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Abstract

All metallic, hollow sandwich cylinders having ultralight two-dimensional (2D) prismatic cores are
optimally designed for maximum thermo-mechanical performance at minimum mass. The heated
cylinder is subjected to uniform internal pressure and actively cooled by forced air convection. The
use of two different core topologies is exploited: square- and triangular-celled cores. The minimum
mass design model is so defined that three failure modes are prevented: facesheet yielding, core
member yielding, and core member buckling. The intersection-of-asymptotes method, in conjunction
with the fin analogy model, is employed to build the optimization model for maximum heat transfer
rate. A non-dimensional parameter is introduced to couple the two objectives—structural and
thermal—in a single cost function. It is found that the geometry corresponding to maximum heat
transfer rate is not unique, and square-celled core sandwich cylinders outperform those having
triangular cells. The eight-layered sandwich cylinders with square cells have the best overall
performance in comparison with other core topologies. Whilst a sandwich cylinder with shorter
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length is preferred for enhanced thermo-mechanical performance, the influence of the outer radius of
the cylinder is rather weak.
© 2007 Published by Elsevier Ltd.

Keywords: Cellular materials; Pressurized hollow cylinder; Sandwich wall; Active cooling; Optimal design;
Minimum mass; Multifunction

1. Introduction

All metallic sandwich panels with open, periodic cellular cores have recently emerged as
one of the most weight efficient structures, such as three-dimensional (3D) truss cores and
two-dimensional (2D) prismatic cores; see, for example, Hutchinson and He (2000), Wicks
and Hutchinson (2001), Valdevit et al. (2004, 2006a, b), and Liu et al. (2006).
Concomitantly, the open core topologies provide access for multifunctional applications,
such as simultaneous load bearing and active cooling (Kim et al., 2004; Tian et al., 2004;
Lu et al., 2005; Raskie, 2006); blast resistance (Xue and Hutchinson, 2003, 2006); vibration
and noise control (Lu et al., 2000; Ruzzene, 2004); and structural actuation (Hutchinson et
al., 2003; Wicks and Hutchinson, 2004).

Prior work has tended to focus on applications involving dynamic shock-type loadings,
and for that class of problems the benefits of sandwich construction have been well
established. Recently, a statically loaded cylindrical shell with sandwich walls subjected to
internal pressure loading has been optimized by Liu et al. (2006). Five different core
topologies are considered: Kagomé truss, single-layered pyramidal truss, double-layered
pyramidal truss, single-layered corrugated core and double-layered corrugated core. Note
that the deformation of most of these structures is governed by cell wall/ligament
stretching, as opposed to bending commonly found in stochastic metal foams. Although
the problem considered by Liu et al. (2006) is well-known to be not bending dominated,
their results clearly demonstrate the significant benefit from sandwich construction relative
to hollow cylinders having monolithic walls, which is interesting and intriguing.

Built upon the work of Liu et al. (2006), the study presented in this paper focuses on the
bi-functional performances of 2D cellular metallic cores, namely, hollow sandwich
cylinders subjected to a combination of internal pressure and thermal loading are
optimized. Potential applications include cylindrical combustion chambers for rocket and
missile propulsion, as well as airplane and land-based vehicle engines with the use of
turbines and pistons (Raskie, 2006).

Combustion chambers are traditionally enclosed in monolithic structures that must
withstand the high pressures and temperatures of combustion. A combustion engine that is
both structurally lighter and more efficient in heat dissipation can significantly reduce
weight and energy consumption (Raskie, 2006). It is anticipated here that using sandwich
constructions with lightweight cellular topologies may improve the engine performance.
Specifically, combining these topologies with current engine design in the form of a hollow
sandwich-walled cylinder (as shown in Fig. 1) would greatly decrease weight while allowing
for active air convection cooling across the open passages. The aim is to optimize the
topological and geometric parameters of the sandwich construction for maximum bi-
functional performance.

Please cite this article as: Liu, T., et al., Bi-functional optimization of actively cooled, pressurized hollow
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Fig. 1. Geometry of an internally pressurized hollow sandwich cylinder with inner facesheet kept isothermally and
cooled by forced convection.

Two different prismatic core topologies are proposed for the hollow sandwich-walled
cylinder, namely, square- and triangular-celled cores (see Fig. 2). The structural and
thermal advantages of sandwich panels made with these 2D cellular materials have been
separately addressed by Valdevit et al. (2004, 2006a, b) and by Lu et al. (2005). For
minimum mass designs of the hollow cylinder under internal pressure loading, a structural
model will be developed in a way different from that described in Liu et al. (2006). In their
work, both 2D prismatic cores and 3D truss cores were considered, and the mechanics of
the highly porous cellular materials was analyzed by a homogenization technique. This
method allows the elastic behavior of essentially any core to be characterized by means of
an effective stiffness matrix, thus allowing for a more unified treatment of the problem. In
the present study, as opposed to the more complex framework of homogenization, a
simpler and more traditional “member by member” structural approach will be employed
to analyze the mechanics of 2D sandwich cylindrical walls.

