d

dt
[G ? (∇ · S)] = −

d

dt

[∫ t

−∞
dτ
(∫

Ω

∇G(x′ − x, t− τ) : S(x′, τ) dx′
)]

. (5.103)

Ignoring the spatial dependence for now, define

F (t) :=

∫ t

−∞
dτ
(∫

Ω

∇G(x′ − x, t− τ) : S(x′, τ) dx′
)

=:

∫ t

−∞
dτ f(t, τ) (5.104)

where
f(t, τ) :=

∫
Ω

∇G(x′ − x, t− τ) : S(x′, τ) dx′ . (5.105)
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Then from the generalized Leibniz rule, we have

d

dt
[F (t)] = f(t, t) +

∫ t

−∞
dτ

∂

∂t
[f(t, τ)] . (5.106)

With the assumption that ∇G(x′ − x, 0) = 0, we then have

d

dt
[G ? (∇ · S)] = −

∫ t

−∞
dτ

∂

∂t

(∫
Ω

∇G(x′ − x, t− τ) : S(x′, τ) dx′
)
. (5.107)

Now we can use Reynold’s transport theorem to take the time derivative inside the integral over space
(noting that the boundary term is zero for linear elastic deformations). Then we have

d

dt
[G ? (∇ · S)] = −

∫ t

−∞
dτ

[∫
Ω

∂

∂t
(∇G(x′ − x, t− τ) : S(x′, τ) dx′)

]
. (5.108)

Since S is not a function of t, we have

d

dt
[G ? (∇ · S)] = −

∫ t

−∞
dτ

[∫
Ω

∂

∂t
[∇G(x′ − x, t− τ)] : S(x′, τ) dx′

]
. (5.109)

Switching back the order of integration,

d

dt
[G ? (∇ · S)] = −

∫
Ω

dx′
[∫ t

−∞

∂

∂t
(∇G) : S dτ

]
. (5.110)

We can define

St :=
∂

∂t
(∇G) . (5.111)

Alternatively, to make sure that the correct gradient ofG is used when (5.110) is written in index notation,
it is useful to take advantage of the symmetry of S to define

St := 1
2

[
∂

∂t
(∇G+ ∇GT )

]
(5.112)

where some care is needed in the definition of the transpose of a third order tensor. Then can write (5.110)
as

d

dt
[G ? (∇ · S)] = −

∫
Ω

dx′
[∫ t

−∞
St(x′ − x, t− τ) : S(x′, τ) dτ

]
. (5.113)

Reverting back to convolution notation, with the slight inconsistency of notation mentioned above,

d

dt
[G ? (∇ · S)] = −

∫
Ω

St(x′ − x, t) ? S(x, t) dx′ = −St ? S . (5.114)

Recall thatG is the Green’s function for a domain with reference stiffness tensor C0 and reference density
ρ0. Therefore, the ensemble average of St is independent of the material properties of the domain and we
have 〈

d

dt
[G ? (∇ · S)]

〉
= −St ? 〈S〉 �

A similar process can be used to show that the quantities Cx, Mx, and Mt can be also taken outside the
integrals during averaging.
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Problem 5.10 Given what you know about the Willis equations, develop a simple model that exhibits coupling
between the elastic response and density.

Solution 5.10: Clearly, any translation-invariant periodic structure will show the required coupling. See, for
example, Ankit Srivastava and Sia Nemat-Nasser, (2011), “Overall Dynamic Properties of 3-D periodic
elastic composites” and Shuvalov, AL and Kutsenko, AA and Norris, AN and Poncelet, O. (2011), “Effec-
tive Willis constitutive equations for periodically stratified anisotropic elastic media”.
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Problem 5.11 Find the relation between the stress-momentum vector and the displacement gradient-velocity
vector for the Milton model for the case where c = 1/2 and d = 1/4. Comment on your findings.

Solution 5.11: Recall that

u
5

=
1

2c

[
c(1 + d) −(1− d2) c(1− d) (1− d2)
−c2 c(1− d) c2 c(1 + d)

] [u
2

u
4

]
=:
[
B

1
B

2

] [u
2

u
4

]
(5.115)

Recall also that
α = h

(
A1 +A−1

1 +A2 +A−1
2 +A3 +A−1

3 − 6
)

β1 = A2B1 +B2 − 1, β2 = A−1
2 B2 +B1 − 1

β3 = A2B2 +B1 − 1, β4 = A−1
2 B1 +B2 − 1

(5.116)

where
A1 = e−ih(k1+k2), A2 = eihk2 , A3 = e−ih(k1−k2) . (5.117)

The dispersion relation for the system is

det
[
kα1− ω2

{
m5

(
βT1 · β1 + βT2 · β2

)
+m6

(
βT3 · β3 + βT4 · β4

)}]
= 0 . (5.118)

We can use Mathematica to compute the determinant above. The resulting expression, for m5 = hm and
m6 = −hm+ δh2, c = 1/2, and d = 1/4 is

1280k2 + cos(hk2)
[
256k2

{
−3 + 2 cos(hk1) [−3 + {1 + cos(hk1)} cos(hk2)]

}
− 377δhω2

{
6k −

[
2k + δhω2 + 4k cos(hk1)

]
cos(hk2) + δhω2 cos2(hk2)

}
sin2

(
hk2

2

)]
+ 2

[
−64k2 + 377(δh− 2m)2ω4 sin4

(
hk2

2

)]
sin2(hk2) = 0

(5.119)
The inertial force at node 4 is

finertial
4 =

m5ω
2

4c2h
(A2C1 x5 ⊗ c1 + C2 x5 ⊗ c2) · u4

+
m6ω

2

4c2h
(C3 x6 ⊗ c1 +A2C1 x6 ⊗ c2) · u4 .

(5.120)

where
C1 = c2 + d2 − 1 , C2 = c2 + (1− d)2 , C3 = c2 + (1 + d)2 , (5.121)

and
x5 = −ch e1 − (1 + d)h e2 , x6 = ch e1 − (1− d)h e2 ,

c1 = −c e1 + (1− d) e2 , c2 = c e1 + (1 + d) e2 .
(5.122)

Therefore,

x5 ⊗ c1 =

[
c2h −c(1− d)h

c(1 + d)h −(1− d2)h

]
, x5 ⊗ c2 =

[
−c2h −c(1 + d)h

−c(1 + d)h −(1 + d)2h

]
(5.123)

x6 ⊗ c1 =

[
−c2h −c(−1 + d)h

−c(−1 + d)h −(−1 + d)2h

]
, x6 ⊗ c2 =

[
c2h c(1 + d)h

c(−1 + d)h (−1 + d2)h

]
(5.124)
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Plugging these, and the previously defined value of A2, into the expression for the inertial force gives us

finertial
4 =

ω2

4c



(c2 + d2 − 1)eihk2m5[cu4x − (1− d)u4y]
−[c2 + (1 + d)2]m6[cu4x − (1− d)u4y]
−[c2 + (1− d)2]m5[cu4x + (1 + d)u4y]

+(c2 + d2 − 1)eihk2m6[cu4x + (1 + d)u4y]

c3(eihk2 − 1)[(1 + d)m5 − (1− d)m6]u4x

+c(d2 − 1)
[
(1− d)m5 − (1 + d)m6 + eihk2 [(1 + d)m5 − (1− d)m6]

]
u4x

+(1− d2)2(−1 + eihk2)(m5 +m6)u4y

+c2
[
−(1 + d)2m5 − (−1 + d)2m6 + (−1 + d2)eihk2(m5 +m6)

]
u4y


. (5.125)

In the limit h→ 0, with u1 = u4x, u2 = u4y , m5 = hm, and m6 = −hm+ δh2, we have

tinertial
4 = − 1

2h
finertial
4 =

mω2

2


cu2 − du1

(1− d2)u1 + cdu2

c

 . (5.126)

The effective stress in the structure due to these tractions is related to the traction components by

tinertial
4 =

[
σ21

σ22

]
=
mω2

2

 −du1 + cu2

1− d2

c
u1 + du2

 . (5.127)

The components σ11 and σ12 are zero. Then, we can write the stress tensor as

σI =


σI11

σI21

σI12

σI22

 =
mω2

2c


0

−cdu1 + c2u2

0
(1− d2)u1 + cdu2

 =
mω2

2c


0 0
−cd c2

0 0
(1− d2) cd

[u1

u2

]
. (5.128)

Noting that v1 = −iωu1 and v2 = −iωu2, we have

σI =


σI11

σI21

σI12

σI22

 =
iωm

2c


0 0
−cd c2

0 0
(1− d2) cd

[v1

v2

]
. (5.129)

Let us now examine the force at node 4 due to the elastic springs, given by

felastic
4 = hk [(1−A3)1 + (A3 −A1)D41 + (1−A2)D42] · u4 (5.130)

where, with θ41 = 5π/4 and θ42 = 3π/2, we have

D41 =

[
cos2 θ41 cos θ41 sin θ41

cos θ41 sin θ41 sin2 θ41

]
=

[
1/2 1/2
1/2 1/2

]
D42 =

[
cos2 θ42 cos θ42 sin θ42

cos θ42 sin θ42 sin2 θ42

]
=

[
0 0
0 1

]
.

(5.131)

The elastic force is independent of c and d and has the form

felastic
4 = hk

 {1− e−ihk1 cos(hk2)}u4x + i e−ihk1 sin(hk2)u4y

ie−ihk1 sin(hk2)u4x +
{

2− eihk2 − e−ihk1 cos(hk2)
}
u4y

 . (5.132)
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The traction due to the elastic force is

telastic
4 =

1

2h
felastic
4 =

k

2

 {1− e−ihk1 cos(hk2)}u4x + i e−ihk1 sin(hk2)u4y

ie−ihk1 sin(hk2)u4x +
{

2− eihk2 − e−ihk1 cos(hk2)
}
u4y

 . (5.133)

Following the approach in the text, we have

σE =


σE11

σE21

σE12

σE22

 =
hk

2


1 0 0 1
0 1 1 0
0 1 1 0
1 0 0 3



u1,1

u1,2

u2,1

u2,2

 . (5.134)

Combining the inertial and elastic components of the stress,

σ =


σ11

σ21

σ12

σ22

 =
1

2


hk 0 0 hk 0 0
0 hk hk 0 −iωmd iωmc
0 hk hk 0 0 0

hk 0 0 3hk
iωm(1− d2)

c
iωmd



u1,1

u1,2

u2,1

u2,2

v1

v2

 . (5.135)

The linear momentum density in the unit cell is

p = −
iω

2h2
[m5(A2B1 +B2) · u4 +m6(A2B2 +B1) · u4] . (5.136)

In matrix form, with m5 = hm and m6 = −hm+ δh2,

p = −
iω

4h

[(1 + d)δh− 2dm+ eihk2 {δ(1− d)h+ 2dm}
]
u4x + 1−d2

c (eihk2 − 1)(δh− 2m)u4y

c(eihk2 − 1)(δh− 2m)u4x +
[
(1− d)δh+ 2dm+ eihk2 {δ(1 + d)h− 2dm}

]
u4y

 .
(5.137)

In the limit h→ 0, with {u4x, u4y} = {u1, u2}, we have

p =
−iω
2c

c(δ + idk2m)u1 − i(1− d2)k2mu2

−c [ick2mu1 + (−δ + idk2m)u2]

 . (5.138)

Recall that for plane waves, u1,2 = ik2u1 and u2,2 = ik2u2. Then we can write,

p =
−iω
2c

cδu1 + dmu1,2 − (1− d2)mu2,2

−c [cmu1,2 − δu2 + dmu2,2]

 . (5.139)

Now, v1 = −iωu1 and v2 = −iωu2. Therefore

p =
1

2c

cδv1 − iωcdmu1,2 + iω(1− d2)mu2,2

c [iωcmu1,2 + δv2 + iωdmu2,2]

 . (5.140)

In the matrix form we seek,

p =
1

2c

[
0 −iωcdm 0 iω(1− d2)m cδ 0
0 iωc2m 0 iωcdm 0 cδ

]

u1,1

u1,2

u2,1

u2,2

v1

v2

 . (5.141)
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Combining (5.135) and (5.141), we have

[
σ
p

]
=


σ11

σ21

σ12

σ22

p1

p2

 =
1

2



hk 0 0 hk 0 0
0 hk hk 0 −iωmd iωmc
0 hk hk 0 0 0

hk 0 0 3hk
iωm(1− d2)

c
iωmd

0 −iωmd 0
iωm(1− d2)

c
δ 0

0 iωmc 0 iωmd 0 δ




u1,1

u1,2

u2,1

u2,2

v1

v2

 . (5.142)

For the situation where c = 1/2 and d = 1/4,

[
σ
p

]
=


σ11

σ21

σ12

σ22

p1

p2

 =
1

2



hk 0 0 hk 0 0

0 hk hk 0 −
iωm

4

iωm

2
0 hk hk 0 0 0

hk 0 0 3hk
15iωm

8

iωm

4

0 −
iωm

4
0

15iωm

8
δ 0

0
iωm

2
0

iωm

4
0 δ




u1,1

u1,2

u2,1

u2,2

v1

v2

 . (5.143)
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Problem 5.12 Show that the wave equation for pentamode materials can be expressed as

KS : ∇[ρ−1 · (S ·∇p)]− p̈ = 0 . (5.144)

For a plane harmonic wave with wave vector k incident upon a pentamode material, show that

[(S · k)⊗ (S · k)] · u−
ω2

K
ρ · u = 0 . (5.145)

Solution 5.12: Recall that the balance of momentum for a material with anisotropic density can be written as

∇ · σ = ρ · v̇ . (5.146)

For a pentamode material
σ = −pS (5.147)

where p is the pseudo-pressure which satisfies the relation

ṗ = −K(S : ∇v) with ∇ · S = 0 . (5.148)

If we plug in the expression for σ for a pentamode material into the momentum balance equation we have

−∇ · pS = ρ · v̇ . (5.149)

In index notation

−
∂

∂xj
(pSjk) = ρk`v̇` . (5.150)

Expanded out

−

[
∂p

∂xj
Sjk + p

∂Sjk

∂xj

]
= ρk`v̇` . (5.151)

In direct notation
− [∇p · S + p∇ · S] = ρ · v̇ . (5.152)

Since ∇ · S = 0, the above simplifies to

−∇p · S = ρ · v̇ . (5.153)

Assuming that the density tensor is invertible, we can write

−ρ−1 · (∇p · S) = v̇ . (5.154)

From the symmetry of S we have
−ρ−1 · (S ·∇p) = v̇ . (5.155)

Taking the time derivative of the relation for the pseudo-pressure gives

p̈ = −K(S : ∇v̇) . (5.156)

Plug in the expression for v̇ to get the required relation

p̈ = K S : ∇
[
ρ−1 · (S ·∇p)

]
� (5.157)

For the plane wave equations, we once again start with the momentum balance equation

∇ · σ = ρ · v̇ where σ = K(S : ∇u)S . (5.158)
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If the material is homogeneous, K and S are constant, and we have

∇ · σ = K∇ · [(S : ∇u)S] = K[S : ∇(∇u)] · S . (5.159)

In index notation,
∂

∂xj
(σjk) = K Smn

∂2um

∂xn∂xj
Sjk . (5.160)

For plane waves with
u = û exp[i(k · x− ωt)] (5.161)

we have
v̇ = ü = −ω2û exp[i(k · x− ωt)] , ∇u = i û⊗ k exp[i(k · x− ωt)] . (5.162)

and
∇(∇u) = −û⊗ (k⊗ k) exp[i(k · x− ωt)] . (5.163)

In index notation
∂2um

∂xn∂xj
= −ûmknkj exp[i(k`x` − ωt)] . (5.164)

Therefore
∂

∂xj
(σjk) = −K Smn (ûmknkj)Sjk exp[i(k`x` − ωt)] . (5.165)

Plugging into the momentum equation gives

−K Smn (ûmknkj)Sjk exp[i(k`x` − ωt)] = −ω2 ρkpûp exp[i(k`x` − ωt)] (5.166)

or
K (Sjkkj) (Smnkn)ûm = ω2ρkpûp (5.167)

In direct notation, using the symmetry of S, we have

[(S · k)⊗ (S · k)] · û− ω2

K
ρ · û = 0 � (5.168)
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Chapter 6

Solutions for Exercises in Chapter 6

Problem 6.1 Use curvilinear coordinates to derive the transformation rules for electrical conductivity and the
current:

σ(x) =
1

J
F (X) ·Σ(X) · F T (X)

j(x) =
F · J(X)

det(F )
.

Solution - 6.1 : Let the natural basis for the reference state, X, be (G1,G2,G3) and let the coordinate curves be
(Θ1,Θ2,Θ3). For the transformed state, x, the natural basis is (g1,g2,g3) and the coordinate curves are
(θ1, θ2, θ3). Assuming a sufficient degree of smoothness in the transformation, we have

gi =
∂x
∂θi

=
∂X
∂Θj

∂Θj

∂θi
=
∂Θj

∂θi
Gj . (6.1)

The inverse process can be used to get the relationship

Gi =
∂θj

∂Θi
gj . (6.2)

The transformation rule for general vectors can be derived from the above relation between the basis
vectors. Let,

u = U iGi = ujgj . (6.3)

Then,

U iGi = U i
∂θj

∂Θi
gj =: ujgj . (6.4)

Therefore,

uj =
∂θj

∂Θi
U i . (6.5)

For a second order tensor, Σ, we can write

Σ = Σk` Gk ⊗G` = σij gi ⊗ gj . (6.6)

Using the transformation rule for Gi, we have

Σij Gi ⊗Gj = Σij

(
∂θk

∂Θi
gk

)
⊗

(
∂θ`

∂Θj
g`

)
=

∂θ`

∂Θj
Σij

∂θk

∂Θi
gk ⊗ g` . (6.7)

Therefore,

σk` =
∂θ`

∂Θj
Σij

∂θk

∂Θi
. (6.8)
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Let us now consider the gradient of a scalar function Φ. Then, from the definition of the gradient in
curvilinear coordinates

∇X Φ =
∂Φ

∂X
=

∂Φ

∂Θj
Gj =

∂φ

∂θm
∂θm

∂Θj
Gjk Gk (6.9)

where Gjk = Gj ·Gk. Then

∇X Φ =
∂φ

∂θm
∂θm

∂Θj
Gjk

∂θ`

∂Θk
g` =

∂φ

∂θm
∂θm

∂Θj
Gjk

∂θ`

∂Θk
g`n gn . (6.10)

We can now examine the expression for the power dissipated,

W =

∫
Ω

∇X Φ ·Σ ·∇X Φ dΩ . (6.11)

The transformation rule for infinitesimal volumes is given by

dΩ =
√
G dΘ1 dΘ2 dΘ3 =

√
g dθ1 dθ2 dθ3 (6.12)

where G = det(Gij) and g = det(gij). Recall that, Gij = Gi ·Gj and gij = gi · gj . Therefore,

W =

∫
Ωx

√
G
√
g
∇X Φ ·Σ ·∇X Φ dΩx

=

∫
Ωx

√
G
√
g

(
∂φ

∂θm
∂θm

∂ΘnG
np ∂θ

q

∂Θp
gqα gα

)
·

(
∂θ`

∂Θj
Σij

∂θk

∂Θi
gk ⊗ g`

)

·

(
∂φ

∂θr
∂θr

∂ΘsG
st ∂θ

u

∂Θt
guβ gβ

)
dΩx

or,

W =

∫
Ωx

√
G
√
g

(
∂φ

∂θm
∂θm

∂ΘnG
np ∂θ

q

∂Θp
gqk

)(
∂θ`

∂Θj
Σij

∂θk

∂Θi

)(
∂φ

∂θr
∂θr

∂ΘsG
st ∂θ

u

∂Θt
gu`

)
dΩx (6.13)

where we have used
gα · (gk ⊗ g`) · gβ = (gα · gk)(g` · gβ) = δαk δ

β
` .