For the thermal properties of sandwich structures having 2D cellular cores subjected to
forced convection, previous work includes the evaluation and optimization of hexagonal
honeycombs under forced convection by Lu (1998), simultaneously evaluation of the
structural and heat transfer performance of 2D cellular metals by Gu et al. (2001), and
optimal cooling performance of metallic sandwich panels with prismatic cores by Valdevit
et al. (2006a, b). These studies are all concerned with sandwich panels and are based on the
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Fig. 2. 2D cellular metals considered in this paper: (a) square-celled core sandwich; (b) triangular-celled core
sandwich.

assumption that the panel is sufficiently long to smooth out any entry and exit effects. In
other words, fully developed flow profiles (both kinematical and thermal) are assumed.
However, for a sandwich heat sink design with compact requirement (e.g.,
L/Dy<0.01 Rep,, where L and Dy are separately the length and hydraulic diameter of
the sandwich core, and Re is the Reynolds number; see Fig. 1), developing flow and
temperature fields are expected to prevail, thus significantly affecting its overall thermal
performance.

In the present study, with the assumption that the flow is laminar in the 2D core
passages, an approximate model incorporating the effects of developing flow and
temperature fields will be established using the intersection of asymptotes method, and
employed to analyze the thermal behavior of a sandwich-walled hollow cylinder (the inner
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surface of which is kept isothermally). Similar work on developing flow and temperature
fields has been presented by Bejan and Sciubba (1992), in which the intersection of
asymptotes method was first developed to optimize the plate spacing for an array of
parallel plates cooled by forced convection. Later, Yilmaz et al. (2000) and Muzychka and
Yovanovich (2004) separately applied this method to optimize the geometry of a single
duct and 2D cellular metals at constant wall temperature, both cooled by forced laminar
flow. More recently, for 2D cellular metals having either square or equilateral triangular
cells, Wen et al. (2007) modified the approach of Muzychka and Yovanovich (2004) to
account for the effect of solid conduction with the fin analogy model. In comparison with
direct simulations using CFD (computational fluid dynamics), good predictions are
obtained with the approximate but much simpler and computationally more efficient
intersection of asymptotes method (Wen et al., 2007).

The article is organized as follows. In Section 2, the 2D topologies of sandwich cores are
introduced. Sections 3 and 4 present the thermal model based on the intersection of
asymptotes method and the structural model based on the member-by-member approach,
respectively. The characteristics of optimization results obtained using either the thermal
or structural model alone are analyzed. Section 5 introduces the thermo-mechanical joint
optimization model, which uses a non-dimensional parameter to couple the two objectives
(both structural and thermal) in a single cost function. As an example, an all metallic
hollow sandwich cylinder subjected to simultaneous structural loading and active cooling
is optimized using all the three models, and the results are compared. Section 6 discusses in
detail the effects of geometrical parameters on the optimal structural parameters. Section 7
closes the paper with conclusions.

2. Definition of problem
2.1. The problem

Consider an all metallic, hollow, sandwich-walled cylinder subjected to a uniform
internal pressure, P;, and cooled by laminar forced convection, as shown in Fig. 1. The
inner wall of the cylinder is kept isothermally and the sandwich has a lightweight 2D
cellular core. The solid facesheets of the sandwich may have different thicknesses denoted
here by T; and T,. Let T represent the total thickness of the sandwich core. Throughout
the paper, subscripts i, o and ¢ denote the inner facesheet, outer facesheet and core,
respectively. In cylindrical polar coordinates (R, 6, Z), with the origin fixed at the center O
of the cross-section of the cylinder (see Fig. 1), the radius of the centroidal surface of the
inner facesheet, outer facesheet and core is represented separately as R;, R, and R.. The
goal is to optimize the sandwich geometry of the cylinder for maximum thermo-
mechanical performance at minimum mass.

2.2. Topology of cellular core

The highly porous 2D cellular topologies concerned in the paper are shown in Fig. 2(a)
for square-celled core and Fig. 2(b) for triangular-celled core. In both cases, the
dimensions of core members are allowed to vary according to the stress gradient in the
core, so that the sandwich-walled cylinder can be optimally designed as a minimum mass
structure. Consequently, the cells shown in Fig. 2(a) are strictly speaking not square but
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Fig. 3. Geometry of a unit channel for: (a) square-celled core sandwich; (b) triangular-celled core sandwich.

trapezoidal shaped, as shown in Fig. 3(a), with straight walls along the radial direction and
curved walls along the circumferential direction. Similarly, the “triangular’ cells shown in
Fig. 3(b) have straight walls in the radial direction and curved walls in the circumferential
direction. For convenience, unless otherwise stated, the trapezoidal shaped cells of Fig.
3(a) are termed ‘“‘square cells” and the triangular-like cells of Fig. 3(b) are called
“triangular cells” in this paper.

For the square-celled core of Fig. 2(a), T; and /; (j = 1,...,n) denote the thickness and
length of radial core members in the jth layer; Ty (k =1,...,n — 1) denote the thickness
of circumferential core members; w is the inner width of cells in the first layer of the core.
For the triangular-celled core of Fig. 2(b), T; and T denote the thickness of inclined and
circumferential core members, respectively; w is the inner width of cells in the first layer of
the core; / stands for the uniform thickness of each layer of the core. As also shown in Fig.
3, the cross-section of a channel in the square-celled core is an annular sector with net flow
area A,; (Fig. 3a), whereas, for the two kinds of channels in the triangular-celled core (Fig.
3b), the cross-sections are approximately circular sector with net flow area Ay and
triangular corner with net flow area Ay, respectively. In the following sections, all these
geometric parameters will act as design variables for optimization.

Based on the cellular geometry defined above for both topologies, the porosity &, defined
as the ratio of void volume in the core to total volume of the core, can be written as

Please cite this article as: Liu, T., et al., Bi-functional optimization of actively cooled, pressurized hollow
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C2mSiG YN,
Z]"l:lSj Z;:lSj ’

where ¢; and S; are the porosity and total volume per unit length for the jth layer of the
core; N; and A; are the total number of channels and net flow area of a unit channel (as
defined in Fig. 3) in the jth layer of the core. One has Ny =Ny =--- =N, 4; = A4,
(annular-sector channel) or 4; = A¢; + Ay (circular sector and triangular corner channels).

< ()

3. Thermal analysis

As shown in Fig. 1, the 2D sandwich-walled hollow cylinder with inner substrate kept
isothermally at temperature f, and outer substrate thermally insulated is cooled by a
coolant fluid having inlet temperature fi,(<?y) and driven in by pumping power P. It is
assumed that all the cells are subjected to the same pressure drop Ap over the entire length
L of the cylinder, thus allowing channels in different layers of the core to experience
different flow velocities. Let U, and Up,; denote separately the mean fluid velocity
upstream of the core and that for the jth layer of the core, and let U; denote the mean fluid
velocity in a unit channel of the jth layer. By mass conservation and momentum
conservation, we have:

SiSiUn  SSi6U; N AU

U = n - n - n >

Unj = §Uj, (@)

P=ApUn > S, 3)
j=1

where

> Si=n(Ro — To/2) = (Ri+ Ti/2)), Uj= U,
Jj=1

for the square-celled core, and
A

. A
L Uej+ L Uy
] J

U =
= A

for the triangular-celled core.

The aim of thermal design for a sandwich cylinder is to maximize the total amount of
heat dissipation at a fixed pumping power. Following Wen et al. (2007), the intersection of
asymptotes method originally developed by Bejan and Sciubba (1992) is adopted to
account for the entry and exit effects that are significant in a 2D honeycomb-type compact
heat exchanger like the one shown in Fig. 1. Note that, whilst Wen et al. (2007) only
studied the thermal performance of square and equilateral triangular cells in flat sandwich
panels, the cell topologies addressed in this paper is more complicated, as seen in Figs. 3(a)
and (b).
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3.1. Limit I: fully developed case

Consider first the limit, L — oo (or, equivalently, the hydraulic diameter of a channel
Dy — 0), wherein each channel is slender enough so that the flow is fully developed and
the fluid outlet temperature approaches t,,. Hence, the total amount of heat dissipated by
the cylindrical sandwich heat sink is given by

O = preyUn(ty — trin) D Sj = prepN(ty — Irin)

Jj=1 J

AU =0y, @
=1 j=1

where p, and ¢, are density and specific heat of the coolant, respectively, 0y ; is the total
heat transfer rate of the channels in the jth layer:

O = prep(tn — lf,in)NAj U = prep(ty — trin) UnS;. (%)
For fully developed flow in a 2D channel, the pressure drop is
S Rep,; = 64, (6)
where
Ap Dy,
L= T (7
prUj /2
U;Dy;
Rep,; =12 ®)
vr

Here, f;, Dy; and ¥; are the friction factor, hydraulic diameter and shape factor for
channels in the jth layer, respectively, vy is the kinematic viscosity of the coolant, and Rep,
is Reynolds number based on Dy. Muzychka and Yovanovich (2002) demonstrated that
when the friction factor and Reynolds number are based on the square root of the cross-
sectional area of a 2D duct, the vast number of existing data for many channel shapes were
reduced to a single curve which was merely a function of the aspect ratio of the duct or
channel. They also showed that this curve was accurately represented by the first term of
the exact series solution for the rectangular channel cross-section, given by

12
S Reyz; = » 192z, N\ ©)
VE(l+7%) {1 - tanh(%ﬂ
'
Here,
f Re =f Re -><i (10)
. VAj — Dy,j 16\/147]"

where (NT ;7 and ¢; are the perimeter and aspect ratio of a cell in the jth layer. For the annular-
sector channel and circular-sector channel shown in Figs. 3(a) and (b), ¢; can be defined as

~ _ (Ry—Ry)

g = m (Annular-sector channel in the jth layer), (11)
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) . .
g (Circular-sector channel in the jth layer), (12)
J

8j=

where Ry;, Ry, o; and V) denote the inner radius, outer radius, apex angle and chord length
of the channel (Fig. 3). For the triangular corner channel of Fig. 3(b), the value of /' Re /7
is approximately equal to that of the circular channel (Muzychka and Yovanovich, 2004,
2002), namely, f Re /; = 14.18. Hence, we have:

Wy, = 3 V A"’ B=a,c (13)

>

T
Vil +“)[1 - —t h(zg)} C;
for annular-sector channel (f = a) and circular sector channel (f = ¢) in the jth layer, and

7.09 /4y
VY (14)
2C;

[j:

for triangular corner channel in the jth layer.
From Egs. (2), (3), (6)—(8), we obtain for square cells