The transformation has the map

F =
∂x
∂X

=
∂x
∂Θi
⊗Gi =

∂θk

∂Θi

∂x
∂θk
⊗Gi =

∂θk

∂Θi
gk ⊗Gi

=
∂θk

∂Θi
Gij gk ⊗Gj =

∂θk

∂Θi
Gij

∂θm

∂Θj
gk ⊗ gm .

Therefore,

F T =
∂θm

∂Θi
Gij

∂θk

∂Θj
gk ⊗ gm .

Using these relations, we have

F ·Σ · F T =

(
∂θm

∂ΘnG
np ∂θ

q

∂Θp gm ⊗ gq

)
·

(
∂θ`

∂Θj
Σij

∂θk

∂Θi
gk ⊗ g`

)
·

(
∂θr

∂ΘsG
st ∂θ

u

∂Θt gu ⊗ gr

)

=

(
∂θm

∂ΘnG
np ∂θ

q

∂Θp

)(
∂θ`

∂Θj
Σij

∂θk

∂Θi

)(
∂θr

∂ΘsG
st ∂θ

u

∂Θt

)
gqk g`u gm ⊗ gr .
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Furthermore,

∇x φ · (F ·Σ · F T ) ·∇x φ =

(
∂φ

∂θα
gα
)
·[(

∂θm

∂ΘnG
np ∂θ

q

∂Θp

)(
∂θ`

∂Θj
Σij

∂θk

∂Θi

)(
∂θr

∂ΘsG
st ∂θ

u

∂Θt

)
gqk g`u gm ⊗ gr

]

·

(
∂φ

∂θβ
gβ
)

=

(
∂φ

∂θα
δαm

)[(
∂θm

∂ΘnG
np ∂θ

q

∂Θp

)(
∂θ`

∂Θj
Σij

∂θk

∂Θi

)(
∂θr

∂ΘsG
st ∂θ

u

∂Θt

)
gqk g`u

](
∂φ

∂θβ
δβr

)

=
∂φ

∂θm

[(
∂θm

∂ΘnG
np ∂θ

q

∂Θp

)(
∂θ`

∂Θj
Σij

∂θk

∂Θi

)(
∂θr

∂ΘsG
st ∂θ

u

∂Θt

)
gqk g`u

]
∂φ

∂θr
.

Comparing the above with (6.13), we see that

W =

∫
Ωx

√
G
√
g
∇x φ · (F ·Σ · F T ) ·∇x φ dΩx . (6.14)

Therefore, in the transformed coordinates, the functional W (φ) takes the form

W =

∫
Ωx

∇x φ · σ ·∇x φ dΩx (6.15)

with

σ =

√
G
√
g
F ·Σ · F T . (6.16)

Noting that

gi = F ·Gi , gij = gi · gj , Gij = Gi ·Gj , g = det[gij ] , G = det[Gij ] (6.17)

we can show that

(detF T ) (detF ) = J2 =
g

G
=⇒ J =

√
g

G
. (6.18)

Therefore,

σ =
1

J
F ·Σ · F T � (6.19)

The transformation rule for currents can be obtained using a similar process.
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Problem 6.2 The Greenleaf-Lassas-Uhlman map has the form

x(X) =


(
‖X‖
2

+ 1

)
X
‖X‖

if ‖X‖ < 2

X if ‖X‖ > 2 .

Find the expression for the electrical conductivity as a function of location for this map.

Solution - 6.2 : THE GLU map expressed in index notation w.r.t. a Cartesian basis is

xi =


(√

XpXp

2
+ 1

)
Xi√
XpXp

if
√
XpXp < 2

Xi if
√
XpXp > 2 .

(6.20)

Let us first find the quantity F . In index notation

Fij =
∂xi

∂Xj
=


∂

∂Xj

[
Xi

2
+

Xi√
XpXp

]
if
√
XpXp < 2

∂Xi

∂Xj
if
√
XpXp > 2 .

(6.21)

Now,
∂Xi

∂Xj
= δij . (6.22)

Also,
∂

∂Xj

(
Xi√
XpXp

)
=

1√
XpXp

δij +Xi

(
− 1

2 (XpXp)
−3/2

)
(2Xj) (6.23)

Therefore,

Fij =


(

1
2 +

1√
XpXp

)
δij −

(
1√
XpXp

)3

XiXj if
√
XpXp < 2

δij if
√
XpXp > 2 .

(6.24)

Reverting back to direct notation,

F =


(

1
2 +

1

‖X‖

)
1−

1

‖X‖3
X⊗ X if ‖X‖ < 2

1 if ‖X‖ > 2 .

(6.25)

Therefore,

J = det(F ) =


(

1
2 +

1

‖X‖

)3

−
1

‖X‖9
det(X⊗ X) if ‖X‖ < 2

1 if ‖X‖ > 2 .

(6.26)

We can use these to find the expression for σ in terms of Σ. The expression simplifies considerably if Σ
is isotropic. A plot of the deformed configuration can easily be drawn in 2D. �
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Problem 6.3 The space folding map of Leonhardt and Pendry can be expressed as

x =


X if X1 < 0

(−X1, X2, X3) if d > X1 > 0

X− (2d, 0, 0) if X1 > d .

Find the expression for the electrical conductivity as a function of location for this map.

Solution - 6.3 : Expressed in index notation, the space folding map is

xiei =


XIEI if X1 < 0

−X1E1 +X2E2 +X3E3 if d > X1 > 0

(X1 − 2d)E1 +X2E2 +X3E3 if X1 > d .

(6.27)

The deformation gradient F is given by

F = FiJ ei ⊗ EJ =
∂xi

∂XJ
ei ⊗ EJ (6.28)

Therefore,

F = FiJ ei ⊗ EJ =



∂XI

∂XJ
EI ⊗ EJ if X1 < 0

−2
∂X1

∂X1
E1 ⊗ E1 +

∂XI

∂XJ
EI ⊗ EJ if d > X1 > 0

−2d
∂X1

∂X1
E1 ⊗ E1 +

∂XI

∂XJ
EI ⊗ EJ if X1 > d

(6.29)

or,

F =


δIJ EI ⊗ EJ if X1 < 0

−2 E1 ⊗ E1 + δIJ EI ⊗ EJ if d > X1 > 0

−2dE1 ⊗ E1 + δIJ EI ⊗ EJ if X1 > d

(6.30)

or,

F =


EI ⊗ EI if X1 < 0

−2 E1 ⊗ E1 + EI ⊗ EI if d > X1 > 0

−2dE1 ⊗ E1 + EI ⊗ EI if X1 > d .

(6.31)

Therefore, J = detF is given by

J =


1 if X1 < 0

−1 if d > X1 > 0

1− 2d if X1 > d .

(6.32)

The transformation equation for the conductivity is

σ =
1

J
F ·Σ · F T . (6.33)

If we express Σ in matrix form as

Σ =

σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

 (6.34)
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we have, using the above expressions for F ,

σ =



σ if X1 < 0−σ11 σ12 σ13

σ21 −σ22 −σ23

σ31 −σ32 −σ33

 if d > X1 > 0

(1− 2d)σ11 σ12 σ13

σ21 σ22/(1− 2d) σ23/(1− 2d)

σ31 σ32/(1− 2d) σ33/(1− 2d)

 if X1 > d .

(6.35)
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Problem 6.4 Use curvilinear coodinates to verify the transformation rules for the magnetic permeability and the
permittivity:

µ′(x) =
F · µ(X) · F T

det(F )
; ε′(x) =

F · ε(X) · F T

det(F )
.

Then show that Maxwell’s equations are invariant under these transformations.

Solution - 6.4 : The proof in spatial curvilinear coordinates is quite tedious (even for the situation where time
is not dealt with explicitly). However, proofs can be found in older textbooks on electromagnetism. The
expressions for the curl given in Chapter 1 along with the approach used in Problem 1.2 can be used to
verify the above relations. Showing that Maxwell’s equations are invariant is a bit more involved.
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Problem 6.5 Consider a cloak in the shape of an annulus of a circular cylinder with inner radius R1 and outer
radius R2. Assume that the material properties of the cloak are derived from the transformation

r = R1 + tR , θ = Θ , z = Z where t :=
R2 −R1

R2
.

Find the permittivity and magnetic permeability of the cloak as a function of r.

Solution - 6.5 : In cylindrical coordinates

x = x(r, θ, z) = xi(r, θ, z) ei (6.36)

where
x1 = r cos θ , x2 = r sin θ , x3 = z . (6.37)

The orthogonal basis vectors for the cylindrical coordinate system are

g1 =
∂x
∂r

= cos θ e1 + sin θ e2 = er

g2 =
∂x
∂θ

= −r sin θ e1 + r cos θ e2 = reθ

g3 =
∂x
∂z

= e3 = ez .

(6.38)

The reciprocal basis vectors are given by

g1 = cos θ e1 + sin θ e2 = er

g2 = − sin θ

r
e1 +

cos θ

r
e2 =

1

r
eθ

g3 = e3 = ez .

(6.39)

From the above we see that

∂er
∂r

=
∂er
∂z

=
∂eθ
∂r

=
∂eθ
∂z

=
∂ez
∂r

=
∂ez
∂θ

=
∂ez
∂z

= 0 . (6.40)

Also,
∂er
∂θ

= − sin θ e1 + cos θ e2 = eθ ,
∂eθ
∂θ

= − cos θ e1 − sin θ e2 = −er . (6.41)

The gradient of a scalar function in cylindrical coordinates is

∇f =
∂f

∂θi
gi =

∂f

∂r
er +

1

r

∂f

∂θ
eθ +

∂f

∂z
ez . (6.42)

We can now calculate the gradient, F :

F =
∂x
∂X

=
∂x
∂Θi
⊗ gi =

∂x
∂R
⊗ eR +

1

R

∂x
∂Θ
⊗ eΘ +

∂x
∂Z
⊗ eZ (6.43)

where x = xrer + xθeθ + xzez . For the situation where er = eR, eθ = eΘ, and ez = eZ , we have

∂x
∂R

=
∂

∂R
(xrer) +

∂

∂R
(xθeθ) +

∂

∂R
(xzez) =

∂xr

∂R
er +

∂xθ

∂R
eθ +

∂xz

∂R
ez

∂x
∂Θ

=
∂

∂Θ
(xrer) +

∂

∂Θ
(xθeθ) +

∂

∂Θ
(xzez) =

∂xr

∂Θ
er + xr eθ +

∂xθ

∂Θ
eθ − xθ er +

∂xz

∂Θ
ez

∂x
∂Z

=
∂

∂Z
(xrer) +

∂

∂Z
(xθeθ) +

∂

∂Z
(xzez) =

∂xr

∂Z
er +

∂xθ

∂Z
eθ +

∂xz

∂Z
ez .

(6.44)
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Note that X has been assumed to a general vector in the above representation. The mapping considered in
this problem has the form,

X = Rer + Zez , x = f(R)er + Zez . (6.45)

Therefore,
∂x
∂R

=
df

dR
er

∂x
∂Θ

= f(R) eθ

∂x
∂Z

= ez

(6.46)

and we have

F =
df

dR
eR ⊗ eR +

f(R)

R
eΘ ⊗ eΘ + eZ ⊗ eZ . (6.47)

In this case, f(R) = R1 + tR. Therefore,

F = t eR ⊗ eR +
R1 + tR

R
eΘ ⊗ eΘ + eZ ⊗ eZ . (6.48)

In matrix form

F =


t 0 0

0
R1 + tR

R
0

0 0 1

 (6.49)

and

J = detF =
R1t

R
+ t2 . (6.50)

If the reference material is isotropic and homogeneous with permittivity ε and permeability µ, the trans-
formed material has properties

ε′(r, θ, z) = ε
F · F T

J
; µ′(r, θ, z) = µ

F · F T

J
. (6.51)

with

T =
F · F T

J
=


tR

R1 + tR
0 0

0
R1 + tR

tR
0

0 0
R

t(R1 + tR)

 � (6.52)

The inverse transformation can also be used to find the properties of the cloak. This has been used widely
in the literature.

T−1 =


R1 + tR

tR
0 0

0
tR

R1 + tR
0

0 0
t(R1 + TR)

R

 . (6.53)
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Problem 6.6 The electrical conductivity equation in the presence of a current source can be expressed as

∇ · J(X) = S(X) with J(X) = Σ(X) ·∇φ(X)

where Σ(X) is the electrical conductivity tensor, φ(X) is a scalar potential, and S(X) is the source term.
Use the approach used to derive the transformed equations of elastodynamics to show that the conductivity
equation is invariant under transformations x = F · X, Fij = ∂xi/∂Xj with

σ(x) =
1

J
F (X) ·Σ(X) · F T (X) and s(x) =

1

J
S(X) .

Verify that ∇x · j(x) = s(x) where j(x) = σ(x) ·∇x φ.

Solution - 6.6 : In the elastodynamic situation we had tested the governing equations against a vector valued
function. For electrical conductivity we can use a scalar value function, i.e.,

W =

∫
Ω

[∇ · J(X)− S(X)]ψ dΩ .

Using the identity ψ∇ · J = ∇ · (ψJ)− J ·∇ψ we have

W =

∫
Ω

[∇ · (ψJ)− J ·∇ψ − Sψ] dΩ .

From the divergence theorem,

W =

∫
Γ

ψJ · n dΓ−
∫

Ω

[J ·∇ψ + Sψ] dΩ .

Since ψ has compact support, i.e., it is zero on the boundary Γ,

W = −
∫

Ω

[J ·∇ψ + Sψ] dΩ . (6.54)

Plugging in the expression for J gives

W = −
∫

Ω

[(Σ ·∇φ) ·∇ψ + Sψ] dΩ .

In Cartesian components,

W = −
∫

Ω

[Σij
∂φ

∂Xj

∂ψ

∂Xi
+ Sψ] dΩ .

Transforming variables with J = det(F ),

W = −
∫

Ωx

1

J

[
Σij

∂φ

∂xm

∂xm

∂Xj

∂ψ

∂xp

∂xp

∂Xi
+ Sψ

]
dΩx

= −
∫

Ωx

1

J

[
(FpiΣijFmj)

∂φ

∂xm

∂ψ

∂xp
+ Sψ

]
dΩx .

Back to direct notation,

W = −
∫

Ωx

1

J
[{(F ·Σ · F T ) ·∇x φ} ·∇x ψ + Sψ] dΩx . (6.55)

Compare (6.54) and (6.55) to see that the transformed quantities are

σ(x) =
1

J
F (X) ·Σ(X) · F T (X) and s(x) =

1

J
S(X) �

Verification of the divergence equation is straightforward.
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Problem 6.7 Chen, H. and Chan, C. T. (2007) use a separation of variables approach to show that for a cloak
based on a transformation F with

F · F T ≡

t
2 0 0

0 t2r2

(r−R1)2 0

0 0 t2r2

(r−R1)2

 and J = det(F ) =
t3r2

(r −R1)2
.

the pressure inside the cloak is

p(r, θ, φ) = Re

p0 exp

 i(r −R1) cosφ

t

√
ω2ρ

κ


where p0 is the amplitude of the incident plane wave. Verify this result.

Solution - 6.7 : Let us use a transformation of the form given in equation (6.29), i.e.,

ρ−1
x (x) =

ρ−1(X)

J
F · F T and κx(x) = J κ(X) .

Plugging in the expressions for F · F T and J , we have

ρ−1
x (x) =

ρ−1

t

 (r−R1)2

r2 0 0
0 1 0
0 0 1

 =:


1

ρrrx (r) 0 0

0 1
ρθθx

0

0 0 1

ρφφx

 and κx(x) = κ
r2t3

(r −R1)2
.

Recall that the fixed-frequency acoustic wave equation has the form

∇ · (ρ−1
x ·∇p) +

ω2

κx
p = 0 .

Since we are solving a spherically symmetric problem, the gradient and divergence operators have the form

∇p =
∂p

∂r
er +

1

r

∂p

∂φ
eφ +

1

r sinφ

∂p

∂θ
eθ

and

∇ · v =
1

r2

∂

∂r
(r2vr) +

1

r sinφ

∂

∂φ
(sinφ vφ) +

1

r sinφ

∂vθ

∂θ
.

Therefore, in matrix notation,

ρ−1
x ·∇p =


1

ρrrx (r) 0 0

0 1
ρθθx

0

0 0 1

ρφφx




∂p

∂r
1

r sinφ

∂p

∂θ
1
r

∂p

∂φ

 =


1

ρrrx (r)

∂p

∂r
1

r sinφρθθx

∂p

∂θ
1

rρφφx

∂p

∂φ

 =:

vrvθ
vφ

 .

The divergence term may then be expressed as

∇ · (ρ−1
x ·∇p) =

1

r2

∂

∂r

(
r2

ρrrx (r)

∂p

∂r

)
+

1

r sinφ

∂

∂θ

(
1

r sinφρθθx

∂p

∂θ

)
+

1

r sinφ

∂

∂φ

(
sinφ

rρφφx

∂p

∂φ

)

=
1

r2

∂

∂r

(
r2

ρrrx (r)

∂p

∂r

)
+

1

r2 sin2 φρθθx

∂2p

∂θ2
+

1

r2 sinφρφφx

∂

∂φ

(
sinφ

∂p

∂φ

)
.
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The transformed wave equation for p(r, θ, φ) may now be written as

1

r2

∂

∂r

(
r2

ρrrx (r)

∂p

∂r

)
+

1

r2 sin2 φρθθx

∂2p

∂θ2
+

1

r2 sinφρφφx

∂

∂φ

(
sinφ

∂p

∂φ

)
+

ω2

κx(r)
p = 0 .

If we assume a solution of the form

p(r, θ, φ) = R(r) Θ(θ) Φ(φ)

we get

ΘΦ

r2

d

dr

(
r2

ρrrx (r)

dR

dr

)
+

RΦ

r2 sin2 φρθθx

d2Θ

dθ2
+

RΘ

r2 sinφρφφx

d

dφ

(
sinφ

dΦ

dφ

)
+

ω2

κx(r)
RΘΦ = 0 .

Division by RΘΦ and multiplication by r2 sin2 φ leads to

sin2 φ

R

d

dr

(
r2

ρrrx (r)

dR

dr

)
+

1

ρθθx Θ

d2Θ

dθ2
+

sinφ

ρφφx Φ

d

dφ

(
sinφ

dΦ

dφ

)
+
r2 sin2 φω2

κx(r)
= 0 .

We now have a system of two ODEs, each of which evaluates to a constant m2 (which usually also an
integer squared but not in this case), i.e.,

1

ρθθx Θ

d2Θ

dθ2
= −m2

sin2 φ

R

d

dr

(
r2

ρrrx (r)

dR

dr

)
+

sinφ

ρφφx Φ

d

dφ

(
sinφ

dΦ

dφ

)
+
r2 sin2 φω2

κx(r)
= m2 .

Division of the second equation above by sin2 φ leads to

1

R

d

dr

(
r2

ρrrx (r)

dR

dr

)
+

1

sinφρφφx Φ

d

dφ

(
sinφ

dΦ

dφ

)
+
r2ω2

κx(r)
=

m2

sin2 φ
.

This equation can also be separated into two uncoupled ODEs,

d

dr

(
r2

ρrrx (r)

dR

dr

)
+

(
r2ω2

κx(r)
− C1

)
R = 0

1

sinφ

d

dφ

(
sinφ

dΦ

dφ

)
− ρφφx

(
m2

sin2 φ
− C1

)
Φ = 0 .

The second equation above has the form of an associated Legendre equation and can be written in the form

1

sinφ

d

dφ

(
sinφ

dΦ

dφ

)
+

[
ν(ν + 1)− µ2

sin2 φ

]
Φ = 0

where
ν(ν + 1) := ρφφx C1 and µ2 := ρφφx m2 .

Note that ν and µ are not necessarily integers. The general solution of this equation involves a combination
of Legendre functions Pµν (cosφ) which are commonly expressed in terms of hypergeometric functions.
Since φ is an angular function, any solution of the above equation must have φ+ 2πn periodicity where n
is an integer. Legendre functions satisfy these periodicity conditions whether ν and µ are integers or not.
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The equation involving R(r) can then be expressed as

d

dr

[
r2

ρrrx (r)

dR

dr

]
+

[
r2ω2

κx(r)
− ν(ν + 1)

ρφφx

]
R = 0 .

Recalling that

1

ρrrx (r)
=

(r −R1)2

ρr2t
,

1

ρφφx
=

1

ρt
and

1

κx(r)
=

(r −R1)2

κ r2t3

we have
d

dr

[
(r −R1)2

ρt

dR

dr

]
+

[
ω2(r −R1)2

κt3
− ν(ν + 1)

ρt

]
R = 0

or
d

dr

[
(r −R1)2 dR

dr

]
+

[
ω2ρ(r −R1)2

κt2
− ν(ν + 1)

]
R = 0 .

This has the form of Bessel’s equation with a general solution that is a linear combination of spherical
Bessel functions jν [α(r −R1)] where α2 := ω2ρ/(κt2).

The remaining equation is

1

ρθθx Θ

d2Θ

dθ2
= −m2 →

d2Θ

dθ2
+ ζ2Θ = 0

where ζ2 := ρθθx m
2. Solutions are of the form exp(iζθ) and 2πn periodicity in θ implies that ζ must be

an integer. We can combine the solutions for Φ(φ) and Θ(θ) to get spherical harmonic solutions for the
special case where ρθθx = ρφφx , i.e., when µ2 = ζ2 and both are integers. These solutions have the form
Y µν (φ, θ).

If we further consider the special case where ν is an integer, the general solution for p(r, θ, φ) can be
expressed as

p(r, θ, φ) = Re

[∑
ν

∑
µ

Cνµ {jν [α(r −R1)] + iyν [α(r −R1)]}Y µν (φ, θ)

]

where Cνµ are constants and α2 = ω2ρ/(κt2). Spherical Bessel function solutions of the second kind are
represented by yν in the above equation. Note that there is a singularity at r = R1 in the Hankel function
solution. Also observe that jν is zero for r < R1 and consequently the pressure in that region is zero.

Let us now consider the scattering problem for a coated sphere. Let the incident waves have the form

pi(r, θ, φ) =
∑
ν

∑
µ

Ciνµjν(αtr)Y µν (φ, θ) .

The scattered waves in the region r ≥ R2 have the form

ps(r, θ, φ) =
∑
ν

∑
µ

Csνµh
(0)
ν (αtr)Y µν (φ, θ)

where h(0)
ν are spherical Hankel functions of the first kind. The boundary conditions at r = R2 are

[p] = 0 =⇒ pi(R2, θ, φ) + ps(R2, θ, φ) = p(R2, θ, φ)

and

[(ρ−1.∇p) · n] = 0 =⇒ 1

ρ

[
∂pi

∂r
+
∂ps

∂r

]
r=R2

=
1

ρrrx (R2)

∂p

∂r

∣∣∣∣∣
r=R2

.
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The first boundary condition gives∑
ν

∑
µ

[
Ciνµ jν(αtR2) + Csνµ h

(0)
ν (αtR2)

]
Y µν (φ, θ) =

∑
ν

∑
µ

Cνµjν [α(R2 −R1)]Y µν (φ, θ)

or, ∑
ν

∑
µ

[
Ciνµ jν(αtR2) + Csνµ h

(0)
ν (αtR2)

]
=
∑
ν

∑
µ

Cνµjν(αtR2) . (6.56)

The second boundary condition leads to

αt

ρ

∑
ν

∑
µ

[
Ciνµ j

′
ν(αtR2) + Csνµ h

(0)
ν

′
(αtR2)

]
=

α

ρrrx (R2)

∑
ν

∑
µ

Cνµj
′
ν(αtR2) .

Using

ρrrx (R2) =
ρR2

2t

(R2 −R1)2
=
ρt

t2
=
ρ

t

we have ∑
ν

∑
µ

[
Ciνµ j

′
ν(αtR2) + Csνµ h

(0)
ν

′
(αtR2)

]
=
∑
ν

∑
µ

Cνµj
′
ν(αtR2) . (6.57)

These two conditions can be satisfied simultaneously only if Csνµ = 0, i.e., if Ciνµ = Cνµ, and there is no
scattering from the coated sphere.

That implies that if the incident wave is plane with the wave front perpendicular to the rφ plane we can
write it in the form

pi(r, θ, φ) = Re [p0 exp(iαtr cosφ)]

using the series expansion of the exponential in terms of Bessel and Legendre functions. The the field
inside the cloak can similarly be written as

p(r, θ, φ) = Re [p0 exp(iα(r −R1) cosφ)] .

Substituting the expression for α, we have

p(r, θ, φ) = Re

[
p0 exp

(
i

√
ω2ρ

κ

(r −R1)

t
cosφ

)]
�

Note the number of assumptions regarding the density that have been made in arriving at this solution.
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Problem 6.8 Show that the acoustic wave equation in a medium with

ρ(x) = ρ(r) = ρr(r)P‖ + ρ⊥(r)P⊥ ; κ(x) = κ(r)

can be expressed in spherical coordinates as

κ(r)

r2

∂

∂r

[
r2

ρr(r)

∂p

∂r

]
+

κ(r)

r2ρ⊥(r)
∇2
⊥p− p̈(r, t) = 0

where ∇2
⊥(•) is the angular part of the second-order Laplace-Beltrami operator in spherical coordinates.

Then show that the above equation is equivalent to the uniform wave equation

∇X · [∇X p(X)]− p̈(X) = 0

only if we have a mapping X = [f(r)/r] x such that

ρr =

(
r

f

)2 df

dr
, ρ⊥ =

(
df

dr

)−1

, κ =

(
r

f

)2
(
df

dr

)−1

.

Solution - 6.8 : The first part of this problem is similar to the previous problem. The acoustic wave equation
can be expressed as

κ(x)∇ · [ρ−1 ·∇p]− p̈ = 0 .

It is easiest if we use matrix notation (keeping in mind that κ is a scalar quantity). Then we can write

ρ(x) = ρr(r)P‖+ρ⊥(r)P⊥ = ρr(r) er⊗er+ρ⊥(r) (eθ ⊗ eθ + eφ ⊗ eφ) ≡

ρr(r) 0 0
0 ρ⊥(r) 0
0 0 ρ⊥(r)


and

κ(x) = κ(r) .

Proceeding as in the previous problem we have

ρ−1 ·∇p =


1

ρr(r)

∂p

∂r
1

r sinφρ⊥(r)

∂p

∂θ
1

rρ⊥(r)

∂p

∂φ

 =:

vrvθ
vφ

 .

The divergence term is given by

∇ · (ρ−1
x ·∇p) =

1

r2

∂

∂r

(
r2

ρr(r)

∂p

∂r

)
+

1

r sinφ

∂

∂θ

(
1

r sinφρ⊥(r)

∂p

∂θ

)
+

1

r sinφ

∂

∂φ

(
sinφ

rρ⊥(r)

∂p

∂φ

)

=
1

r2

∂

∂r

(
r2

ρr(r)

∂p

∂r

)
+

1

r2 sin2 φρ⊥(r)

∂2p

∂θ2
+

1

r2 sinφρ⊥(r)

∂

∂φ

(
sinφ

∂p

∂φ

)
.

The Laplacian (second order Laplace-Beltrami operator) in spherical coordinates is

∇2p =
1

r2

∂

∂r

(
r2 ∂p

∂r

)
+

1

r2 sin2 φ

∂2p

∂θ2
+

1

r2 sinφ

∂

∂φ

(
sinφ

∂p

∂φ

)
=: ∇2

rp+
1

r2
∇2
⊥p .

113



An Introduction to Metamaterials and Waves in Composites: Solutions Manual

The above split of the operator into radial and angular parts allows us to write

∇ · (ρ−1
x ·∇p) =

1

r2

∂

∂r

(
r2

ρr(r)

∂p

∂r

)
+

1

r2ρ⊥(r)
∇2
⊥p .

Therefore the acoustic wave equation can be expressed in the form

κ(r)

r2

∂

∂r

[
r2

ρr(r)

∂p

∂r

]
+

κ(r)

r2ρ⊥(r)
∇2
⊥p− p̈(r, t) = 0 �

If we substitute the mapping

ρr =

(
r

f

)2 df

dr
=
r2f ′

f2
, ρ⊥ =

(
df

dr

)−1

=
1

f ′
, κ =

(
r

f

)2
(
df

dr

)−1

=
r2

f2f ′

into the acoustic wave equation, we have

1

f2f ′
∂

∂r

[
f2

f ′
∂p

∂r

]
+

1

f2
∇2
⊥p− p̈(r, t) = 0

or, (
2f ′2 − ff ′′

ff ′3

)
∂p

∂r
+

1

f ′2
∂2p

∂r2
+

1

f2
∇2
⊥p− p̈(r, t) = 0 . (6.58)

We now have to transform the above equation to one in P (R) where R = R(r) = f(r). To do that we
observe that

∂p

∂r
=
∂P

∂R

dR

dr
= f ′

∂P

∂R
and

∂2p

∂r2
=
∂2P

∂R2

(
dR

dr

)2

+
∂P

∂R

d2R

dr2
= f ′2

∂2P

∂R2
+ f ′′

∂P

∂R
.

Plugging these into (6.58) leads to(
2f ′2 − ff ′′

ff ′2

)
∂P

∂R
+
∂2P

∂R2
+
f ′′

f ′2
∂P

∂R
+

1

f2
∇2
⊥P − P̈ (R, t) = 0

or
∂2P

∂R2
+

2

f

∂P

∂R
+

1

f2
∇2
⊥P − P̈ (R, t) = 0 .

Alternatively,
∂2P

∂R2
+

2

R

∂P

∂R
+

1

R2
∇2
⊥P − P̈ (R, t) = 0 . (6.59)

Recall that, in spherical coordinates,

∇X · [∇X · P ] =
1

R2

∂

∂R

(
R2 ∂P

∂R

)
+

1

R2 sin2 φ

∂2P

∂θ2
+

1

R2 sinφ

∂

∂φ

(
sinφ

∂P

∂φ

)

=
1

R2

∂

∂R

(
R2 ∂P

∂R

)
+

1

R2
∇2
⊥P =

∂2P

∂R2
+

2

R

∂P

∂R
+

1

R2
∇2
⊥P .

Comparison with (6.59) shows that

∇X · [∇X · P ]− P̈ = 0 �

The necessity proof can be found in the acoustic cloaking paper by Norris (2008).

114



An Introduction to Metamaterials and Waves in Composites: Solutions Manual

Problem 6.9 Find the transformed equations of elastodynamics for harmonic maps with the property Gpjj = 0.
Show that for the special case when the equations of elastodynamics in the reference configuration have
the form

−∇X ·Σ = ω2ρXU with Σ = κX(∇X ·U)1

the transformed stress field has the form

σ(x) = αV where α :=
κ

2J
tr
[
V ·

{
∇X u + (∇X u)T

}]
where V = F · F T . Compare the above stress-strain relation to those for pentamode materials.

Solution - 6.9 : The quantity G is defined as

G ≡ Gpk` =
∂Fpk

∂X`
.

The condition Gpjj = 0 is equivalent to
∂Fpj

∂Xj
= 0 .

The quantity G appears in the transformed equations of elastodynamics in the terms

ρx =
ρX
J
F · F T − 1

Jω2
G : CX : GT

Sx =
1

J
(F � F ) : CX : GT

Dx =
1

J
G : CX : (F T � F T ) .

Let us consider Dx in terms of Cartesian components, i.e.,

Dimn = GijkCjkpqF
T
pmF

T
qn =

∂Fij

∂Xk
FmpFnqCjkpq .

For anisotropic CX , even for harmonic maps, Dx 6= 0 and simple expressions the transformed equations
are not obvious. But for isotropic CX with zero shear modulus, we can write

Cijpq = κ δij δpq

where κ is the bulk modulus, and we have

Dimn =
κ

J

∂Fij

∂Xk
FmpFnqδjkδpq =

κ

J

∂Fij

∂Xj
FmpFnp = 0 .

and
ρx =

ρX
J
F · F T .

Similarly, since Gijp = GTjpi we have Gijj = GTjji = 0 and

Sijm =
κ

J
FikFj`δk`δpq

∂FTpq
∂Xm

=
κ

J
FikFjk

∂FTpp
∂Xm

= 0 .

Therefore the transformed equations of elastodynamics have the form

∇x · σ = −ω2ρx · u where σ = Cx : ∇x u �

Note that the transformed equation has a tensor valued density.
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The transformed stiffness tensor is given by

Cx =
1

J
(F � F ) : CX : (F T � F T ) .

When Σ = κX(∇X ·U)1 we have CX = κX1⊗ 1 and hence

Cx =
κX
J

(F � F ) : (1⊗ 1) : (F T � F T ) =
κX
J

(F · F T )⊗ (F · F T ) =
κX
J
V ⊗ V .

Also,

Sx =
κX
J

(F � F ) : (1⊗ 1) : GT =
κX
J

(F · F T )⊗ (∇X · F ) =
κX
J
V ⊗ (∇X · F ) .

Therefore
σ =

κX
J

[(V ⊗ V ) : ∇x u + (V ⊗ (∇X · F )) · u]

=
κX
J

[
1
2V : (∇x u + ∇x uT ) + F T : (∇x F · u)

]
V

=
κX
J

[
1
2 tr{V · (∇x u + ∇x uT )}+ F T : (∇x F · u)

]
V .

We find that
σ(x) = αV where α :=

κ

2J
tr
[
V ·

{
∇X u + (∇X u)T

}]
only for the case where ∇x · F = 0.

A comparison with pentamode materials is straightforward.
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Problem 6.10 Verify the relation

∇X · (∇X p) = J∇x
(
J−1S−1 · V 2 ·∇x p

)
: S with ∇x · S = 0 .

Solution - 6.10 : Starting from equation (6.35) of the book we have

∇X · [∇X p] = J∇x · [J−1F · F T ·∇x p]

= J∇x · [J−1V 2 ·∇x p]

= J∇x · [J−1S · S−1 · V 2 ·∇x p] .

Noting that

∇ · (A · b) ≡
∂

∂xi
(bj)Aij +

∂

∂xi
(Aij) bj ≡∇b : AT + (∇ ·A) · b

we have

∇X · [∇X p] = J∇x [J−1S−1 · V 2 ·∇x p] : ST + (∇x · S) · [S−1 · V 2 ·∇x p] .

Since ∇x · S = 0, we have

∇X · [∇X p] = J∇x [J−1S−1 · V 2 ·∇x p] : ST

If S is symmetric then

∇X · [∇X p] = J∇x [J−1S−1 · V 2 ·∇x p] : S �
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Chapter 7

Solutions for Exercises in Chapter 7

Problem 7.1 Show that for periodic composites in the quasistatic limit, the momentum equation, the stress-strain
relations and the strain-displacements relations can be written as

∇ · σ̂η + iσ̂η · k + ω2ρηûη = 0 ; σ̂η = Cη : ε̂η

and
ε̂η = i

2 (ûη ⊗ k + k⊗ ûη) + 1
2

[
∇ûη + (∇ûη)T

]
.

Solution 7.1: The governing equations of linear elasticity in the quasistatic limit are

∇ · ση = −ω2ρηuη ; ση = Cη : εη ; εη = 1
2 [∇uη + (∇uη)T ] .

Bloch wave solutions of these equations for a periodic elastic composite have the form

ση(x) = exp(ik · x) σ̂η(x) ; εη(x) = exp(ik · x) ε̂η(x) ; uη(x) = exp(ik · x) ûη(x) .

Plugging these solutions into the governing equations, we have

∇ · [exp(ik · x) σ̂η(x)] = −ω2ρη(x) exp(ik · x) ûη(x)

exp(ik · x) σ̂η(x) = Cη(x) : [exp(ik · x) ε̂η(x)]

exp(ik · x) ε̂η(x) = 1
2

{
∇ [exp(ik · x) ûη(x)] + (∇ [exp(ik · x) ûη(x)])

T
}
.

It is easier to simplify these equations when we express them in terms of Cartesian components. For the
momentum equation we have

∂

∂xj
[exp(ikmxm) σ̂ji] + ω2ρη exp(ikmxm) ûi = 0

=⇒ i exp(ikmxm) knδnj σ̂ji + exp(ikmxm)
∂

∂xj
(σ̂ji) + ω2ρη exp(ikmxm) ûi = 0

=⇒ i kj σ̂ji +
∂

∂xj
(σ̂ji) + ω2ρη ûi = 0 .

In direct notation
ik · σ̂η + ∇ · σ̂η + ω2ρη û = 0 � (7.1)

The symmetry of the stress tensor allows us to write the above equation in the desired form The expression
for the stress-strain relation is derived directly from the expanded stress-strain relation above to give

ση = Cη : εη � (7.2)
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For the strain-displacement relation we have

exp(ikmxm) ε̂ij = 1
2

{
∂

∂xj
[exp(ikmxm) ûi] +

∂

∂xi
[exp(ikmxm) ûj ]

}

=⇒ exp(ikmxm) ε̂ij = 1
2

{
i exp(ikmxm)kj ûi + exp(ikmxm)

∂ûi

∂xj

}
+

1
2

{
i exp(ikmxm)ki ûj + exp(ikmxm)

∂ûj

∂xi

}

=⇒ ε̂ij = 1
2 (ikj ûi + ikiûj) + 1

2

[
∂ûi

∂xj
+
∂ûj

∂xi

]
.

In direct notation

ε̂η =
i

2
(ûη ⊗ k + k⊗ ûη) + 1

2

(
∇ûη + [∇ûη]T

)
� (7.3)
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Problem 7.2 Verify that the matrixA defined by the actionA·〈e0〉 := (k·〈e0〉)k−(k·k) 〈e0〉 can be expressed
asA = k⊗ k− (k · k)1. Show that the eigenvalues of −A are

λ1 = 0 , λ2 = λ3 = k2
1 + k2

2 + k2
3 = k · k .

What do these eigenvalues imply about the quantity k · 〈e0〉?

Solution - 7.2: If we express the equation that definedA in index notation, we have

Aim 〈em〉 := (km 〈em〉)ki − (kpkp) 〈ei〉
= (kmki) 〈em〉 − (kpkp) 〈ei〉
= [(kmki)− (kpkp)δim] 〈em〉 .

Therefore
Aim = kikm − (kpkp)δim .

In direct notation
A = k⊗ k− (k · k)1 � (7.4)

Writing the above out in matrix form, we have

A =

k1k2
k3

 [k1 k2 k3
]
− (k21 + k22 + k23)

1 0 0
0 1 0
0 0 1


=

 k21 k1k2 k1k3
k1k2 k22 k1k3
k1k3 k2k3 k23

−
k21 + k22 + k23 0 0

0 k21 + k22 + k23 0
0 0 k21 + k22 + k23


=

−k22 − k23 k1k2 k1k3
k1k2 −k21 − k23 k1k3
k1k3 k2k3 −k21 − k22

 .
A straightforward eigenvalue calculation for the problem

−A · 〈e0〉 = λ 〈e0〉

shows that the eigenvalues of −A are

λ1 = 0 , λ2 = λ3 = (k2
1 + k2

2 + k2
3) = k · k �

Plugging in the non-zero eigenvalue into the equation gives

A · 〈e0〉 = −(k · k) 〈e0〉 .

If we compare this with the defining equation forA we see that

k · 〈e0〉 = 0 � (7.5)

This means that the wave vector is perpendicular to the direction of the electric field vector.
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Problem 7.3 Show that perturbation expansions of the Bloch wave equations for elastodynamics lead to the
relations

σ0 = Cη : ε0

0 = ∇yu0 + (∇yu0)T

ε0 = i
2 (u0 ⊗ k + k⊗ u0) + 1

2 [∇yu1 + (∇yu1)T ] .

Solution - 7.3: The Bloch wave equations for elastodynamics under quasistatic conditions (low frequency) are

∇ · σ̂η + iσ̂η · k + ω2ρηûη = 0

ε̂η = i
2 (ûη ⊗ k + k⊗ ûη) + 1

2

[
∇ûη + (∇ûη)T

]
σ̂η = Cη : ε̂η .