(15)
(16)
and, for triangular cells
e~ 12 T,
U. — PN Z Dlzl,chCj + Dlzl,letj (17)
m — n b
[Zj:lS/]zprfL =\ 2y 32%y
~ 1/2
P AD121,01+AD}21t]
pfvf L ﬁ < 'PCJ Y (Iltj
U= - > . (18)
1 [ Dy A DyyAy
324, L
’ /2( 32% 329,
Hence, at the panel level we have
oy 172 )
PN Dh a Aaj
QI =q ,01/2 T — = (lw - tf,in)
PRI\ oL ; 329,
(Square-celled core sandwich cylinder) (19)
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e 1/2
0 =c 12 PN 2": thl,chq/_l_D}zl,tjAtj (fa — frin)
1= 9P \yL 2\ 3w, T 3wy, )T M
= Jj y

(Triangular-celled core sandwich cylinder), (20)

whereas at the channel level we have

a\ 125
12 PN Dy ;A 1
P = 7 tw — Ifin
01, = 6Py (va> 27, SN ( in)
Zn h,aj“*a/
-/—1< 2%, )
(Square-celled core sandwich cylinder), 21)
D; Di .
PN 12 ACi;{/—g + 4y .ly’tj
o "
QI,/ = CP.D}/z <—L> d d (tw - tf,in)
Kl 32 Zn D%l,CjACj + D%l,tjAtj
=\ 2y, 32wy
(Triangular-celled core sandwich cylinder). (22)

Given that N Nn[jo - R%j] /Dﬁj, it can be shown that the heat transfer rate at either the
panel or channel level, given separately by Egs. (4) and (5), has the following dependency:

O, Ql,jNDhi/Ll/z'
3.2. Limit II: boundary layer case
In the opposite extreme, D, — oo or L — 0, the fluid flow and heat transfer can be

approximated using boundary layer theory (Bejan and Sciubba, 1992). The L-averaged
wall shear stress 7 reads:

_ ) ~1/2 _Ap Dy,
1= 1.328(p,U; [2) Re '~ = T4 (23)
where
UL
Re; = Al (24)
vy
Hence, for a square-celled core sandwich cylinder
}33/5D 2/3
Up= {0557 s 0y T (25)
3 n
o L PN (T A Dy
~2/5 ~3/5 " 3/5
Un= (0677 (Z Ay Dy, 3.> (26)
Ujl_/s L5 p/2'/527:1 A= A

and, for a triangular-celled core sandwich cylinder
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2/3
0.557 Agi 23 Ay o 2/3\ =22/5
Ur= o/ 0L 2/3\\3/5 (th/°f A]Dh/‘f>P ’
L% (zj 1(AC,DhC]+At,D )Y j

27)
~2/5 ~3/5 n 3/5
PN
Un = | 0677 57555 (Z(chpf]/g/+AtjDﬁ/J)> : (28)
Uy L Py Zj:le j

The local and global heat transfer coefficients for channels in the jth layer, 4;(z) and ﬁj(z),
can be calculated as (Bejan and Sciubba, 1992; Wen et al., 2007)

U; 1/2
hj(z)zNu(Z) = 0.332k; Pr‘/3( ) , (29)
=
_ of 1/2
hi(z) = Nu(z)— = 0.664k, Prm( - ) , (30)
f

where Pr and ky are Prandtl number and thermal conductivity of the coolant, respectively.
Therefore, for heat transfer in boundary layers along a flat plate having arbitrary
temperature, the local heat flux is obtained as

~ : dzy,
70 =) [ s dn MO ~ G

where /(z) can be approximated as the weighted average of the channel values in different

layers, i.e., h(z) = 377 [(S;&h(2)) /(€211 Sl

If the thermal conduction resistance in solid walls is ignored (i.e., ks — 00), we have
Oy, = LNI Ci(ty — trjn), Oy = LN ZEj,La(IW — Ifin)- (32)
j=1
Hence, at the panel level

0.5463N "y PP PP 125 &

(Ca]Dh )(tw_tf,in)
A 2

On =

(Square-celled core sandwich cylinder), (33)

0.5463N " P3P 125
%/5 I/S(Z I(AL/D +A“D2/3))1/5

XZ

(Trlangular-celled core sandwich cylinder) (34)

On

h,¢j

A 172
(Cy+ cw( il + A‘f Df/;) ](rw — Itin)

and, at the channel level
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~4/5 13pY /5 s
0.5463N" "k, P3P L
r C,DV?

3/5 1/5(211 A, Di/;j)l/S h,aj

Oy = (tw — rin)

(Square-celled core sandwich cylinder), (35

0.54638 "k, Pr/3 P 125

o 5 1/5 2/3 2/3
/ / (E/ 1(ACJDh K +AtJDh/t_/))l/5

Oy, =

4 1/2
(cc,+ct,>( “fDi/3,+j’ ﬁ@) (ty — frn)

(Triangular-celled core sandwich cylinder). (36)

In this case, it can be shown that the heat transfer rate at either the panel or channel level
has the following dependency: Oy, Oy JNLZ/ > /D

For finite values of kg, the thermal conductron resistance in solid walls needs to be
accounted for. To this end, the fin analogy model (Lu, 1998) is employed, in which a two-
step analysis is used: (a) heat transfer in a corrugated wall without fins is firstly analyzed;
(b) contribution from the fins is subsequently calculated and added to that in (a), see Fig. 4.
For the first step, with Eq. (31), the variation of temperature #,((, z) along the length of a
single corrugated wall without fins (Figs. 4b and d) is governed by