Using perturbations of the form

σ̂η(x) = σ0(y) + ησ1(y) + η2σ2(y) + . . .

ε̂η(x) = ε0(y) + ηε1(y) + η2ε2(y) + . . .

ûη(x) = u0(y) + ηu1(y) + η2u2(y) + . . .

ω = ωj0 + ηωj1 + η2ωj2 + . . .

where y = x/η, we can write the Bloch form of the momentum equation as

∇ · [σ0(x/η) + ησ1(x/η) + η2σ2(x/η) + . . . ] + i[σ0(y) + ησ1(y) + η2σ2(y) + . . . ] · k+

ρη(ωj0 + ηωj1 + η2ωj2 + . . . )2[u0(y) + ηu1(y) + η2u2(y) + . . . ] = 0 .

Now,

∇ · [σ0(x/η)] ≡
∂

∂xj
[σjp(x/η)] =

∂

∂ym
[σjp(y)]

∂ym

∂xj
=

∂

∂ym
[σjp(y)]

1

η
δmj =

1

η

∂

∂yj
[σjp(y)]

≡
1

η
∇y · [σ0(y)] .

Therefore we can write the momentum equation as

∇y ·

[
1

η
σ0 + σ1 + ησ2 + . . .

]
+ i[σ0 + ησ1 + η2σ2 + . . . ] · k+

ρη(ωj0 + ηωj1 + η2ωj2 + . . . )2[u0 + ηu1 + η2u2 + . . . ] = 0 .

If we equate terms containing the same order of η, we have

∇y · σ0 = 0

∇y · σ1 + iσ0 · k + (ωj0)2ρηu0 = 0

∇y · σ2 + iσ1 · k + 2ωj0ω
j
1ρηu1 = 0

. . .

If we follow the same procedure for the constitutive equation we get

σ0 + ησ1 + · · · = Cη : (ε0 + η ε1 + . . . ) .

The first term of the expansion lead to the required result

σ0 = Cη : ε0 � (7.6)
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Similarly, the strain-displacement relation can be written as

ε0 + η ε1 + · · · =
i

2
[(u0 + η u1 + . . . )⊗ k + k⊗ (u0 + η u1 + . . . )] +

1

2η

(
∇y(u0 + η u1 + . . . ) + [∇y(u0 + η u1 + . . . )]T

)
Equating terms of the same order in η, we have

0 = 1
2 [∇yu0 + (∇yu0)T ]

ε0 = i
2 (u0 ⊗ k + k⊗ u0) + 1

2 [∇yu1 + (∇yu1)T ]

ε1 = i
2 (u1 ⊗ k + k⊗ u1) + 1

2 [∇yu2 + (∇yu2)T ]

. . .

The desired equations are

0 = 1
2 [∇yu0 + (∇yu0)T ]

ε0 = i
2 (u0 ⊗ k + k⊗ u0) + 1

2 [∇yu1 + (∇yu1)T ] �
(7.7)
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Problem 7.4 Show that we can express the first order term in the perturbation expansion of ε̂η in the form

ε0 = 1
2

(
∇yû(y) + [∇yû(y)]T

)
where û(y) = i(k · y)u0(y) + u1(y).

Solution - 7.4: Recall that
ε0 = i

2 (u0 ⊗ k + k⊗ u0) + 1
2 [∇yu1 + (∇yu1)T ] .

Expressed in index notation,

ε0
ij = i

2 (u0
i kj + kiu

0
j ) + 1

2

[
∂u1

i

∂yj
+
∂u1

j

∂yi

]
.

Similarly, the expression
ε0 = 1

2

(
∇yû(y) + [∇yû(y)]T

)
where û(y) = i(k · y)u0(y) + u1(y) can be written in index notation as

ε0
ij = 1

2

[
∂ûi

∂yj
+
∂ûj

∂yi

]

= 1
2

[
∂

∂yj
(ikpypu

0
i + u1

i ) +
∂

∂yi
(ikpypu

0
j + u1

j )

]

= 1
2

[
ikpδpju

0
i + ikpyp

∂u0
i

∂yj
+
∂u1

i

∂yj
+ ikpδpiu

0
j + ikpyp

∂u0
j

∂yi
+
∂u1

j

∂yi

]

= 1
2

[
ikju

0
i + ikpyp

∂u0
i

∂yj
+
∂u1

i

∂yj
+ ikiu

0
j + ikpyp

∂u0
j

∂yi
+
∂u1

j

∂yi

]
.

Since

∇yu0 + (∇yu0)T ≡
∂u0

i

∂yj
+
∂u0

j

∂yi
= 0

we have

ε0
ij = 1

2

[
ikju

0
i +

∂u1
i

∂yj
+ ikiu

0
j +

∂u1
j

∂yi

]
= i

2 (u0
i kj + kiu

0
j ) + 1

2

[
∂u1

i

∂yj
+
∂u1

j

∂yi

]
.

Therefore,

ε0 = i
2 (u0 ⊗ k + k⊗ u0) + 1

2 [∇yu1 + (∇yu1)T ] = 1
2

(
∇yû(y) + [∇yû(y)]T

)
� (7.8)
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Problem 7.5 Show that the volume averaged gradient, divergence, and curl are zero for a periodic vector-valued
function u(x) which satisfies the relation u(y + a) = u(y) within a unit cell with lattice vector a.

Solution - 7.5: Recall that x is the macroscopic position and y = x/η is the local (microscopic) position within
the unit cell. The volume average of the vector-valued function u(x) inside in the unit cell Y is defined as

〈u(x)〉 =
1

V

∫
Y

u(x,y)dY where V =

∫
Y

dY .

If there are internal surfaces ∂Yint in the RVE (holes, cracks etc.), then

∇x 〈u(x)〉 =

〈
1

η
∇yu(x,y)

〉
−

1

V

∫
∂Yint

u(x,y)⊗ n(x,y) dS

where n is the outward normal to the internal surfaces (away from the body). Because of periodicity, the
gradient of 〈u(x)〉 = 0 and therefore (in the absence of internal surfaces)

〈∇yu(x,y)〉 = 0 � (7.9)

We can use similar arguments for the divergence and the curl.
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Problem 7.6 For a periodic elastic composite show that

1

〈ρη〉
(k · Ceff · k) · u0 = (ωj0)2u0 .

Solution - 7.6: Let us start with the relation (7.22):

i 〈σ0〉 · k + 〈ρη〉 (ωj0)2u0 = 0

where

〈σ0〉 =
i

2
Ceff : (u0 ⊗ k + k⊗ u0) .

Combining these we have

− 1
2 [Ceff : (û0 ⊗ k + k⊗ û0)] · k + 〈ρη〉 (ωj0)2 û0 = 0 .

From the minor symmetry of the tensor Ceff, i.e.,

Ceff
ijkl = Ceff

ijlk

we have
Ceff : (û0 ⊗ k) = Ceff : (k⊗ û0) .

Hence
[Ceff : (k⊗ û0)] · k = 〈ρη〉 (ωj0)2 û0

or
Aeff(k) · û0 = (ωj0)2 û0

where, for any vector v,

Aeff(k) · v =
1

〈ρη〉
[Ceff : (k⊗ v)] · k .

Reorganization of the above equation shows that

Aeff(k) =
1

〈ρη〉
(k · Ceff · k) � (7.10)

and the required result follows. The quantityAeff is the effective acoustic tensor.
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Problem 7.7 Derive Hashin’s estimate for the effective bulk modulus of a coated sphere:

κeff = κ2 +
f1

1

κ1 − κ2
+

f2

κ2 +
4

3
µ2

after verifying the expressions for the radial displacements and the traction continuity conditions.

Solution - 7.7: The sample Mathematica notebook below shows the steps.

ur1 = a1r;ur1 = a1r;ur1 = a1r;

ur2 = a2r + b2/r∧2;ur2 = a2r + b2/r∧2;ur2 = a2r + b2/r∧2;

ureff = aeffr;ureff = aeffr;ureff = aeffr;

sig1 = lam1(D[ur1, r] + 2ur1/r) + 2mu1D[ur1, r]sig1 = lam1(D[ur1, r] + 2ur1/r) + 2mu1D[ur1, r]sig1 = lam1(D[ur1, r] + 2ur1/r) + 2mu1D[ur1, r]

sig2 = lam2(D[ur2, r] + 2ur2/r) + 2mu2D[ur2, r]sig2 = lam2(D[ur2, r] + 2ur2/r) + 2mu2D[ur2, r]sig2 = lam2(D[ur2, r] + 2ur2/r) + 2mu2D[ur2, r]

sigeff = lameff(D[ureff, r] + 2ureff/r) + 2mueffD[ureff, r]sigeff = lameff(D[ureff, r] + 2ureff/r) + 2mueffD[ureff, r]sigeff = lameff(D[ureff, r] + 2ureff/r) + 2mueffD[ureff, r]

sig1→ 3a1lam1 + 2a1mu1

sig2→ 2mu2

a2−
2b2

r3

+ lam2


a2−

2b2

r3
+

2

b2

r2
+ a2r


r


sigeff → 3aefflameff + 2aeffmueff

ur1a = ur1/.r → rsur1a = ur1/.r → rsur1a = ur1/.r → rs

ur2a = ur2 /.r → rsur2a = ur2 /.r → rsur2a = ur2 /.r → rs

ureffb = ureff/.r → rcureffb = ureff/.r → rcureffb = ureff/.r → rc

ur2b = ur2/.r → rcur2b = ur2/.r → rcur2b = ur2/.r → rc

sig1a = sig1/.{r → rs}//FullSimplifysig1a = sig1/.{r → rs}//FullSimplifysig1a = sig1/.{r → rs}//FullSimplify

sig2a = sig2 /.{r → rs}//FullSimplifysig2a = sig2 /.{r → rs}//FullSimplifysig2a = sig2 /.{r → rs}//FullSimplify

sig2b = sig2/.{r → rc}//FullSimplifysig2b = sig2/.{r → rc}//FullSimplifysig2b = sig2/.{r → rc}//FullSimplify

a1rs

b2

rs2
+ a2rs
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aeffrc

b2

rc2
+ a2rc

a1(3lam1 + 2mu1)

3a2lam2 + 2a2mu2−
4b2mu2

rs3

3a2lam2 + 2a2mu2−
4b2mu2

rc3

dispa = ur2a− ur1adispa = ur2a− ur1adispa = ur2a− ur1a

dispb = ureffb− ur2bdispb = ureffb− ur2bdispb = ureffb− ur2b

siga = sig2a− sig1asiga = sig2a− sig1asiga = sig2a− sig1a

sigb = p+ sig2bsigb = p+ sig2bsigb = p+ sig2b

sigeffb = p+ sigeffsigeffb = p+ sigeffsigeffb = p+ sigeff

siga0 =siga0 =siga0 =

siga/.{lam1→ kap1− 2/3mu1, lam2→ kap2− 2/3mu2,siga/.{lam1→ kap1− 2/3mu1, lam2→ kap2− 2/3mu2,siga/.{lam1→ kap1− 2/3mu1, lam2→ kap2− 2/3mu2,

lam3→ kap3− 2/3mu3}//FullSimplifylam3→ kap3− 2/3mu3}//FullSimplifylam3→ kap3− 2/3mu3}//FullSimplify

sigb0 =sigb0 =sigb0 =

sigb/.{lam1→ kap1− 2/3mu1, lam2→ kap2− 2/3mu2,sigb/.{lam1→ kap1− 2/3mu1, lam2→ kap2− 2/3mu2,sigb/.{lam1→ kap1− 2/3mu1, lam2→ kap2− 2/3mu2,

lam3→ kap3− 2/3mu3}//FullSimplifylam3→ kap3− 2/3mu3}//FullSimplifylam3→ kap3− 2/3mu3}//FullSimplify

sigeffb0 =sigeffb0 =sigeffb0 =

sigeffb/.{lam1→ kap1− 2/3mu1, lam2→ kap2− 2/3mu2,sigeffb/.{lam1→ kap1− 2/3mu1, lam2→ kap2− 2/3mu2,sigeffb/.{lam1→ kap1− 2/3mu1, lam2→ kap2− 2/3mu2,

lameff→ kapeff− 2/3mueff}//FullSimplifylameff→ kapeff− 2/3mueff}//FullSimplifylameff→ kapeff− 2/3mueff}//FullSimplify

sol = Solve[{dispa == 0, siga0 == 0, sigb0 == 0}, {a1, a2, b2}]sol = Solve[{dispa == 0, siga0 == 0, sigb0 == 0}, {a1, a2, b2}]sol = Solve[{dispa == 0, siga0 == 0, sigb0 == 0}, {a1, a2, b2}]

a1val = a1/.sol//FullSimplifya1val = a1/.sol//FullSimplifya1val = a1/.sol//FullSimplify

a2val = a2/.sol//FullSimplifya2val = a2/.sol//FullSimplifya2val = a2/.sol//FullSimplify

b2val = b2/.sol//FullSimplifyb2val = b2/.sol//FullSimplifyb2val = b2/.sol//FullSimplify

sol1 = Solve[{sigeffb0 == 0}, {aeff}]sol1 = Solve[{sigeffb0 == 0}, {aeff}]sol1 = Solve[{sigeffb0 == 0}, {aeff}]

aeffval = aeff/.sol1aeffval = aeff/.sol1aeffval = aeff/.sol1

b2

rs2
− a1rs + a2rs
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−
b2

rc2
− a2rc + aeffrc

3a2lam2− a1(3lam1 + 2mu1) + 2a2mu2−
4b2mu2

rs3

3a2lam2 + 2a2mu2 + p−
4b2mu2

rc3

3aefflameff + 2aeffmueff + p

−3a1kap1 + 3a2kap2−
4b2mu2

rs3

3a2kap2 + p−
4b2mu2

rc3

3aeffkapeff + pa1→ −
(3kap2 + 4mu2)prc3

3kap2(3kap1 + 4mu2)rc3 + 12(kap1− kap2)mu2rs3


a2→ −

(3kap1 + 4mu2)prc3

3kap2(3kap1 + 4mu2)rc3 + 12(kap1− kap2)mu2rs3


b2→

(kap1− kap2)prc3rs3

kap2(3kap1 + 4mu2)rc3 + 4(kap1− kap2)mu2rs3



aeff→ −

p

3kapeff




−
p

3kapeff


dispb0 = dispb/.{aeff→ aeffval, a2→ a2val, b2→ b2val}//dispb0 = dispb/.{aeff→ aeffval, a2→ a2val, b2→ b2val}//dispb0 = dispb/.{aeff→ aeffval, a2→ a2val, b2→ b2val}//

FullSimplifyFullSimplifyFullSimplify

soleff = Solve[dispb0 == 0, {kapeff}]soleff = Solve[dispb0 == 0, {kapeff}]soleff = Solve[dispb0 == 0, {kapeff}]

kapeffval = kapeff/.soleff//FullSimplifykapeffval = kapeff/.soleff//FullSimplifykapeffval = kapeff/.soleff//FullSimplify
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kapeffval0 = kapeffval/.rs→ f1∧(1/3)rc//FullSimplifykapeffval0 = kapeffval/.rs→ f1∧(1/3)rc//FullSimplifykapeffval0 = kapeffval/.rs→ f1∧(1/3)rc//FullSimplify

Collect[Numerator[kapeffval0]/3, {f1, kap2}]Collect[Numerator[kapeffval0]/3, {f1, kap2}]Collect[Numerator[kapeffval0]/3, {f1, kap2}]

Collect[Denominator[kapeffval0]/3, {f1, kap2}]Collect[Denominator[kapeffval0]/3, {f1, kap2}]Collect[Denominator[kapeffval0]/3, {f1, kap2}]

kapeffval0/.{f1→ 0}//FullSimplifykapeffval0/.{f1→ 0}//FullSimplifykapeffval0/.{f1→ 0}//FullSimplify
1

3
prc

− 1

kapeff
+

(3kap1 + 4mu2)rc3 + 3(−kap1 + kap2)rs3

kap2(3kap1 + 4mu2)rc3 + 4(kap1− kap2)mu2rs3





kapeff→

3kap1kap2rc3 + 4kap2mu2rc3 + 4kap1mu2rs3 − 4kap2mu2rs3

3kap1rc3 + 4mu2rc3 − 3kap1rs3 + 3kap2rs3





kap2(3kap1 + 4mu2)rc3 + 4(kap1− kap2)mu2rs3

(3kap1 + 4mu2)rc3 + 3(−kap1 + kap2)rs3




3kap1kap2 + 4f1kap1mu2 + 4kap2mu2− 4f1kap2mu2

3kap1− 3f1kap1 + 3f1kap2 + 4mu2




1

3
kap2(3kap1 + 4mu2) + f1

4kap1mu2

3
−

4kap2mu2

3




f1(−kap1 + kap2) +
1

3
(3kap1 + 4mu2)


{kap2}

KeffWater =
2mu2((3 + 6f1)kap1 + 4(f2)mu2)

9(f2)kap1 + 6(2 + f1)mu2
KeffWater =

2mu2((3 + 6f1)kap1 + 4(f2)mu2)

9(f2)kap1 + 6(2 + f1)mu2
KeffWater =

2mu2((3 + 6f1)kap1 + 4(f2)mu2)

9(f2)kap1 + 6(2 + f1)mu2
Limit[KeffWater, f1→ 0]Limit[KeffWater, f1→ 0]Limit[KeffWater, f1→ 0]

KeffH = kap2 + f1/(1/(kap1− kap2) + (1− f1)/(kap2 + 4/3mu2))KeffH = kap2 + f1/(1/(kap1− kap2) + (1− f1)/(kap2 + 4/3mu2))KeffH = kap2 + f1/(1/(kap1− kap2) + (1− f1)/(kap2 + 4/3mu2))

kapeffval0− KeffH//FullSimplifykapeffval0− KeffH//FullSimplifykapeffval0− KeffH//FullSimplify

2mu2((3 + 6f1)kap1 + 4f2mu2)

9f2kap1 + 6(2 + f1)mu2

2mu2(3kap1 + 4f2mu2)

9f2kap1 + 12mu2
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kap2 +
f1

1

kap1− kap2
+

1− f1

kap2 +
4mu2

3

{0}

invKeff = 1/kapeffval0invKeff = 1/kapeffval0invKeff = 1/kapeffval0

Limit[invKeff, kap2→ Infinity]Limit[invKeff, kap2→ Infinity]Limit[invKeff, kap2→ Infinity]
3kap1− 3f1kap1 + 3f1kap2 + 4mu2

3kap1kap2 + 4f1kap1mu2 + 4kap2mu2− 4f1kap2mu2




3f1

3kap1− 4(−1 + f1)mu2
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Problem 7.8 Show that Maxwell’s equations for a Bloch periodic medium can be expressed as

ik · dη(x) + ∇ · dη = 0, ik · bη(x) + ∇ · bη = 0,

ik× eη(x) + ∇× eη − iωbη(x) = 0, ik× hη(x) + ∇× hη + iωdη(x) = 0 .

Solution - 7.8: For a Bloch periodic medium, Maxwell’s equations at fixed frequency are

∇ ·Dη = 0 ; ∇ · Bη = 0 ; ∇× Eη = iωBη ; ∇×Hη = −iωDη

and the constitutive relations are
Dη = εη Eη ; Bη = µη Hη .

Periodic solutions to these equations have the form

Dη = exp(ik · x) dη ; Bη = exp(ik · x) bη ; Eη = exp(ik · x) eη ; Hη = exp(ik · x) hη .

Plug these solutions into Maxwell’s equations to get

ik · dη + ∇ · dη = 0

ik · bη + ∇ · bη = 0

ik× eη(x) + ∇× eη − iωbη(x) = 0

ik× hη(x) + ∇× hη + iωdη(x) = 0 .

The above calculations are straightforward in index notation.
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Problem 7.9 Show, using an approach similar to that used to obtain the effective bulk modulus, that Hashin’s
estimate for the effective electrical permittivity of a coated sphere can be expressed as

εeff = ε2 +
3f1ε2(ε1 − ε2)

3ε2 + f2(ε1 − ε2)

where ε1 is the permittivity of the sphere, ε2 is the permittivity of the coating, and f1 = 1 − f2 is the
volume fraction occupied by the sphere.