O’15((,2)  2h(2) ©0n(Em)/on
o - ksfc t(£,0) + / W dn —tin | =0, (37
where T, = doil(SiE T /(E377,S))] is the weighted average thickness of a vertical/

inclined core member and { = Cyr is the local coordinate along the corrugated wall, with
{ = 0 coinciding with r = 0 (Fig. 4). The tortuous coefficient Cy = 1 for square-celled core
and Cy = 1/sin ¢ for triangular-celled core, where ¢ is the inclination angle of the cell
wall (Fig. 4c).
Following Wen et al. (2007), Eq. (37) can be approximately rewritten as
F’t(l,z)  2h(z)

acz - ks ~C [Zs(C ) lf,in] =0. (38)

Therefore, with the following boundary conditions

tS:lW9 CZO,

KgE=0. =ty =Culh—T/2-To/2) (39
the solution of (38) is given by
h(z)
cosh K ksTC>(CH - C)]
t5((,2) = trin + (tw — trin) : (40)

2h(z)
({22

The total heat lost to the cooling medium per unit length of the corrugated wall is thence
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Fig. 4. Two step analysis with fin analogy model: (a) topology of square-celled core; (b) single-corrugated walls
with and without fins for square cells; (¢) topology of triangular-celled core; (d) single-corrugated walls with and
without fins for triangular cells.

d
d¢

q,(z) = —ks Tc

= (tw — 1) 2h(z)ksfc)tanhl( Z“;) CH]. 1)

(=0

In the second step, with the heat dissipated into the coolant from the fins and substrates
both accounted for, the total heat transfer rate is given by

L
0, = / [4(2) + (@) + do(2)]dz. 42)
0
where

q(z) = yN(1 + Crn)q;(2), (43)
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04i(2) = MERA(R; + Ti/2) = YN CrTaa)(tw — trin). (44)

Gwo(2) = ha(2)21(Ro — To/2) — YN Cry Ten)(ts(C i 2) — trin)
_ hn(z)[zn(Ro - T0/2) - WNCH Tcn] (lw . lf,in) (45)

2h(z)
cosh ( < kgTL> CH>

with = 1 for square-celled core and y = 2 for triangular-celled core. In Eq. (43), Cgn
denotes the weight coefficient of fins on heat loss, which can be estimated by the ratio of
total surface area of the fins to that of the corrugated wall (Lu, 1998). In Egs. (44) and (45),
q4i(2) and g, stand for the heat flux into the coolant from the inner substrate and outer
substrate, respectively. In Wen et al. (2007), the contribution of ¢, is not explicitly
calculated. However, since the influence of ¢, is significant in the present study, an explicit
calculation is necessary.

3.3. Thermal design model: intersection of asymptotes

To a good approximation, the optimal channel size of the 2D prismatic core may be
found by intersecting the two asymptotes obtained above (Bejan and Sciubba, 1992; Wen
et al., 2007). The exact shape of the heat transfer rate curve against channel size may be
found by using more accurate expressions of Shah and London (1978) for individual
channel geometries. However, CFD simulations presented in Wen et al. (2007) confirm the
validity of the approximate yet much simpler intersection-of-asymptotes method.

At the panel level, for ky — inf, intersecting Eqs. (19), (20) and (33), (34) or (42) gives

Eha‘Aa'
,aj et

Iy — Ifin
32Taj ( & )

054638k PrAP 1205 Z c
aj

3/5 ]/S(Z] A, D121/8.3])1/5

1/3
Dh/aj)(tw — tfin)

(Square-celled core sandwich cylinder), (46)

o\ 1)2 5 >
12 PN Dj ;A Dy Ay
tw — I
Pp/ (UfL) $ ;( 32?0] + 3211,” ( w f,m)

1/5

054638k, P3P 12

3/5 1/5(2 1(AC/D +At1D121/3))1/5

XZ

(Trlangular-celled core sandwich cylinder). 47)

h,¢j

A /2
(Cy+ Ctj)< i Di/; + Ay Dﬁ/j) 1(zw — tfin)

Similarly, for ks < inf, one has
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n (D2 A
h,aj“ &/ o
3 (i) -

L
= / [9(2) + ¢4i(2) + gyo(2)]dz  (Square-celled core sandwich cylinder), (48)
0

12 PN D Aq Dy Ay
] s te — 1
¢oPy (UJ-L> /_Z( 2w, T 3w, | T )

L
= / [9(2) + ¢4i(2) + ¢4 (2)]dz  (Triangular-celled core sandwich cylinder). (49)
0

Since A4;, Dy; and E’; are functions of geometric parameters of the sandwich core (as
defined in Section 2.2), Eqgs. (46)—(49) can be geometrically described as hyperplanes
composed of these parameters, and the optimum must be located on these hyperplanes.
Hence, the optimal core geometry for maximum heat dissipation can be found by using
(46)—(49) as the constraints of optimization. The corresponding objective function is
defined as:

Model T:
L 1 AR (ng)ajy(%)
o
Max}{l(A):Ré/z(%//_ . <£>3/2bpp}/z <?> ; o :
R
(Square-celled core sandwich cyjinder), (50)
Max 7, (A) = — /L

RV (ty — trin)

12 (Dh’Cj > ’ Ay (D hstf) ’ Ay
1 1/2 @ i Ro Rg n RO R(z)
o = 32% 32y

- L\3 /2 pPy
(%)

(Triangular-celled core sandwich cylinder), (51)

where Q;/L denotes the heat transfer rate per unit length and A is a non-dimensional
design variable vector defining the geometry of the cylindrical sandwich.

. . . . T
- 95’9"’7:| (/:1,..-,71;](21,...,}1—1),

(Square-celled core sandwich cylinder) (52)
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To T; R Ty | Tp wl'
RO’RO’RO’RO’RO’RO’RO (] b Qn) b 9n )
(Triangular-celled core sandwich cylinder). (53)

The auxiliary function used to find the variables characterizing the maximum y; design
for Eq. (50) is given by

RY(ty — trin)
Oy/L

1/2

F(A) = — Aty — trin) | Cppy

~4/5 1 3/\1/5 2/5 n
0.5463N "k Pr'/3p LY ~ 15
- E (CajD

T 3/5 1)5 2/3.1 h,aj) ’ >4
Uf/ Pf/ (ZleAath,/a/) =

where 4; is the Lagrangian multiplier. As mentioned above, 4;, Dy; and a are functions of
A. Hence, provided that L and R, are fixed, according to Lagrange’s multiplier theorem, it
has been established that, in most cases, the solution of (50) is not unique; the same holds
for (51). That is to say, the maximum value of QI/L/R(I)/z(tW — frin) may be associated with
a number of different sandwich designs. For the optimization problem associated with
geometrical constraints described below in Sections 46, the same conclusion can be drawn
by invoking the Kuhn-Tucker condition.

4. Minimum mass design optimization

The minimum weights of an internally pressurized hollow sandwich cylinder with either
3D truss core or 2D corrugated core have been reported by Liu et al. (2006). For the
structural analysis of a sandwich cylinder as shown in Fig. 1, they adopted an approach
whereby the cellular core was firstly homogenized into a 3D anisotropic elastic continuum
and then, built upon the works of Timoshenko and Young (1956) and Lekhniétiskieei
(1981), closed form elastic solutions were employed to predict the responses of structural
members of the sandwich. Comparisons with finite element method (FEM) results suggest
that the behaviors of both corrugated and truss core sandwiches can be predictably well by
the homogenization approach. In other words, various sandwich theories, which are the
approximation of classical solutions, can be employed to predict the behaviors of
engineering structures made with cellular materials. As also revealed by the homogeniza-
tion approach, for monoclinic core or general anisotropic core sandwich cylinders, the
stress distribution in the structure is complex, e.g., torsional deformation of facesheets may
be induced by the anisotropy of cores, whereas, for orthotropic cores (as the prismatic
cores in this paper), the stress distribution is simpler (as described in Section 4.1). In this
paper, since our interest mainly focuses on the thermo-mechanical optimization of a
hollow sandwich cylinder with orthotropic core, to make it simple, a more direct and
simpler structural method is used, as described below.

4.1. Structural analysis

Consider the unit cell of a square- or triangular-celled core sandwich, each having a
single layer, as shown in Figs. 5(a) and (b); the corresponding face-core interfacial stresses,
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Fig. 5. Unit cell of single- or multilayered sandwich with: (a) square cells and (b) triangular cells; (c) stresses in the

core and facesheets of single-layered sandwich; (d) stresses in core members; (e) stresses in the core and facesheets
of a multilayered sandwich.

P,; and P, are shown in Fig. 5(c), provided that the cellular core is treated as a 3D
orthotropic elastic continuum. According to Liu et al. (2006), if the core is orthotropic,
only normal stresses within the two interfaces exist, and the core members are dominated
by membrane forces as shown in Fig. 5(d). It is assumed that the sandwich cylinder
concerned is without end caps and fixed at both ends. Hence, the generalized plane
deformation assumption is adopted, namely, not only the stresses, but also the
displacements, do not depend on the axial coordinate (z). Therefore, the outer facesheet
is subjected to an internal pressure whilst the inner facesheet is subjected to both internal
and external pressures (see Fig. 5¢). With the Lamé equations (Timoshenko and Young,
1956), the planar elastic stresses of the inner facesheet are:
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(Ri + Ti/2) (Ri — T:/2)
S L
O’l = P — —P s 55
Ry (Ri- rjar G
(R — Ty)’ (Ri + Ti/2)*
(R; + T;/2)* | | (R — T;/2)
i B TR (=P.1), Re[Ri—Ti/2, R+ T;/2]
‘7:9: 2 Pi— > (L), Ry —1i/2, R+ 1;
R+ Ti/2 R —T;/2
R+ 727 (R T
(Ri —T)) (Ri+ Ti/2)
(56)

and, for the outer facesheet, are

(Ro +To/2)" |
I
(Ro+ To/2
(R — To/2)
(Ro+To/2)" |
2
% =R - o (P ReE[Ro=To/2.Rot To/2) (57)
] o

— =1

(R, — To/2)’
where % and ag (A =1,0) are the radial and circumferential normal stresses. With

circumferentially axisymmetric boundary conditions, the strain-displacement relations of
the isotropic facesheets read as
_dup(R),  up(R)