Solution - 7.9: Let us assume that the sphere is centered at the origin. We look for a solution to the time-
independent Maxwell’s equations

∇× E = 0 ; ∇ ·D = 0 ; D = ε E

with potentials
ϕ1(x) = a1 r cos θ in the core

ϕ2(x) =

(
a2 r +

b2

r2

)
cos θ in the coating

ϕeff(x) = aeff r cos θ in the effective medium.

Then the electric field is given by

E1 = ∇ϕ1(x) = a1 [cos θ er − sin θ eθ]

E2 = ∇ϕ2(x) =

(
a2 r −

2b2

r3

)
cos θ er −

(
a2 r +

b2

r3

)
sin θ eθ

Eeff = ∇ϕeff(x) = aeff [cos θ er − sin θ eθ] .

The potentials satisfy Laplace’s equations

∇2ϕ1 = ∇2ϕ2 = ∇2ϕeff = 0

and we only need to match the boundary conditions at the interfaces to get a solution, i.e.,

a1 rc = a2 rc +
b2

r2
c

; aeff re = a2 re +
b2

r2
e

.

Continuity of the tangential component of the electric field at the interface implies that

ε1 a1 = ε2

[
a2 −

2b2

r3
c

]
; εeff aeff = ε2

[
a2 −

2b2

r3
e

]
.

Combining the above equations gives

b2

r3
c

[
1 +

3 ε2

ε1 − ε2

]
=
b2

r3
e

[
1 +

3 ε2

εeff − ε2

]
.

Defining the volume fraction f as

f1 = 1− f2 =
r3
c

r3
e

leads to the following expression for εeff:

εeff = ε2 +
3 f1 ε2(ε1 − ε2)

3 ε2 + f2 (ε1 − ε2)
� (7.11)
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Problem 7.10 Consider an infinite one-dimensional lattice of circular rings connected to each other by linear
springs. The mass of each ring is M and the stiffness of each spring is K. Each ring contains an additional
mass m that is connected to the ring by a spring that has a stiffness K0. Show that the dispersion relation
for the lattice is

mMω4 − [(m+M)K0 + 2mK(1− cos ka)] + 2KK0(1− cos ka) = 0

where a is the lattice spacing, k is the wave number, and ω is the frequency. Plot the dispersion relation
for the lattice.

Solution - 7.10: Several approaches can be used to determine the equations of motion of the system. Let us
follow the approach of Huang et al. (2009).

K
0

K
0

K
0

m m m

M M M

KKKK

U
j

u
j

From the figure above we see that the Lagrangian of the j-th unit cell of the system is

L = 1
2K(Uj − Uj−1)2 + 1

2K(Uj+1 − Uj)2 − 1
2MU̇2

j + 1
2K0(uj − Uj)2 − 1

2mu̇
2
j .

The Euler equations are
∂L
∂ui
−
d

dt

(
∂L
∂u̇i

)
= 0 .

Then, for the j-th cell, the governing equations are the Euler equations

K0(Uj − uj)−K(Uj−1 − 2Uj + Uj+1) +MÜj = 0

K0(uj − Uj) +müj = 0 .

For time-harmonic problems with frequency ω, we can write the above as

K0(Uj − uj)−K(Uj−1 − 2Uj + Uj+1)−Mω2Uj = 0

K0(uj − Uj)−mω2uj = 0 .

From Bloch’s theorem we know that for a unit cell of length a, we have

Uj−1 = exp(−ika)Uj and Uj+1 = exp(ika)Uj .

Substituting these into the above equations, we have

−K0uj + {K0 −K[exp(−ika) + exp(ika)− 2]−Mω2}Uj = 0

(K0 −mω2)uj −K0Uj = 0 .

In matrix form,[
K0 −K[exp(−ika) + exp(ika)− 2]−Mω2 −K0

−K0 K0 −mω2

] [
Uj
uj

]
=

[
0
0

]
.
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The dispersion relation is given by the determinant of the 2× 2 matrix,

mMω4 −
[
K0(m+M) +Km

(
2− e−ika − eika

)]
ω2 +K0K

(
2− e−ika − eika

)
= 0

or,
mMω4 − [K0(m+M) + 2Km (1− cos ka)]ω2 + 2K0K (1− cos ka) = 0 � (7.12)

The dispersion plot is shown below.
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ka/π

ω
/ω
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The Matlab script used to generate the above plot is given below.

function plotDispersion
K0 = 0.1;
m = 1;
K = 1;
M = 2;
a = 1;
b = pi/a;
k = -2*b:0.01:2*b;

for ii=1:length(k)
[omega(ii,:)] = calcOmega(K0, K, m, M, a, k(ii));

end
omega0 = sqrt(K0/m);
p1 = plot(k/b, omega(:,1)/omega0); hold on;
p2 = plot(k/b, omega(:,2)/omega0); hold on;
set(gca, ’LineWidth’, 3, ’FontName’, ’times’, ’FontSize’, 22);
set([p1 p2], ’LineWidth’, 2, ’Color’, ’k’);
axis square;
xlabel(’ka/\pi’,’FontName’, ’times’, ’FontSize’, 22);
ylabel(’\omega/\omega_0’,’FontName’, ’times’, ’FontSize’, 22);
set(gca, ’XTick’, [-2 -1 0 1 2]);

function [omega] = calcOmega(K0, K, m, M, a, k)

t1 = K0*(m+M) + 2*K*m*(1 - cos(k*a));
t2 = -8*K0*K*m*M*(1 - cos(k*a)) + (2*K*m + K0*(m+M) - 2*K*m*cos(k*a))ˆ2;
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t3 = sqrt(2*m*M);

omega(1) = sqrt(t1 - sqrt(t2))/t3 ;
omega(2) = sqrt(t1 + sqrt(t2))/t3 ;
omega(3) = - sqrt(t1 - sqrt(t2))/t3 ;
omega(4) = - sqrt(t1 + sqrt(t2))/t3 ;
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Problem 7.11 Plot the dispersion relation described by equation (7.44) and compare your result to the plot
shown in Figure 7.11.

Solution - 7.11: A sample Matlab script is given below. Some sorting etc. are needed to clean the data.

function disperseNet

calcDisperse;
plotData;

function calcDisperse
fid = fopen(’DispersePlotDat.dat’,’w’);
figure;
omega0 = 0.001:0.1:16;
for ii=1:length(omega0)
ii
plotDisperse(fid, omega0(ii), ii);

end
fclose(fid);
axis square;
set(gca, ’LineWidth’, 3, ’FontName’, ’times’, ’FontSize’, 22);
set(gca, ’XLim’, [-1.41421*pi/pi 2*pi/pi], ’YLim’, [0 16/pi]);
xlabel(’ka/\pi’, ’FontName’, ’times’, ’FontSize’, 22);
ylabel(’\omega/\pi’, ’FontName’, ’times’, ’FontSize’, 22);

function plotData
load DispersePlotUniq.dat
kk = DispersePlotUniq(:,1);
omega = DispersePlotUniq(:,2);
plot(kk, omega, ’k.’)
axis square;
set(gca, ’LineWidth’, 3, ’FontName’, ’times’, ’FontSize’, 22);
set(gca, ’XLim’, [-1.41421*pi/pi 2*pi/pi], ’YLim’, [0 6]);
xlabel(’ka/\pi’, ’FontName’, ’times’, ’FontSize’, 22);
ylabel(’\omega/\pi’, ’FontName’, ’times’, ’FontSize’, 22);

function plotDisperse(fid, omega0, nn)
a = 1;
c1 = 1;
c2 = 5;

% First M-Gamma
inc = 0.1;
int1 = 1.0:-inc:0;
int2 = 0:inc:1.0;
k1 = int1*pi/a;
for ii=1:length(k1)
omegab(ii) = bisection(k1(ii), k1(ii), a, c1, c2, omega0);
loc(ii) = sqrt(2)*k1(ii);
fprintf(fid, ’%12.5e %12.5e\n’, -loc(ii)/pi, omegab(ii)/pi);

end
plot(-loc/pi, real(omegab)/pi, ’k.’); hold on;

% Then Gamma-X
k1 = int2*pi/a;
for ii=1:length(k1)
omegab(ii) = bisection(k1(ii), 0, a, c1, c2, omega0);
loc(ii) = k1(ii);
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fprintf(fid, ’%12.5e %12.5e\n’, loc(ii)/pi, omegab(ii)/pi);
end
plot(loc/pi, real(omegab)/pi, ’k.’); hold on;

% Last X-M
k2 = int2*pi/a;
for ii=1:length(k2)
omegab(ii) = bisection(pi/a, k2(ii), a, c1, c2, omega0);
loc(ii) = pi/a+inc*(ii-1)*pi/a;
fprintf(fid, ’%12.5e %12.5e\n’, loc(ii)/pi, omegab(ii)/pi);

end
plot(loc/pi, real(omegab)/pi, ’k.’); hold on;

function [omega] = calcOmega(k1, k2, a, c, n)

cc = 1/2*(cos(k1*a)+cos(k2*a));
ss = sqrt(1 -ccˆ2);
tt = ss/cc;
omega = (c/a)*acos(cc);

function [fx, dfdx] = calcFunc(omega, k1, k2, a, c1, c2)

fx = -c2*cot((a*omega)/c1) - c1*cot((a*omega)/c2) + ...
c2*cos(a*k1)/sin((a*omega)/c1) + c1*cos(a*k2)/sin((a*omega)/c2);

dfdx = 0;

function [omega] = bisection(k1, k2, a, c1, c2, omega0)

aa = omega0;
bb = omega0 + 0.01;
[fa, dfadx] = calcFunc(aa, k1, k2, a, c1, c2);
[fb, dfbdx] = calcFunc(bb, k1, k2, a, c1, c2);
while (sign(fa) == sign(fb))
bb = bb + 0.01;

[fb, dfbdx] = calcFunc(bb, k1, k2, a, c1, c2);
end
if (fa <= 0)

lo = aa; hi = bb;
else

lo = bb; hi = aa;
end
mid = lo + (hi-lo)/2;
while (mid ˜= lo) & (mid ˜=hi)

[fmid, dfmiddx] = calcFunc(mid, k1, k2, a, c1, c2);
if (fmid <= 0)

lo = mid;
else

hi = mid;
end
mid = lo + (hi-lo)/2;

end

omega = mid;
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Problem 7.12 Find the dispersion relations k = k(ω) for the Milton-Willis model discussed in Chapter 5. Plot
the dispersion diagram for the model with c = 1/2.

Solution - 7.12: The solution given below may not be accurate. Please use it only a guide for the approach to be
taken for this problem.

Recall that

p ≡
[
p1

p2

]
= Re

({
−iωm

[
c−1 u2,2

c u1,2

]
+
δ

2

[
−iω u1

−iω u2

]}
e−iωt

)
or,

p ≡
[
p1

p2

]
= Re



[
0 0 0 −iωmc−1

0 −iωmc 0 0

]
u1,1

u1,2

u2,1

u2,2

+

[
δ/2 0
0 δ/2

] [
−iω u1

−iω u2

] e−iωt


Therefore, we can write the stress and momentum density equations as

σ11 = Re

[
hκ

2
(u1,1 + u2,2) e−iωt

]

σ12 = Re

[
hκ

2
(u2,1 + u1,2) e−iωt

]

σ21 = Re

[{
hκ

2
(u2,1 + u1,2)− ω2mc u2

}
e−iωt

]

σ22 = Re

[{
hκ

2
(u1,1 + 3u2,2)− ω2mc−1 u1

}
e−iωt

]

p1 = Re

[{
−iωmc−1 u2,2 − iω

δ

2
u1

}
e−iωt

]

p2 = Re

[{
−iωmc u1,2 − iω

δ

2
u2

}
e−iωt

]

The equation of motion is
∇ · σ + b = ṗ

Expressed in terms of components with respect to the (e1, e2) basis, we have

σji,j + bi = ṗi

For the two dimensional case,
σ11,1 + σ21,2 + b1 = ṗ1

σ12,1 + σ22,2 + b2 = ṗ2
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Now,

σ11,1 = Re

[
hκ

2
(u1,11 + u2,21) e−iωt

]

σ12,1 = Re

[
hκ

2
(u2,11 + u1,21) e−iωt

]

σ21,2 = Re

[{
hκ

2
(u2,12 + u1,22)− ω2mc u2,2

}
e−iωt

]

σ22,2 = Re

[{
hκ

2
(u1,12 + 3u2,22)− ω2mc−1 u1,2

}
e−iωt

]

ṗ1 = Re

[{
−ω2mc−1 u2,2 − ω2 δ

2
u1

}
e−iωt

]

ṗ2 = Re

[{
−ω2mc u1,2 − ω2 δ

2
u2

}
e−iωt

]
Let us look for Bloch wave solutions (in the large wavelength limit) of the form

u1(x) = û1 e
ik·x

u2(x) = û2 e
ik·x

Then
u1,1 = i k1 û1 e

ik·x ; u1,11 = −k2
1 û1 e

ik·x ; u1,12 = −k1 k2 û1 e
ik·x

u1,2 = i k2 û1 e
ik·x ; u1,21 = −k1 k2 û1 e

ik·x ; u1,22 = −k2
2 û1 e

ik·x

u2,1 = i k1 û2 e
ik·x ; u2,11 = −k2

1 û2 e
ik·x ; u2,12 = −k1 k2 û2 e

ik·x

u2,2 = i k2 û2 e
ik·x ; u2,21 = −k1 k2 û2 e

ik·x ; u2,22 = −k2
2 û2 e

ik·x

Plugging into the expressions for σij and ṗi, we have

σ11,1 = Re

[
−
hκ

2
(k2

1 û1 + k1 k2 û2) ei(k·x−ωt)

]

σ12,1 = Re

[
−
hκ

2
(k2

1 û2 + k1 k2 û1) ei(k·x−ωt)

]

σ21,2 = Re

[{
−
hκ

2
(k1 k2 û2 + k2

2 û1)− i ω2mc k2 û2

}
ei(k·x−ωt)

]

σ22,2 = Re

[{
−
hκ

2
(k1 k2 û1 + 3 k2

2 û2)− i ω2mc−1 k2 û1

}
ei(k·x−ωt)

]

ṗ1 = Re

[{
−i ω2mc−1 k2 û2 − ω2 δ

2
û1

}
ei(k·x−ωt)

]

ṗ2 = Re

[{
−i ω2mc k2 û1 − ω2 δ

2
û2

}
ei(k·x−ωt)

]
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Plug into equations of motion (with bi = 0) to get

Re

[(
−
hκ

2

{
(k2

1 + k2
2) û1 + 2 k1 k2 û2

}
+ i ω2m(c−1 − c) k2 û2 + ω2 δ

2
û1

)
ei(k·x−ωt)

]
= 0

Re

[(
−
hκ

2

{
2 k1 k2 û1 + (k2

1 + 3 k2
2) û2

}
+ i ω2m(c− c−1) k2 û1 + ω2 δ

2
û2

)
ei(k·x−ωt)

]
= 0

Define

K :=
hκ

2

Then, in matrix form,

Re


 −K (k2

1 + k2
2) + ω2

δ

2
−2 K k1 k2 − i ω2m(c− c−1) k2

−2 K k1 k2 + i ω2m(c− c−1) k2 −K (k2
1 + 3 k2

2) + ω2
δ

2

[û1

û2

]
ei(k·x−ωt)

 =

[
0
0

]

This system of equations has a nonzero solution only if A is singular, i.e.,

det(A) := det

 K (k2
1 + k2

2)− ω2
δ

2
2 K k1 k2 + i ω2m(c− c−1) k2

2 K k1 k2 − i ω2m(c− c−1) k2 K (k2
1 + 3 k2

2)− ω2
δ

2

 = 0

Expanded out, we have the dispersion relation

det(A) :=

[
δ2

4
−m2

(
c2 +

1

c2
− 2

)
k2

2

]
ω4 −K δ (k2

1 + 2 k2
2) ω2 +K2(k4

1 + 3k4
2) = 0

For the case where δ = 0, we have

det(A) = −m2

(
c2 +

1

c2
− 2

)
k2

2 ω
4 +K2(k4

1 + 3k4
2) = 0

The solutions are

ω2 = ±
K c

m k2

√
k4

1 + 3 k4
2

c4 − 2 c2 + 1
� (7.13)

The vectors û are given by [
û1

û2

]
=

 1

− 2k1k
2
2 ∓ i

√
k4

1 + 3k4
2

(k2
1 + k2

2) k2


Remark:
Notice that the ratio û1/û2 is imaginary. This implies that the displacements in the two directions are out
of phase for our model.

If c = 0.5 then the dispersion relations are

ω2 = ±
2 K

3 m k2

√
k4

1 + 3 k4
2 � (7.14)

If k1 = 0,

ω2 = ±
2 K k2√

3 m
.
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and [
û1

û2

]
=

 1

∓
i
√

3

k2


If k1 = k2,

ω2 = ±
4 K k2

3 m
.

and [
û1

û2

]
=

 1

1∓
i

k2


If k2 = 0 then the solution blows up.

A plot of the dispersion relation chose to k = 0 (i.e., for long wavelengths) is shown in Figure 7.1(a). A
schematic of the reciprocal lattice and the path along which the dispersion relation has been calculated is
shown in Figuer 7.1(b).
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(a) Dispersion relation.
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Figure 7.1: A material made by tiling the plane with the spring model.
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Problem 7.13 The governing equation for antiplane shear (SH-waves) in an inhomogeneous, but isotropic,
medium can be written as

∇ · (µ(x1, x2)∇u3(x1, x2)) + ω2ρ(x1, x2)u3(x1, x2) = 0 .

Derive the weak form of this equation as it applies to a periodic composite by taking the product with a
vector test function w(x1, x2) (with compact support) and integrating over the volume of the unit cell.
Discretize the resulting equation using finite element basis functions and comment on how Bloch periodic
boundary conditions may be implemented in this situation.

Solution - 7.13: Note that the weak form in this problem has a physical significance if the weighting function is
scalar valued. However, for the purposes of this problem we will use a vector valued w.

Integration over the volume after multiplication of the governing equation by a weighting function leads to∫
Ω

[
∇ · (µ∇u3)w + ω2ρu3w

]
dΩ = 0 .

We can show that
∇ · (µ∇u3 ⊗w) = ∇ · (µ∇u3)w + µ∇w ·∇u3 .

Using the above identity, we can write∫
Ω

[
∇ · (µ∇u3 ⊗w)− µ∇w ·∇u3 + ω2ρu3w

]
dΩ = 0 .

Using the divergence theorem, we have∫
Γ

[
n · (µ∇u3 ⊗w)

]
dΓ−

∫
Ω

[
µ∇w ·∇u3 − ω2ρu3w

]
dΩ = 0 .

Rearranging gives the desired weak form∫
Ω

[
µ∇w ·∇u3 − ω2ρu3w

]
dΩ =

∫
Γ

[
(µ∇u3 · n)w

]
dΓ � (7.15)

To get the finite element discretization, we assume solutions of the form

u3 =

n∑
j=1

ujNj(x1, x2) and w =

n∑
k=1

wkNk(x1, x2) .

Substituting these into the weak form leads to

∫
Ω

µ n∑
k=1

n∑
j=1

(wk ⊗∇Nk) · (uj∇Nj)− ω2ρ(ujNj)(wkNk)

 dΩ =

∫
Γ

 n∑
k=1

n∑
j=1

[
µ(uj∇Nj) · n

]
(wkNk)

 dΓ .

Reorganization leads to

n∑
k=1

n∑
j=1

∫
Ω

[
wk(µ∇Nk ·∇Nj)uj −wk(ω2ρNjNk)uj

]
dΩ =

n∑
k=1

n∑
j=1

∫
Γ

[
wk(µNk∇Nj · n)uj

]
dΓ .
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Since the weighting function is arbitrary, we have

n∑
j=1

∫
Ω

[
(µ∇Nk ·∇Nj)uj − (ω2ρNjNk)uj

]
dΩ =

n∑
j=1

∫
Γ

[
(µNk∇Nj · n)uj

]
dΓ for k = 1 . . . n .