A s A .
Ep = dR , &= R 5 VR():Oa RG[RA—T;L/Q,,R;»—FT)'/Z], 120519

O-(])z = _Pb,l)a

(58)

where u/}, are the radial displacements of the facesheets. As the core and facesheets are fully
bonded along their mutual interfaces, the following compatibility conditions exist at the
interfaces

. T; T; T T
ulR<Ri+7> =u§<Ri+7>, u%(RO—TO> :u%(RO—TO) (59)

From the constitutive equations of isotropic facesheets, we have

u(R) = %[ag —v(al, + d)]R, Re[R —T;/2, R+ Ti/2], (60)

1
u(R) = E[og —v(6y +0R)IR, Re[R,—To/2,R, +T,/2], (61)

where E and v are the Young’s modulus and Poisson ratio of the base material for the
facesheets.
As shown in Figs. 5(c) and (d), equilibrium dictates that, for single-layered square cell

le = 2Pb,1pRo/Ri = 2Pa,1p (62)
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and, for single-layered triangular cell:
PpipR,  Pup
R;sin(¢) ~ sin(¢)’

where p = w/2, ¢ stands for the inclined angle for inclined core members (Figs. 4 and 5).
Furthermore, from (59), we have

i . T; o T,
o a{aeT) (e )

Nx2=

(63)

E/(1—)Ta (Te — To/2—Ti/2)
for single-layered square cell, and
: T; T,
U | Ri+—= ) —u}| Ro — =
No 2 2 65)
E/(1 —v)Te (T.—T,/2-Ti/2)

for single-layered triangular cell. With Egs. (59)—(65), P,1, Py can be readily solved. In
these equations, the span p of the unit cell is assumed to be sufficiently small relative to the
cylinder length L so that the bending deformation of facesheets within the span can be
ignored.

Solutions for multilayered sandwich cylinders (Fig. 2) can be found in a way similar to
that presented above for single-layered sandwich cylinders (see Liu et al., 2006). For these
multilayered sandwich cylinders, the stresses in the core can be written as (see Fig. Se):

(Rrj+T5/2° (R —Ty/2)

1 1
f R R?
ORj = (—Ppj) — (=Paj+1), (66)
MRy Ty Ry = T2
(Ryj— Tj/2) (Ryj+ Tp/2)
(Ryj+ Tj/2) {1 14 Rri=Ty/ 2)°
7, R’ (—P)) R (P
= —Lpj) — - a,‘+1 )
" (R +T/2° ! | Ry = Ty/2) !
(Ryj = Tp/2) (Ryj+ Tp/2)
Re[Rrj—Ty/2Rrj+ Ty/2l G=1,....n—1) (67)
¢ 2pPyiRy; . 2pPyRpjv
0% = Tch’ oL, = TTQ (Square cell), (68)
PPy;Ry; PPy Ry .
R S ¢ =2/ (T 1 11 69
0y RTysin(@)’ o:; R Ty sin(@) (Triangular cell), (69)

where (o{z o aé J) are the stress components of the circumferential core member in the jth
layer (Fig. 5e), (0%, 0% J) are the normal stresses in the x and z-directions for the vertical
and inclined core members in the jth layer (Fig. 5d), (Pp, P, j+1) are the interfacial stresses
in the jth layer (Fig. 5e), and Ry; is the radius of the centroidal surface of the

circumferential core member in the jth layer (Fig. Se).
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4.2. The minimum mass design model
To seek the minimum mass design of a hollow sandwich-walled cylinder subjected to

internal pressure, three failure modes are taken as the optimization constraints: facesheet
yielding, core member yielding and core member buckling, given by

) 2 2 2y 1/2
Q Oi)_aiie + é_oie + &_Oi) <O’y/E
2 E E E E E E =

(4 =1,0) (Facesheet yielding), (70)
. 2 : 2 Coay 12
V2 Gl(;,j ‘7)1;,/ GfZ,/' ‘7)1;,/ J)Z,j G{JJ
- — | t =" t|—=—F <oy/E
2 E E E E E E
ircumferential core member yielding for the jth layer),
(Ci fi ial b ielding for the jth 1 ) (71)
C C C C 1/2
V2[(o o) (o oy
2 E E E E S E
ertical or inclined core member yielding for the jth layer),
(Vertical inclined b ielding for the jth 1 ) (72)

oy KTy /R,)*sin® ¢

E = 12(1 — 02)(I;/Ro)?
(Vertical or inclined core member buckling for the jth layer), (73)

where, in (73), both the vertical and inclined core members are assumed to be simply
supported, with the buckling coefficient k¥ = 1 (see Liu et al., 2006), and /; is the length of
the vertical or inclined core member in the jth layer (Fig. 4). Subjected to the constraints of
(68)—(71), the minimization of structural mass can be written as

Model 11:

Min y,(A) = —

(8]

17T, R, 1T,
= psﬂ:{(l 9 l(l - ER_()) ( +§R_>

where W denotes the structural mass per unit length. The geometrical design variables are
defined in Section 2.2 and Egs. (52) and (53).