Define the stiffness, mass matrix, and surface traction terms as

Kkj :=

∫
Ω

µ∇Nk ·∇Nj dΩ ; Mkj :=

∫
Ω

ρNkNj dΩ ; and Tkj :=

∫
Γ

µNk∇Nj · n dΓ .

Then we have
n∑
j=1

[
Kkj − ω2Mkj

]
uj =

n∑
j=1

Tkj uj for k = 1 . . . n .

In matrix form,
(K− ω2M)u = Tu � (7.16)

where the quantities on the right hand side are only evaluated at the boundaries of the unit cell. In practice,
it is more convenient to keep the right hand side in terms of stresses so that the dependence on the boundary
displacements becomes implicit and traction free boundary conditions become easy to implement. In that
case, we can write the above equation as

(K− ω2M)u = f

with f = 0 for traction free boundaries. This eigenvalue problem may then be solved for ω(k).

One approach for implementing Bloch periodic boundary conditions for this problem can be found in
Guenneau et al. (2007).
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Problem 7.14 The weak form of the wave equation in a periodic elastic composite can be written as∫
Ω

[
(∇ŵη + ik⊗ ŵη) : Cη : (∇ûη + ik⊗ ûη)− ω2ρηŵη · ûη

]
dΩ = 0 .

Show that the above equation can be discretized using finite elements in system of algebraic equations of
the form

[K(k)− ω2M]u = 0 .

Solution - 7.14: We can introduce a finite element discretization of the form

ûη =

n∑
k=1

ukNk and ŵη =

n∑
j=1

wjNj .

Plugging these into the weak form gives us
n∑
j=1

n∑
k=1

∫
Ω

[
(wj ⊗∇Nj + ik⊗ (wjNj)) : Cη : (uk ⊗∇Nk + ik⊗ (ukNk))−

ω2ρη(wjNj) · (ukNk)

]
dΩ = 0 .

Let us simplify the above equation term by term using the symmetries of Cη . For the first term, we have

(wj ⊗∇Nj) : Cη : (uk ⊗∇Nk) = wj · (∇Nj · Cη ·∇Nk) · uk .

For the second term,

(wj ⊗∇Nj) : Cη : (iNkk⊗ uk) = wj · [iNk∇Nj · Cη · k] · uk .

For the third term,

(iNjk⊗wj) : Cη : (uk ⊗∇Nk) = wj · [iNj k · Cη ·∇Nk] · uk .

The fourth term is

(iNjk⊗wj) : Cη : (iNkk⊗ uk) = −wj · [NjNk k · Cη · k] · uk .

Therefore, we can write the weak form as
n∑
j=1

n∑
k=1

wj ·
{∫

Ω

(
∇Nj · Cη ·∇Nk + iNk∇Nj · Cη · k + iNj k · Cη ·∇Nk −NjNk k · Cη · k−

ω2ρηNjNk 1
)

dΩ

}
· uk = 0 .

The weighting function w can be arbitrary, therefore, for each j = 1 . . . n, we have
n∑
k=1

{∫
Ω

(
∇Nj · Cη ·∇Nk + iNk∇Nj · Cη · k + iNj k · Cη ·∇Nk −NjNk k · Cη · k−

ω2ρηNjNk 1
)

dΩ

}
· uk = 0 .

Let us define

Kjk :=

∫
Ω

(
∇Nj · Cη ·∇Nk + iNk∇Nj · Cη · k + iNj k · Cη ·∇Nk −NjNk k · Cη · k

)
dΩ

Mjk :=

∫
Ω

ρηNjNk 1 dΩ .
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Note thatKjk is a function of the wavevector k. Then, for each j, we have

n∑
k=1

(Kjk(k)− ω2Mjk) · uk = 0 .

In matrix notation,
[K(k)− ω2M]u = 0 � (7.17)
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Chapter 8

Solutions for Exercises in Chapter 8

Problem 8.1 A plane wave propagating through a layered medium can be expressed in the form

u2(x1, x3, t) = (A1je
kjx3 +A2je

−kjx3) ei(k1x1−ωt) .

Show that if x3 ≥ 0 and Re(kj) ≥ 0 we must have Im(kj) ≤ 0.

Solution - 8.1 Let us start from the governing equation and let us express kj in terms of its real and imaginary
parts as

kj = kr + iki .

Then we have,
∂2û2

∂x2
3

+ (kr + iki)
2 û2 = 0 .

The solution to this equation has the form

û2 = A1je
ikrx3e−kix3 +A2je

−ikrx3ekix3 .

Therefore, the plane wave solution can be expressed as

u2(x1, x3, t) = (A1je
ikrx3e−kix3 +A2je

−ikrx3ekix3) ei(k1x1−ωt) .

This solution is always bounded if ki = 0, i.e., Im(kj) = 0. If x3 > 0 and ki > 0, the second term is
unbounded for x3 → ∞ unless A2j = 0. If x3 > 0 and ki < 0, the first term blows up unless A1j = 0.
Therefore, one solution is valid for ki > 0 and the other for ki < 0, i.e.,

u2(x1, x3, t) =

{
A2je

−ikrx3ekix3 ei(k1x1−ωt) for ki < 0

A1je
ikrx3e−kix3 ei(k1x1−ωt) for ki > 0 .

To choose between these solutions we have to consider the case where kj is real, kj > 0, and x3 > 0. For
the solution to be bounded, A1j = 0. Therefore, the solution must be

u2(x1, x3, t) = A2je
−ikrx3ekix3 ei(k1x1−ωt)

which is bounded only if Im(kj) < 0. Hence the requirement that if x3 ≥ 0 and Re(kj) ≥ 0 we must have
Im(kj) ≤ 0. �
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Problem 8.2 Verify that the generalized reflection and transmission coefficients for TE-waves can also be ap-
plied without change to acoustic waves. What are the equivalent expressions for Rj,j+1 and Tj,j+1 for
acoustic waves?

Solution - 8.2: Recall from equations (8.5) and (8.8) that the acoustic and TE wave equations for layered media
can be written as[

ρ
d

dz

(
1

ρ

dp

dz

)]
+
[
ω2 ρ

κ
− k2

1

]
p = 0 and

[
µ
d

dz

(
1

µ

dE

dz

)]
+
[
ω2εµ− k2

1

]
E = 0 .

It is more convenient to work with solutions of the form exp(±ikzz) rather than exp(±kzz). Note that
these two forms are equivalent. Also note that for the acoustic problem

k2
z = ω2 ρ

κ
− k2

1

while for the TE problem
k2
z = ω2εµ− k2

1 .

The equations are identical and the only difference can be in the boundary conditions at the interface
between two layers (labeled 1 and 2. The interface conditions for acoustic waves are

p1 = p2 and uz1 = uz2 =⇒ 1

ρ1

∂p1

∂z
=

1

ρ2

∂p2

∂z
.

Clearly, these have the same form as for TE waves and therefore, following the approach in Chapter 2, p.
86-88, we have

R12 =
ρ2kz1 − ρ1kz2
ρ2kz1 + ρ1kz2

and T12 =
2ρ2kz1

ρ2kz1 + ρ1kz2
.

Similarly, for a slab, we have

R̃12 = R12 +
T12T21R23 exp[2ikz2(d2 − d1)]

1−R21R23 exp(2ikz2(d2 − d1)

T13 =
T12T23R23 exp[2ikz2(d2 − d1)]

1−R21R23 exp(2ikz2(d2 − d1)
.

The expressions for Rj,j+1, Tj,j+1 are clearly

Rj,j+1 =
ρj+1kz,j − ρjkz,j+1

ρj+1kz,j + ρjkz,j+1
and Tj,j+1 =

2ρj+1kz,j
ρj+1kz,j + ρjkz,j+1

�
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Problem 8.3 Find the matrix H and the associated state vector v for the propagation of P-SV waves in a layered
medium.

Solution - 8.3 This problem involves linear elastic waves in a layered medium. P-SV waves are a superposition
of P-waves and SV-waves and can occur at interfaces between homogeneous isotropic media. When these
waves occur at a surface they are called Rayleigh waves.

The displacement field in the layered medium has the form

u(x1, x3, t) = û(x3) exp[i(k1x1 − ωt)] .

For P-SV waves, the non-zero components of displacement are

u1(x1, x3, t) = û1(x3) exp[i(k1x1 − ωt)] and u3(x1, x3, t) = û3(x3) exp[i(k1x1 − ωt)] .

Let us assume that each layer in the medium is composed of an isotropic material. Then the stress-
displacement relation in a layer is

σij = λ
∂uk

∂xk
δij + µ

(
∂ui

∂xj
+
∂uj

∂xi

)
.

Then the stress-displacement relations are

σ11 = (λ+ 2µ)
∂u1

∂u1
+ λ

∂u3

∂u3
=

[
λ
dû3

dx3
+ ik1(λ+ 2µ)û1(x3)

]
exp[i(k1x1 − ωt)]

σ22 = λ

(
∂u1

∂u1
+
∂u3

∂u3

)
= λ

[
dû3

dx3
+ ik1 û1(x3)

]
exp[i(k1x1 − ωt)]

σ33 = (λ+ 2µ)
∂u3

∂u3
+ λ

∂u1

∂u1
=

[
(λ+ 2µ)

dû3

dx3
+ ik1λû1(x3)

]
exp[i(k1x1 − ωt)]

σ31 = µ

(
∂u1

∂x3
+
∂u3

∂x1

)
= µ

[
dû1

dx3
+ ik1û3(x3)

]
exp[i(k1x1 − ωt)]

σ23 = µ
∂u3

∂x2
= 0 and σ12 = µ

∂u1

∂x2
= 0 .

Since the stresses must also be harmonic, we can write

σ31 = σ̂31(x3) exp[i(k1x1 − ωt)] and σ33 = σ̂33(x3) exp[i(k1x1 − ωt)]

where

σ̂31 = µ
dû1

dx3
+ ik1µû3(x3) and σ̂33 = (λ+ 2µ)

dû3

dx3
+ ik1λû1(x3) .

Also, the momentum equation is
∂σij

∂xi
= ρ

∂2uj

∂t2
.

In terms of the non-zero components of stress,

∂σ11

∂x1
+
∂σ31

∂x3
= ρ

∂2u1

∂t2
and

∂σ31

∂x1
+
∂σ33

∂x3
= ρ

∂2u3

∂t2
.

If we substitute the expressions for σij into the momentum equation, we have

ik1

[
λ(x3)

dû3

dx3
+ ik1[λ(x3) + 2µ(x3)]û1(x3)

]
+
dσ̂31

dx3
= −ω2ρ(x3)û1(x3)

ik1µ(x3)

[
dû1

dx3
+ ik1û3(x3)

]
+
dσ̂33

dx3
= −ω2ρ(x3)û3(x3) .
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Rearrangement leads to

ik1λ(x3)
dû3

dx3
+
dσ̂31

dx3
=
[
k2

1[λ(x3) + 2µ(x3)]− ω2ρ(x3)
]
û1(x3)

ik1µ(x3)
dû1

dx3
+
dσ̂33

dx3
=
[
k2

1µ(x3)− ω2ρ(x3)
]
û3(x3) .

Rearrangement of the expressions for σ̂ij gives us

µ(x3)
dû1

dx3
= σ̂31(x3)− ik1µ(x3)û3(x3)

[λ(x3) + 2µ(x3)]
dû3

dx3
= σ̂33(x3)− ik1λ(x3)û1(x3) .

(8.1)

Using these to remove the derivatives of ûi in the momentum equations, we get

dσ̂31

dx3
= − ik1λ(x3)

λ(x3) + 2µ(x3)
[σ̂33(x3)− ik1λ(x3)û1(x3)] +[

k2
1[λ(x3) + 2µ(x3)]− ω2ρ(x3)

]
û1(x3)

dσ̂33

dx3
= −ik1 [σ̂31(x3)− ik1µ(x3)û3(x3)] +

[
k2

1µ(x3)− ω2ρ(x3)
]
û3(x3)

or

dσ̂31

dx3
= − ik1λ(x3)

λ(x3) + 2µ(x3)
σ̂33(x3) +

[
4k2

1µ(x3)[λ(x3) + µ(x3)]

λ(x3) + 2µ(x3)
− ω2ρ(x3)

]
û1(x3)

dσ̂33

dx3
= −ik1σ̂31(x3)− ω2ρ(x3)û3(x3) .

(8.2)

Combining the four equations and expressing them in matrix form, we have

d

dx3


û1

û3

σ̂31

σ̂33

 =


0 −ik1

1
µ(x3) 0

−ik1λ(x3)
λ(x3)+2µ(x3) 0 0 1

λ(x3)+2µ(x3)[
4k21µ(x3)[λ(x3)+µ(x3)]

λ(x3)+2µ(x3) − ω2ρ(x3)
]

0 0 − ik1λ(x3)
λ(x3)+2µ(x3)

0 −ω2ρ(x3) −ik1 0



û1

û3

σ̂31

σ̂33

 .
Therefore, the H matrix and the v vector are

H =


0 −ik1

1
µ(x3) 0

−ik1λ(x3)
λ(x3)+2µ(x3) 0 0 1

λ(x3)+2µ(x3)[
4k21µ(x3)[λ(x3)+µ(x3)]

λ(x3)+2µ(x3) − ω2ρ(x3)
]

0 0 − ik1λ(x3)
λ(x3)+2µ(x3)

0 −ω2ρ(x3) −ik1 0

 (8.3)

and

v =


û1

û3

σ̂31

σ̂33

 � (8.4)
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Problem 8.4 Use the WKBJ method to find the transmission coefficient for a plane wave propagating through
the graded slab shown in the figure below.

= + ( _ )
3

= + ( _ )
3

Slab

µ
0

µ
1

x
0

x
1

ε
0

x
0(x)ε x

µ
0

x
0(x)µ x

x

Incoming

Transmitted

, ε
0

, ε
1

Reflected

(x) (x), εµ

Solution - 8.4 Let us consider the TE-wave propagation problem for this slab. Recall that the TE-Wave equation
in this medium can be expressed as

µ(x)
d

dx

[
1

µ(x)

dEy

dx

]
+ [ω2ε(x)µ(x)− k2

z ]Ey = 0 .

Therefore, α ↔ µ and β ↔ ε. Since µ is not constant, we define ψ(x) = Ey(x)/
√
µ(x) to get the

equation
d2ψ

dx2
+

[
k2
x −
√
µ
d2

dx2

(
1
√
µ

)]
ψ = 0

where k2
x(x) = ω2ε(x)µ(x)− k2

z . Note that, with µ = µ0[1 + (x− x0)3],

k2
µ(x) := k2

x −
√
µ
d2

dx2

(
1
√
µ

)
= k2

x −
3(x− x0)[5(x− x0)3 − 4]

4[(x− x0)3 + 1]2

we have the equation
d2ψ

dx2
+ k2

µ(x)ψ(x) = 0 .

Using ω2s2(x) = k2
µ(x), and the WKBJ solution of the above equation can be found using the approach

given in the text. Note that closed form solutions of the problem are not possible and numerical solutions
are needed. Use some reasonable values of the parameters to arrive at your solution.

The unknown Ey(x) can be found once ψ(x) is known and the boundary conditions at the incident bound-
ary of the slab have been applied. The ratio of the magnitudes of the field at the two boundaries gives the
transmission coefficient. �
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Problem 8.5 Let z0 and z be the locations of the top and bottom of an isotropic elastic layer. Show that the
propagator matrix for antiplane shear waves in the layer can be expressed as

P(z, z0) =

[
cos kz(z − z0) (µkz)

−1 sin kz(z − z0)
−µkz sin kz(z − z0) cos kz(z − z0)

]
.

Calculate the propagator matrix and then verify your result using the matrix exponential solution and
Sylvester’s formula. Note that the eigenvalues of a square matrix of the form αA where α is a scalar are

given by αλj where λj are the eigenvalues of A.

Solution - 8.5 Recall that the propagator matrix for a homogeneous layer is given by

P(z, z0) = exp[(z − z0)H] .

In the case of antiplane shear waves in an isotropic linear elastic medium

H =

 0
1

µ(z)
−k2

zµ(z) 0

 with k2
z = ω2 ρ(z)

µ(z)
− k2

1 .

The eigenvalues of H are λ = ±ikz . Using the Taylor expansion of the exponential around z0, we have

P(z, z0) = I + (z − z0)H +
1

2!
(z − z0)

2HH +
1

3!
(z − z0)

3HHH +
1

4!
(z − z0)

4HHHH +
1

5!
(z − z0)

5HHHHH + . . .

Explicitly,

P(z, z0) =

 1− k2z(z−z0)
2

2!
+
k4z(z−z0)

4

4!
+ . . . 1

kzµ
(
kz(z−z0)

1!
− k3z(z−z0)

3

3!
+
k5z(z−z0)

5

5!
+ . . . )

−kzµ( kz(z−z0)1!
− k3z(z−z0)

3

3!
+
k5z(z−z0)

5

5!
+ . . . ) 1− k2z(z−z0)

2

2!
+
k4z(z−z0)

4

4!
+ . . .


Noting that the expressions above are just series expansions of sines and cosines, we have

P(z, z0) =

[
cos[kz(z − z0)] 1

µkz
sin[kz(z − z0)]

−µkz sin[kz(z − z0)] cos[kz(z − z0)]

]
� (8.5)

Verification using Sylvester’s formula (p. 305 of the text) is straightforward.
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Problem 8.6 Derive the relations between the Ez,Hz and Es,Hs. Also, find the explicit form of the matrix H.

Solution - 8.6 Recall that Maxwell’s equations have the form

∇× E = iωµ ·H and ∇×H = −iωε · E .

We partition the field vectors and the material tensors into tangential and normal components:

E =

[
Es
Ez

]
; H =

[
Hs
Hz

]
µ =

µss µsz

µzs µzz

 , ε =

εss εsz

εzs εzz

 .
Now,

∇× E =


∂Ez

∂y
−
∂Ey

∂z
∂Ex

∂z
−
∂Ez

∂x
∂Ey

∂x
−
∂Ex

∂y

 and µ ·H =

µxxHx + µxyHy + µxzHz

µyxHx + µyyHy + µyzHz

µzxHx + µzyHy + µzzHz

 =

µss Hs +Hzµsz

µzs Hs +Hzµzz

 .

Similarly,

∇×H =


∂Hz

∂y
−
∂Hy

∂z
∂Hx

∂z
−
∂Hz

∂x
∂Hy

∂x
−
∂Hx

∂y

 and ε · E =

εxxEx + εxyEy + εxzEz
εyxEx + εyyEy + εyzEz
εzxEx + εzyEy + εzzEz

 =

εss Es + Ezεsz

εzs Es + Ezεzz

 .

From the z-components of Maxwell’s equations, we then have

∂Ey

∂x
−
∂Ex

∂y
= iω (µzs Hs +Hzµzz) and

∂Hy

∂x
−
∂Hx

∂y
= −iω (εzs Es + Ezεzz) .

From the definition of the tangential gradient operator, we see that

∇s × Es =

(
∂Ey

∂x
−
∂Ex

∂y

)
ez and ∇s ×Hs =

(
∂Hy

∂x
−
∂Hx

∂y

)
ez .

Therefore we can write, reverting back to vector notation,

∇s × Es = iω (µzs ·Hs +Hzµzzez) and ∇s ×Hs = −iω (εzs · Es + Ezεzzez) .

Rearranging, and noting that Hz = Hzez,Ez = Ezez ,

Hz =
1

iωµzz
∇s × Es −

1

µzz
µzs ·Hs and Ez = − 1

iωεzz
∇s ×Hs −

1

εzz
εzs · Es � (8.6)

Let us now consider the x- and y-components of Maxwell’s equations. We have,
∂Ez

∂y
−
∂Ey

∂z
∂Ex

∂z
−
∂Ez

∂x

 = iω(µss Hs +Hzµsz) and


∂Hz

∂y
−
∂Hy

∂z
∂Hx

∂z
−
∂Hz

∂x

 = −iω(εss Es + Ezεsz)
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or, 
∂Ez

∂y
−
∂Ey

∂z
∂Ex

∂z
−
∂Ez

∂x

 = iω

[
µss Hs +

(
1

iωµzz
[∇s × Es]z −

1

µzz
µzs Hs

)
µsz

]

and 
∂Hz

∂y
−
∂Hy

∂z
∂Hx

∂z
−
∂Hz

∂x

 = −iω
[
εss Es −

(
1

iωεzz
[∇s ×Hs]z +

1

εzz
εzs Es

)
εsz

]
.

For a infinite layered medium with only z variation in the fields, the above equations simplify to−∂Ey∂z
∂Ex

∂z

 = iω

[
µss Hs −

1

µzz
µzs Hs µsz

]
= iω

[
µss −

1

µzz
µsz µzs

]
Hs

and −∂Hy

∂z
∂Hx

∂z

 = −iω
[
εss Es −

1

εzz
εzs Es εsz

]
= −iω

[
εss −

1

εzz
εsz εzs

]
Es .

Expanded out,

∂

∂z

[
Ey
Ex

]
= iω


µxzµzx

µzz
− µxx

µxzµzy

µzz
− µxy

µyx −
µyzµzx

µzz
µyy −

µyzµzy

µzz

[Hx

Hy

]

and

∂

∂z

[
Hy

Hx

]
= iω

εxx −
εxzεzx

εzz
εxy −

εxzεzy

εzz
εyzεzx

εzz
− εyx

εyzεzy

εzz
− εyy

[ExEy
]
.

Combining the equations together,

∂

∂z


Ex
Ey
Hx

Hy

 = iω



0 0 µyx −
µyzµzx

µzz
µyy −

µyzµzy

µzz

0 0
µxzµzx

µzz
− µxx

µxzµzy

µzz
− µxy

εyzεzx

εzz
− εyx

εyzεzy

εzz
− εyy 0 0

εxx −
εxzεzx

εzz
εxy −

εxzεzy

εzz
0 0




Ex
Ey
Hx

Hy



The H matrix is iω times the 4× 4 matrix above. �
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Problem 8.7 In the Schoenberg-Sen model of a periodic layered medium, the slowness component sz is related
to the angle of incidence θi by sz = sin θi/c0 where c0 is the phase speed in the medium of incidence.
Show that, in the low frequency limit, the effective angle of transmission (θt) into the layered medium is
given by

θt = tan−1

sin θi

〈ρ〉 12 〈1/ρ〉 12 (c20 〈1/κ〉〈1/ρ〉
− sin2 θi

) 1
2

−1
 .

Show that the same expression is obtained for the angle of transmission in a homogeneous medium with

κ =
1

〈1/κ〉
and ρ ≡

〈ρ〉 0 0
0 1/ 〈1/ρ〉 0
0 0 1/ 〈1/ρ〉

 .
Solution - 8.7 We can express the slowness components in polar coordinates (r, θ) with θ measured counter-

clockwise from the x-axis. Then,

seff
x = s(θ) cos θ and sz = s(θ) sin θ

where s(θ) is the slowness surface (in 2D). Recall that

1

〈1/κ〉 〈ρ〉
(seff
x )2 +

〈1/ρ〉
〈1/κ〉

s2
z = 1 .

In polar coordinates,
1

〈1/κ〉 〈ρ〉
s2(θ) cos2 θ +

〈1/ρ〉
〈1/κ〉

s2(θ) sin2 θ = 1

or

s(θ) =

 〈1/κ〉

〈1/ρ〉
(

cos2 θ
〈ρ〉〈1/ρ〉 + sin2 θ

)
1/2

.

If θi is the angle of incidence and θeff
t is the angle of transmission, Snell’s law requires that

sin θi
c0

=
sin θt
ceff
t

= s(θt) sin θt = sz(θt)

where ceff
t is the effective speed of sound in the layered medium. Therefore,

sin θi
c0

= sin θt

 〈1/κ〉

〈1/ρ〉
(

cos2 θt
〈ρ〉〈1/ρ〉 + sin2 θt

)
1/2

.

Rearranging,
sin2 θi
c20

(
cos2 θt
〈ρ〉 〈1/ρ〉

+ sin2 θt

)
= sin2 θt

〈1/κ〉
〈1/ρ〉

or
sin2 θi
c20

(
1

〈ρ〉 〈1/ρ〉
+ tan2 θt

)
= tan2 θt

〈1/κ〉
〈1/ρ〉

or

tan2 θt

[
c20
〈1/κ〉
〈1/ρ〉

− sin2 θi

]
〈ρ〉 〈1/ρ〉 = sin2 θi .
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Therefore,

θt = tan−1

sin θi

〈ρ〉 12 〈1/ρ〉 12 (c20 〈1/κ〉〈1/ρ〉
− sin2 θi

) 1
2

−1
 � (8.7)

The second part of the problem can be solved using the techniques discussed in earlier chapters. For a
isotropic incidence medium over a medium with a transversely anisotropic density and bulk modulus κ,
we can show that the transmission angle is

θt = tan−1

sin θi

(ρx/ρz)
1
2

(
ρz c

2
0

κ
− sin2 θi

) 1
2

−1


which is the relation that we seek. �
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Problem 8.8 Verify that the effective stiffness of an elastic laminate can be expressed as

Cnneff =
〈

(Cnn)−1
〉−1

Cnteff =
〈

(Cnn)−1
〉−1

·
〈

(Cnn)−1 · Cnt
〉

Ctteff =
〈

Ctt − Ctn · (Cnn)−1 · Cnt
〉

+〈
Ctn · (Cnn)−1

〉
·
〈

(Cnn)−1
〉−1

·
〈

(Cnn)−1 · Cnt
〉
.

Consider the three-layered laminate shown in the figure below and assume that the x-direction is the
direction of lamination and the y, z-directions are in the plane of the laminate. The stiffness of layer i is
labeled Ci in the figure.

C1

C2

C3

Assume that layers 1 and 3 are made of a transversely isotropic AS/3501 (carbon fiber/epoxy) composite
with Young’s moduli Ex = 9 GPa, Ey = Ez = 140 GPa, Poisson’s ratios νxy = 0.1, νyz = νxz = 0.3,
and shear moduli Gxz = Gyz = 7 GPa. Assume that layer 2 is isotropic with Young’s modulus E = 70
GPa and Poisson’s ratio ν = 0.2. What are the quasistatic effective elastic stiffnesses of the three layer
composite if the thicknesses of layers 1 and 3 are 2 mm and that of layer 2 is 5 mm?

Solution - 8.8 Recall that−〈εn
〉〈

σt
〉  =

 −
〈

(Cnn)−1
〉 〈

(Cnn)−1 · Cnt
〉

〈
(Cnt)T · (Cnn)−1

〉 〈
Ctt − (Cnt)T · (Cnn)−1 · Cnt

〉[−σn

εt

]

and −〈εn
〉〈

σt
〉  =

 −(Cnn
eff)
−1 (Cnn

eff)
−1 · Cnt

eff

(Cnt
eff)

T · (Cnn
eff)
−1 Ctt

eff − (Cnt
eff)

T · (Cnn
eff)
−1 · Cnt

eff

[−σn

εt

]
.

Therefore,
(Cnn

eff)
−1 =

〈
(Cnn)−1

〉
� (8.8)

and
(Cnn

eff)
−1 · Cnt

eff =
〈

(Cnn)−1 · Cnt
〉

(Cnt
eff)

T · (Cnn
eff)
−1 =

〈
(Cnt)T · (Cnn)−1

〉
Ctt

eff − (Cnt
eff)

T · (Cnn
eff)
−1 · Cnt

eff =
〈

Ctt − (Cnt)T · (Cnn)−1 · Cnt
〉
.

Then from the first equation above,〈
(Cnn)−1

〉
· Cnt

eff =
〈

(Cnn)−1 · Cnt
〉

or
Cnt

eff =
〈

(Cnn)−1
〉−1

·
〈

(Cnn)−1 · Cnt
〉

� (8.9)
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From the second equation and the symmetry of C,

(Cnt
eff)

T · (Cnn
eff)
−1 =

〈
Ctn · (Cnn)−1

〉
Therefore,

(Cnt
eff)

T · (Cnn
eff)
−1 · Cnt

eff =
〈

Ctn · (Cnn)−1
〉
·
〈

(Cnn)−1
〉−1

·
〈

(Cnn)−1 · Cnt
〉

and from the third equation we have

Ctt
eff =

〈
Ctt − Ctn · (Cnn)−1 · Cnt

〉
+
〈

Ctn · (Cnn)−1
〉
·
〈

(Cnn)−1
〉−1

·
〈

(Cnn)−1 · Cnt
〉

� (8.10)

In standard engineering notation, the strain-stress relation for an orthotropic material is


εxx
εyy
εzz
εyz
εzx
εxy

 =



1
Ex

−νyxEy −νzxEz 0 0 0

−νxyEx
1
Ey

−νzyEz 0 0 0

−νxzEx −νyzEy
1
Ez

0 0 0

0 0 0 1
Gyz

0 0

0 0 0 0 1
Gzx

0

0 0 0 0 0 1
Gxy




σxx
σyy
σzz
σyz
σzx
σxy

 .

For a transversely isotropic material that is isotropic in the 2− 3 plane, the above relation simplifies to


εxx
εyy
εzz
εyz
εzx
εxy

 =



1
Ex

−νxyEx −νxyEx 0 0 0

−νxyEx
1
Ey

−νyzEy 0 0 0

−νxyEx −νyzEy
1
Ey

0 0 0

0 0 0 1
Gyz

0 0

0 0 0 0 1
Gxy

0

0 0 0 0 0 1
Gxy




σxx
σyy
σzz
σyz
σzx
σxy

 .

where Gyz = Ey/(2(1 + νyz)). Inversion of the above relation gives us


σxx
σyy
σzz
σyz
σzx
σxy

 =



E2
x(1−νyz)

∆
ExEyνxy

∆
ExEyνxy

∆ 0 0 0
ExEyνxy

∆

ExEy−E2
yν

2
xy

∆(1+νyz)

E2
yν

2
xy+ExEyνyz
∆(1+νyz) 0 0 0

ExEyνxy
∆

E2
yν

2
xy+ExEyνyz
∆(1+νyz)

ExEy−E2
yν

2
xy

∆(1+νyz) 0 0 0

0 0 0
Ey

2(1+νyz) 0 0

0 0 0 0 Gxy 0
0 0 0 0 0 Gxy




εxx
εyy
εzz
εyz
εzx
εxy


where ∆ := Ex(1− νyz)− 2Eyν

2
xy . Plugging in the values of the elastic moduli of the two materials we

have

C
1

= C
3

=


16.2 36 36 0 0 0
36 233.8 126.2 0 0 0
36 126.2 233.8 0 0 0
0 0 0 53.8 0 0
0 0 0 0 7 0
0 0 0 0 0 7

 ; C
2

=


77.8 19.4 19.4 0 0 0
19.4 77.8 19.4 0 0 0
19.4 19.4 77.8 0 0 0

0 0 0 29.2 0 0
0 0 0 0 29.2 0
0 0 0 0 0 29.2

 .
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Now, for layers 1 and 3,

C =


C1111 C1122 C1122 0 0 0
C1122 C2222 C2233 0 0 0
C1122 C2233 C2222 0 0 0

0 0 0 1
2 (C2222 − C2233) 0 0

0 0 0 0 C1212 0
0 0 0 0 0 C1212


and for layer 2

C =


C1111 C1122 C1122 0 0 0
C1122 C1111 C1122 0 0 0
C1122 C1122 C1111 0 0 0

0 0 0 1
2 (C1111 − C1122) 0 0

0 0 0 0 1
2 (C1111 − C1122) 0

0 0 0 0 0 1
2 (C1111 − C1122)


Therefore, we have

C
(1,3)
1111 = 16.2 , C

(1,3)
2222 = C

(1,3)
3333 = 233.8

C
(1,3)
1122 = C

(1,3)
1133 = C

(1,3)
2211 = C

(1,3)
3311 = 36 , C

(1,3)
2233 = C

(1,3)
3322 = 126.2

C
(1,3)
2323 = 53.8 , C

(1,3)
3131 = C

(1,3)
1212 = 7

and
C

(2)
1111 = C

(2)
2222 = C

(2)
3333 = 77.8

C
(2)
1122 = C

(2)
1133 = C

(2)
2211 = C

(2)
3311 = C

(2)
2233 = C

(2)
3322 = 19.4

C
(2)
2323 = C

(2)
3131 = C

(2)
1212 = 29.2 .

All other components of the stiffness tensors are zero. Assuming that the plane of isotropy is the y-z
plane and that the normal to the layers is in the x-direction, we can partition the stiffness matrix using the
definitions

Cnn =

 C1111

√
2 C1112

√
2 C1113√

2 C1211 2 C1212 2 C1213√
2 C1311 2 C1312 2 C1313

 ; Cnt =

 C1122 C1133

√
2 C1123√

2 C1222

√
2 C1233 2 C1223√

2 C1322

√
2 C1333 2 C1323



Ctn =

 C2211

√
2 C2212

√
2 C2213

C3311

√
2 C3312

√
2 C3313√

2 C2311 2 C2312 2 C2313

 ; Ctt =

 C2222 C2233

√
2 C2223

C3322 C3333

√
2 C3323√

2 C2322

√
2 C2333 2 C2323

 .
Plugging in the values of the stiffness matrix components, we have

Cnn

1
= Cnn

3
=

16.2 0 0
0 14 0
0 0 14

 , Cnt

1
= Cnt

3
=

36 36 0
0 0 0
0 0 0


Ctn

1
= Ctn

3
=

36 0 0
36 0 0
0 0 0

 , Ctt

1
= Ctt

3
=

233.8 126.2 0
126.2 233.8 0

0 0 107.7


and

Cnn

2
=

77.8 0 0
0 58.3 0
0 0 58.3

 , Cnt

2
=

19.4 19.4 0
0 0 0
0 0 0


Ctn

2
=

19.4 0 0
19.4 0 0

0 0 0

 , Ctt

2
=

77.8 19.4 0
19.4 77.8 0

0 0 58.3

 .
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Now we have to computing volume averages. For the first partition, we have, with L = L1 + L2 + L3,

(Cnn
eff)
−1 =

〈
(Cnn)−1

〉
=

1

V

[∫
V1

(Cnn

1
)−1dV +

∫
V2

(Cnn

2
)−1dV +

∫
V3

(Cnn

3
)−1dV

]
=

1

L

[
L1(Cnn

1
)−1 + L2(Cnn

2
)−1 + L3(Cnn

3
)−1

]
.

Plugging in the values of the layer thicknesses and the stiffness matrices, we have

(Cnn
eff)
−1 =

0.034 0 0
0 0.041 0
0 0 0.041

 .
Therefore,

Cnn
eff =

28.9 0 0
0 24.2 0
0 0 24.2

GPa .

Similarly, for the second partition, we have

Cnt
eff =

〈
(Cnn)−1

〉−1

·
〈

(Cnn)−1 · Cnt
〉

=

32.6 32.6 0
0 0 0
0 0 0

GPa

and

Ctn
eff =

32.6 0 0
32.6 0 0

0 0 0

GPa .

Finally, plugging in values for the transverse components of the matrix, we have

Ctt
eff =

145.6 65.3 0
65.3 145.6 0

0 0 80.3

GPa .

Writing in engineering notation again, we have

Ceff =


28.9 32.6 32.6 0 0 0
32.6 145.6 65.3 0 0 0
32.6 65.3 145.6 0 0 0

0 0 0 40.1 0 0
0 0 0 0 12.1 0
0 0 0 0 0 12.1

GPa �
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Problem 8.9 Show that for a laminate made of isotropic linear elastic layers, the effective stiffness tensor has
components

Ceff
1111 =

〈
1

λ+2µ

〉−1

; Ceff
1122 = Ceff

1133 =
〈

λ
λ+2µ

〉〈
1

λ+2µ

〉−1

Ceff
1212 = Ceff

1313 =
〈

1
µ

〉−1

; Ceff
2323 = 〈µ〉 ; Ceff

1112 = Ceff
1113 = Ceff

1123 = 0

Ceff
2222 = Ceff

3333 =
〈

4µ(λ+µ)
(λ+2µ)

〉
+
〈

λ
λ+2µ

〉2 〈
1

λ+2µ

〉−1

Ceff
2233 =

〈
2µλ
λ+2µ

〉
+
〈

λ
λ+2µ

〉2 〈
1

λ+2µ

〉−1

.

Solution - 8.9: Recall that

Cnn
eff =

〈
(Cnn)−1

〉−1

Cnt
eff =

〈
(Cnn)−1

〉−1

·
〈

(Cnn)−1 · Cnt
〉

Ctt
eff =

〈
Ctt − Ctn · (Cnn)−1 · Cnt

〉
+〈

Ctn · (Cnn)−1
〉
·
〈

(Cnn)−1
〉−1

·
〈

(Cnn)−1 · Cnt
〉

where

Cnn =

 C1111

√
2 C1112

√
2 C1113√

2 C1211 2 C1212 2 C1213√
2 C1311 2 C1312 2 C1313

 ; Cnt =

 C1122 C1133

√
2 C1123√

2 C1222

√
2 C1233 2 C1223√

2 C1322

√
2 C1333 2 C1323



Ctn =

 C2211

√
2 C2212

√
2 C2213

C3311

√
2 C3312

√
2 C3313√

2 C2311 2 C2312 2 C2313

 ; Ctt =

 C2222 C2233

√
2 C2223

C3322 C3333

√
2 C3323√

2 C2322

√
2 C2333 2 C2323

 .
If the material in each layer is isotropic, then the constitutive relation is

Cijk` = λδijδk` + µ(δikδj` + δi`δjk) .

Then the components of the stiffness tensor are

C1111 = λ+ 2µ ; C1112 = 0 ; C1113 = 0 ; C1211 = 0

C1212 = µ ; C1213 = 0 ; C1311 = 0 ; C1312 = 0 ; C1313 = µ

C1122 = λ ; C1133 = λ ; C1123 = 0 ; C1222 = 0

C1233 = 0 ; C1223 = 0 ; C1322 = 0 ; C1333 = 0 C1323 = 0

C2211 = λ ; C2212 = 0 ; C2213 = 0 ; C3311 = λ

C3312 = 0 ; C3313 = 0 ; C2311 = 0 ; C2312 = λ C2313 = 0

C2222 = λ+ 2µ ; C2233 = λ ; C2223 = 0 ; C3322 = λ

C3333 = λ+ 2µ ; C3323 = 0 ; C2322 = 0 ; C2333 = 0 ; C2323 = µ .

Therefore,

Cnn =

λ+ 2µ 0 0
0 2µ 0
0 0 2µ

 ; Cnt =

λ λ 0
0 0 0
0 0 0
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Ctn =

λ 0 0
λ 0 0
0 0 0

 ; Ctt =

λ+ 2µ λ 0
λ λ+ 2µ 0
0 0 2µ

 .
Substituting into the expressions for the effective stiffness,

Cnn
eff =


〈

1
λ+2µ

〉−1

0 0

0
〈

1
2µ

〉−1

0

0 0
〈

1
2µ

〉−1

 =

Ceff
1111 0 0
0 2 Ceff

1212 0
0 0 2 Ceff

1313



Cnt
eff =


〈

1
λ+2µ

〉−1

0 0

0
〈

1
2µ

〉−1

0

0 0
〈

1
2µ

〉−1



〈

λ
λ+2µ

〉 〈
λ

λ+2µ

〉
0

0 0 0
0 0 0



=


〈

λ
λ+2µ

〉〈
1

λ+2µ

〉−1 〈
λ

λ+2µ

〉〈
1

λ+2µ

〉−1

0

0 0 0
0 0 0

 =

Ceff
1122 Ceff

1133 0
0 0 0
0 0 0



Ctt
eff =


〈

4µ(λ+µ)
λ+2µ

〉 〈
2λµ
λ+2µ

〉
0〈

2λµ
λ+2µ

〉 〈
4µ(λ+µ)
λ+2µ

〉
0

0 0 〈2µ〉

+


〈

λ
λ+2µ

〉
0 0〈

λ
λ+2µ

〉
0 0

0 0 0



〈

1
λ+2µ

〉−1

0 0

0
〈

1
2µ

〉−1

0

0 0
〈

1
2µ

〉−1



〈

λ
λ+2µ

〉 〈
λ

λ+2µ

〉
0

0 0 0
0 0 0



=


〈

4µ(λ+µ)
λ+2µ

〉
+
〈

λ
λ+2µ

〉2 〈
1

λ+2µ

〉−1 〈
2λµ
λ+2µ

〉
+
〈

λ
λ+2µ

〉2 〈
1

λ+2µ

〉−1

0〈
2λµ
λ+2µ

〉
+
〈

λ
λ+2µ

〉2 〈
1

λ+2µ

〉−1 〈
4µ(λ+µ)
λ+2µ

〉
+
〈

λ
λ+2µ

〉2 〈
1

λ+2µ

〉−1

0

0 0 〈2µ〉


=

Ceff
2222 Ceff

2233 0
Ceff

3322 Ceff
3333 0

0 0 2 Ceff
2323

 .
Therefore,

Ceff
1111 =

〈
1

λ+2µ

〉−1

; Ceff
1122 = Ceff

1133 =
〈

λ
λ+2µ

〉〈
1

λ+2µ

〉−1

Ceff
1212 = Ceff

1313 =
〈

1
µ

〉−1

; Ceff
2323 = 〈µ〉 ; Ceff

1112 = Ceff
1113 = Ceff

1123 = 0

Ceff
2222 = Ceff

3333 =
〈

4µ(λ+µ)
(λ+2µ)

〉
+
〈

λ
λ+2µ

〉2 〈
1

λ+2µ

〉−1

Ceff
2233 =

〈
2µλ
λ+2µ

〉
+
〈

λ
λ+2µ

〉2 〈
1

λ+2µ

〉−1

.

� (8.11)
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Problem 8.10 Verify that the quasistatic effective permittivity of a laminate is given by the relations

εeff
11 =

〈
1
ε11

〉−1

εeff
1j =

〈
1
ε11

〉−1 〈
ε1j
ε11

〉
εeff
ij =

〈
εij − εi1 ε1j

ε11

〉
+
〈

1
ε11

〉−1 〈
εi1
ε11

〉〈
ε1j
ε11

〉
, i, j 6= 1 .

Solution - 8.10 Recall that

L(x) =
1

ε11

[
−1 ε1t

εt1 ε11ε
tt − εt1 · ε1t

]
.

where

ε1t =
[
ε12 ε13

]
; εt1 =

[
ε21

ε31

]
; εtt =

[
ε22 ε23

ε32 ε33

]
.

Expanding the terms

L(x) =

− 1
ε11

ε12
ε11

ε13
ε11

ε21
ε11

−ε12ε21+ε11ε22
ε11

−ε13ε21+ε11ε23
ε11

ε31
ε11

−ε12ε31+ε11ε32
ε11

−ε13ε31+ε11ε33
ε11

 .
Also recall that

Leff =
〈

L(x)
〉

where

Leff =
1

εeff
11

[
−1 ε1t

eff
εt1

eff
εeff

11ε
tt

eff
− εt1

eff
· ε1t

eff

]
.

where

ε1t

eff
=
[
εeff

12 εeff
13

]
; εt1

eff
=

[
εeff

21

εeff
31

]
; εtt

eff
=

[
εeff

22 εeff
23

εeff
32 εeff

33

]
.

Therefore,
− 1
εeff
11

εeff
12

εeff
11

εeff
13

εeff
11

εeff
21

εeff
11

−εeff
12ε

eff
21+εeff

11ε
eff
22

εeff
11

−εeff
13ε

eff
21+εeff

11ε
eff
23

εeff
11

εeff
31

εeff
11

−εeff
12ε

eff
31+εeff

11ε
eff
32

εeff
11

−εeff
13ε

eff
31+εeff

11ε
eff
33

εeff
11

 =


−
〈

1
ε11

〉 〈
ε12
ε11

〉 〈
ε13
ε11

〉〈
ε21
ε11

〉 〈
−ε12ε21+ε11ε22

ε11

〉 〈
−ε13ε21+ε11ε23

ε11

〉〈
ε31
ε11

〉 〈
−ε12ε31+ε11ε32

ε11

〉 〈
−ε13ε31+ε11ε33

ε11

〉
 .

From the (1,1) terms of the equation we see that

εeff
11 =

〈
1
ε11

〉−1

.

Therefore, we can write 1 εeff
12 εeff

13

εeff
21 −εeff

12ε
eff
21 + εeff

11ε
eff
22 −εeff

13ε
eff
21 + εeff

11ε
eff
23

εeff
31 −εeff

12ε
eff
31 + εeff

11ε
eff
32 −εeff

13ε
eff
31 + εeff

11ε
eff
33



=
〈

1
ε11

〉−1


−
〈

1
ε11

〉 〈
ε12
ε11

〉 〈
ε13
ε11

〉〈
ε21
ε11

〉 〈
−ε12ε21+ε11ε22

ε11

〉 〈
−ε13ε21+ε11ε23

ε11

〉〈
ε31
ε11

〉 〈
−ε12ε31+ε11ε32

ε11

〉 〈
−ε13ε31+ε11ε33

ε11

〉
 .

The required equations are obtained by solving the above system of equations. �
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Problem 8.11 Use the Backus approach to find expressions for the effective magnetic permeability of a laminate
with lamination in the x1-direction.

Solution - 8.11 To find the effective material properties of the laminate we take advantage of the fact that since
the tangential components (parallel to the layers) of the magnetic field (H) are piecewise constant and
continuous across the interfaces between the layers, these tangential components must be constant, i.e.,
H2 and H3 are constant in the laminate. Similarly, the continuity of the normal magnetic induction field
(B) across the interfaces and the fact that this field is constant in each layer implies that the component B1

is constant in the laminate.

Recall that the constitutive relation between B and H is

B = µ ·H .

Let us rewrite the constitutive relation in matrix form (with respect to the rectangular Cartesian basis
(e1, e2, e3) so that constant fields appear on the right hand side. We start by breaking up the matrix
representation of the constitutive relation into the form[

B1

Bt

]
=

µ11 µ1t

µt1 µtt

[H1

Ht

]

where

Bt =

[
D2

D3

]
; Ht =

[
H2

H3

]
and

µ1t =
[
µ12 µ13

]
; µt1 =

[
µ21

µ31

]
; µtt =

[
µ22 µ23

µ32 µ33

]
.

Note that the constant fields are B1 and Ht. We want to rewrite the equation so that these constant fields
appear on the right hand side. From the first row we get

B1 = µ11H1 + µ1t · Ht

or,
H1 = (µ11)−1B1 − (µ11)−1µ1t · Ht .

From the second row we get
Bt = µt1 H1 + µtt · Ht .

Substitution gives
Bt = (µ11)−1µt1B1 − (µ11)−1(µt1 · µ1t) · Ht + µtt · Ht

or,

Bt = (µ11)−1µt1B1 +

[
µtt − (µ11)−1(µt1 · µ1t)

]
· Ht .

Collecting and rearranging leads to[
−H1

Bt

]
=

1

µ11

−1 µ1t

µt1 µ11µ
tt − µt1 · µ1t

[−B1

Ht

]

where the negative signs on H1 and B1 are used to make sure that the signs of the off diagonal terms are
identical. Define

L(x) :=
1

µ11

−1 µ1t

µt1 µ11µ
tt − µt1 · µ1t

 .
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Then we have, [
−H1

Bt

]
= L(x) ·

[
−B1

Ht

]
.

Since the vector on the right hand side is constant, a volume average gives[
−〈H1〉〈

Bt
〉 ]

=
〈

L(x)
〉
·

[
−B1

Ht

]
.

Let us define the effective magnetic permeability of the laminate, µeff, via the relation

〈B〉 = µeff · 〈H〉 .

Since the tangential components of H are constant in the laminate, the average values 〈H2〉 and 〈H3〉must
also be constant. Similarly, the average value 〈B1〉 must be constant. Therefore we can use the same
arguments as we used before to write the effective constitutive relation in the form[

−〈H1〉〈
Bt
〉 ]

= Leff ·

[
−〈B1〉〈

Ht
〉 ]

= Leff ·

[
−B1

Ht

]

where

Leff :=
1

µeff
11

−1 µ1t
eff

µt1
eff µeff

11µ
tt
eff − µt1

eff · µ1t
eff


and µeff has been decomposed in exactly the same manner as µ. If we compare the two forms of the
effective relations we get a formula for determining the effective permittivity of the laminate.

Leff =
〈

L(x)
〉
.

Expanding out the terms, we have

µeff
11 =

〈
1
µ11

〉−1

µeff
1j =

〈
1
µ11

〉−1 〈
µ1j

µ11

〉
µeff
ij =

〈
µij − µi1 µ1j

µ11

〉
+
〈

1
µ11

〉−1 〈
µi1
µ11

〉〈
µ1j

µ11

〉
, i, j 6= 1

� (8.12)
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Problem 8.12 Use the relation [
Seff − P‖(n)

]−1
=
〈[
S(x)− P‖(n)

]−1
〉

to find the effective permittivity of a laminate that is oriented in the x2-direction.

Solution - 8.12 From the above relation we see that

Seff = P‖(n) +
〈[
S(x)− P‖(n)

]−1
〉−1

.

Recall that
S(x) = ε0[ε01− ε(x)]−1 and Seff = ε0[ε01− εeff]

−1 .

Therefore,
ε0S

−1
eff = ε01− εeff =⇒ εeff = ε0(1− S−1

eff ) .

Plugging in the expression for Seff, we have

εeff = ε0

[
1−

[
P‖(n) +

〈[
S(x)− P‖(n)

]−1
〉−1

]−1
]
.

For simplicity, let us consider a rank-1 laminate with

ε1 =

ε11
1 0 0
0 ε22

1 0
0 0 ε33

1

 and ε2 =

ε11
2 0 0
0 ε22

2 0
0 0 ε33

2

 .
Assuming ε0 = 1, we have

S(x) = [1− ε(x)]−1 =

 1
1−ε11 0 0

0 1
1−ε22 0

0 0 1
1−ε33

 .
With n = (0, 1, 0), we have

[S(x)− P‖(n)]−1 =

1− ε11 0 0
0 1−ε22

ε22
0

0 0 1− ε33

 .
Therefore,

〈
[S(x)− P‖(n)]−1

〉
=

1− f1ε
11
1 − f2ε

22
2 0 0

0 f1
ε221

+ f2
ε222
− 1 0

0 0 1− f1ε
33
1 − f2ε

33
2


where f1 + f2 = 1 are the volume fractions of the two materials. Inverting,

〈
[S(x)− P‖(n)]−1

〉−1
=


1

1−f1ε111 −f2ε222
0 0

0 1
f1
ε221

+
f2
ε222
−1

0

0 0 1
1−f1ε331 −f2ε332

 .
Therefore,

P‖(n) +
〈
[S(x)− P‖(n)]−1

〉−1
=


1

1−f1ε111 −f2ε222
0 0

0
f1ε

22
2 +f2ε

22
1

f1ε222 +f2ε221 −ε221 ε222
0

0 0 1
1−f1ε331 −f2ε332

 .
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Inverting again,

[
P‖(n) +

〈
[S(x)− P‖(n)]

−1〉−1
]−1

=

1− f1ε
11
1 − f2ε222 0 0

0
f1ε

22
2 +f2ε

22
1 −ε

22
1 ε222

f1ε
22
2 +f2ε

22
1

0

0 0 1− f1ε331 − f2ε332

 .
Therefore,

εeff =

f1ε
11
1 + f2ε

22
2 0 0

0 1− f1ε
22
2 +f2ε

22
1 −ε

22
1 ε222

f1ε222 +f2ε221
0

0 0 f1ε
33
1 + f2ε

33
2


or,

εeff =

f1ε
11
1 + f2ε

22
2 0 0

0
ε221 ε222

f1ε222 +f2ε221
0

0 0 f1ε
33
1 + f2ε

33
2

 � (8.13)
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Problem 8.13 Show that the Tartar-Murat-Lurie-Cherkaev formula for the effective permittivity of a rank-1
laminate

f1ε2[ε21− εeff]
−1 = ε2[ε21− ε1]−1 − f2P‖(n)

is equivalent to the formula derived using the Backus method.

Solution - 8.13: Reorganization of the TMLC formula gives us

εeff = ε21−
[

1

f1
[ε21− ε1]−1 − f2

f1ε2
P‖(n)

]−1

.

Assuming that n = e1 = (1, 0, 0), we have

P‖(n) =

1 0 0
0 0 0
0 0 0

 .
Let us assume that the permittivity tensor in each layer is symmetric. Expressing everything in matrix form
and running the calculation through Mathematica shows that (with f1 = 1− f2)

εeff
11 = ε2 +

(ε11
1 − ε2)ε2f1

ε11
1 f2 + ε2f1

εeff
22 = ε22

1 f1 − ε2f2 −
ε12

1 ε
12
1 f1f2

ε11
1 f2 + ε2f1

εeff
33 = ε33

1 f1 − ε2f2 −
ε13

1 ε
13
1 f1f2

ε11
1 f2 + ε2f1

εeff
23 = ε23

1 f1 −
ε12

1 ε
13
1 f1f2

ε11
1 f2 + ε2f1

εeff
13 =

ε13
1 ε2f1

ε11
1 f2 + ε2f1

εeff
12 =

ε12
1 ε2f1

ε11
1 f2 + ε2f1

.

The corresponding Backus solution is

εeff
11 =

〈
1

ε11

〉−1

εeff
22 =

〈
ε22 −

ε12ε12

ε11

〉
+

〈
1

ε11

〉−1〈
ε12

ε11

〉〈
ε12

ε11

〉
εeff

33 =

〈
ε33 −

ε13ε13

ε11

〉
+

〈
1

ε11

〉−1〈
ε13

ε11

〉〈
ε13

ε11

〉
εeff

23 =

〈
ε23 −

ε12ε13

ε11

〉
+

〈
1

ε11

〉−1〈
ε12

ε11

〉〈
ε13

ε11

〉
εeff

13 =

〈
1

ε11

〉−1〈
ε13

ε11

〉
εeff

12 =

〈
1

ε11

〉−1〈
ε12

ε11

〉
.

For a rank-2 laminate with layer properties ε1 and ε21,〈
1

ε11

〉−1

=

[
1

V

∫
V

1

ε11
dV

]−1

=

[
1

V

∫
V1

1

ε11
1

dV +
1

V

∫
V2

1

ε2
dV

]−1

=

[
f1

ε11
1

+
f2

ε2

]−1
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or,

εeff
11 =

〈
1

ε11

〉−1

=
ε11

1 ε2

ε2f1 + ε11
1 f2

.

From the TMLC equations, using f1 + f2 = 1, we have

εeff
11 =

ε11
1 ε2

ε11
1 f2 + ε2f1

.

Hence the Backus and TMLC results agree for εeff
11. The same procedure can be used to verify the equiva-

lence of the other relations. �
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Problem 8.14 Show that, for a rank-1 laminate with layer permittivities ε1 and ε2 and volume fractions f1 and
f2, Milton’s relation reduces to

f1(εeff − ε2)−1 = (ε1 − ε2)−1 + f2Pn where Pn =
n⊗ n

n · ε2 · n
.

Solution - 8.14: Recall Milton’s relation:[
(εeff − ε0)

−1
+ Pn

]−1

=

〈[
{ε(x)− ε0}−1

+ Pn

]−1
〉

where
Pn =

n⊗ n
n · ε0 · n

.

Clearly, if ε0 = ε2, the average is undefined for regions with ε(x) = ε2. Instead, we use a small δ, and
take the limit as δ → 0. With ε0 = ε2 − δ1, we have[

(εeff − ε2 + δ1)
−1

+ Pn

]−1

=

〈[
{ε(x)− ε2 + δ1}−1

+ Pn

]−1
〉

where
Pn =

n⊗ n
n · (ε2 − δ1) · n

.

The right hand side can be written as〈[
{ε(x)− ε2 + δ1}−1

+ Pn

]−1
〉

=
1

V

∫
V

[
{ε(x)− ε2 + δ1}−1

+ Pn

]−1

dV

=
1

V

[∫
V1

[
{ε1 − ε2 + δ1}−1

+ Pn

]−1

dV +

∫
V2

[
{δ1}−1

+ Pn

]−1

dV

]
= f1

[
{ε1 − ε2 + δ1}−1

+ Pn

]−1

+ f2

[
δ−11 + Pn

]−1
.

The apparently problematic term in the above expression is f2

[
δ−11 + Pn

]−1
. However, if we express

everything in matrix form, take the inverse and then take a limit as δ → 0, we find that

lim
δ→0

[
δ−11 + Pn

]−1
= 0 .

Therefore, in the limit δ → 0, we have[
(εeff − ε2)

−1
+ Pn

]−1

= f1

[
(ε1 − ε2)

−1
+ Pn

]−1

where Pn =
n⊗ n

n · ε2 · n
.

Taking the inverse of both sides,

(εeff − ε2)
−1

+ Pn =
1

f1

[
(ε1 − ε2)

−1
+ Pn

]
or,

f1 (εeff − ε2)
−1

= (ε1 − ε2)
−1

+ (1− f1)Pn = (ε1 − ε2)
−1

+ f2Pn � (8.14)
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Problem 8.15 Show that for an isotropic reference material with

C0 = λ01⊗ 1 + 2µ01

the Cartesian components of the operator Pn have the form

(Pn)ijk` =
(

1
λ0+2µ0

− 1
µ0

)
ninjnkn`

+ 1
4µ0

(nin`δjk + ninkδj` + njn`δik + njnkδi`) .

Solution - 8.15 Recall that

(Pn)ijk` =
1

4

(
C−1
j` nink + C−1

jk nin` + C−1
i` njnk + C−1

ik njn`

]
where

Cij = npC
0
pijqnq .

For an isotropic reference material

C0
pijq = λ0δpiδjq + µ0(δpjδiq + δpqδij) .

Therefore,
Cij = λ0ninj + µ0(ninj + npnpδij) .

Since n is a unit vector, npnp = 1, and we have

Cij = λ0ninj + µ0(ninj + δij) .

To find the inverse of C it is convenient to use matrix notation. Thus

C =

µ0 + (λ0 + µ0)n2
1 (λ0 + µ0)n1n2 (λ0 + µ0)n1n3

(λ0 + µ0)n1n2 µ0 + (λ0 + µ0)n2
2 (λ0 + µ0)n2n3

(λ0 + µ0)n1n3 (λ0 + µ0)n2n3 µ0 + (λ0 + µ0)n2
3

 .
Inverting the matrix and expressing the components in index notation, we have

C−1
ij =

[(λ0 + µ0)npnp + µ0]δij − (λ0 + µ0)ninj
µ0[(λ0 + µ0)npnp + µ0]

.

Again using npnp = 1, we have

C−1
ij =

(λ0 + 2µ0)δij − (λ0 + µ0)ninj
µ0(λ0 + 2µ0)

=
1

µ0
δij −

(λ0 + µ0)

µ0(λ0 + 2µ0)
ninj .

Define

A :=
1

µ0
and B := − (λ0 + µ0)

µ0(λ0 + 2µ0)
=

1

λ0 + 2µ0
− 1

µ0

to write
C−1
ij = Aδij +B ninj .

Substitute into the expression for (Pn)ijk` to get

(Pn)ijk` =
1

4

(
Aδj`nink +B njn`nink +Aδjknin` +B njnknin`+

Aδi`njnk +B nin`njnk +Aδiknjn` +B ninknjn`

)
or

(Pn)ijk` =
1

4

[
A (δj`nink + δjknin` + δi`njnk + δiknjn`) + 4B ninjnkn`

]
Plugging back the expressions for A and B gives the desired result. �
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