Based on the above minimum mass design model, sandwich cylinders with either square-
or triangular-celled core are optimized. Throughout the paper, the optimization problem is
solved using the Multi-island Genetic Algorithm optimizer embedded in a commercially
available optimization solution engine iSIGHT™, with the main programs coded in
Matlab™. The material is assumed to be representative of a structural steel, with
oy/E =0.001, v=0.3, p, = 7900 kg/m?, ks = 60.5W /(mK). The outer radius, R,, of the
cylinder is assumed to vary in a way such that additional geometrical constraints of
T;/R,>0.001 (J =1,¢c,0) and 0.9>R;/R,>0.5 are satisfied. The former is based on the
consideration of manufacturing possibilities, whilst the latter aims to make the shell of the

T, R T;
220411 4
+R+RR}, (74)
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sandwich cylinders relatively thin due to size constraint in practice (for example, the
cylindrical combustor in an engine is normally integrated with another structure, Raskie,
2006). The lower bound and upper bound of channel number per layer, N, is set to 10 and
40, respectively, for a channel number within these bounds is acceptable for both the small
p assumption (see Section 4.1) and fabrication considerations. The load parameter P;/F is
assumed to vary within 107°~15 x 107>, which covers the practical case of a steel
combustor with P; = 10 MPa (Raskie, 2006). The maximum layer number for both kinds
of core topologies is j,, = 8, as more layers would cause complexities in fabrication.

The outcome of the minimum mass optimization is plotted in Figs. 6(a) and (b) for the
square- and triangular-celled core sandwich cylinder, respectively. The results of Fig. 6
clearly demonstrate the significant structural advantage of both types of sandwich cylinder
over a solid-walled hollow cylinder. The structural performance of the square-celled core
sandwich is slightly better than that with triangular-celled core, and is not sensitive to the
number of core layers (Fig. 6a), because the thickness (or length of radial core members) of
each sandwich layer can vary according to the stress gradient. The minimum mass of a
triangular-celled core sandwich is more sensitive to the number of core layer, with the
optimal layer number j, = 4 (Fig. 6b), for each sandwich layer must maintain a uniform
thickness during optimization. For both core topologies, the failure modes are
simultaneous inner facesheet yielding and core member buckling, and the minimum mass
always occurs when N = 10, R;/R, = 0.5 for a square-celled core sandwich cylinder and
N = 10~30, R;/R, = 0.5 for a triangular-celled core sandwich cylinder.

To understand further why an internally pressurized hollow sandwich cylinder
structurally outperforms its equivalent solid-walled cylinder, analytical solutions for the
minimum masses of a single layer square-celled core sandwich cylinder and a solid-walled
cylinder are presented for comparison in Appendix.

5. Bi-objective optimizations
5.1. Design model for optimal thermo-mechanical performance

Based on Sections 3 and 4, further optimization can be performed on hollow sandwich
cylinders with two different objectives simultaneously: one is for optimal structural weight
efficiency, e.g., the minimum mass design, whilst the other is for optimal heat transfer
performance of the cellular core, e.g., the maximum (Q;/L)/ Rcl)/ ?(tw — trjn) design. Unlike
single objective optimizations, in most cases, the two objectives may compete with each
other in optimization, so that the solution to the bi-objective problem is not a single point,
but a family of points (the Pareto-optimal set). Here, each point is regarded as optimum in
the sense that any improvement in one objective can only take place if the other objective
worsens. However, since the Pareto-optimal set is not single-valued, it is difficult to use the
data set to compare and assess the thermo-mechanical performances of hollow sandwich
cylinders with different core topologies. In view of this, by combining the two objectives in
a single equation, a non-dimensional index, =, can be alternatively formulated, which is
defined as

o/L

g = . (75)
W/Rcz)vfcp(l‘w — Zf’in)

In Eq. (75), E is normalized by vy and c,, which also represent the thermal properties of a
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coolant, as shown in Egs. (50) and (51). Here, p, is relevant to vy and c,; generally, the
bigger p, is the smaller vy and ¢, are. Hence, the physical implication of Z can be
understood as the heat transfer rate per unit length carried by unit structural mass with a

a T T T T T T T T I N I N I
70 + 4
60 | 4
50 |- -
o | Isotropic Cylinder |
= Solid Wall
x 40 7]
N o
m -
S 0 —
| Sandwich Cylinders ]
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10 -
0kt ! ! ! U DU ! T
2 + .
i Sandwich Cylinder T
20 8-Layered Core y
8 Sandwich Cylinder ]
16 L 6-Layered Core i
14 L Sandwich Cylinder ]
D I 3-Layered Core Sandwich Cylinder | |
S 12} 4-Layered Core |
x X ]
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~ + 4
2 8 Sandwich Cylinder T
6 | 5-Layered Core ]
4 N Sandwich Cylinder ]
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Fig. 6. W/R? plotted as function of dimensionless load parameter for hollow sandwich cylinders with (a) square
cells and (b) triangular cells, all calculated with p, = 7900 kg/m?>, oy/E=0001, v=03, k=1,
T;/R,>0.001 (J =1i,c,0) and 0.9=>R;/R,>0.5.
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Fig. 6. (Continued)

given coolant and a prescribed temperature boundary: the greater is the value of =, the
better is the efficiency of the bi-functionality. Hence, with (46)—(49) and (70)—(73) acting as
the constraints, the thermo-mechanical optimization model can be described as:
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Model 111:
Max y;(A) =

(Dh,a,) *(Ay
1 " R, R(z,

(L )3/2 Zj=l 329,

oz (M)

_RL/Z_ m;/zpS {(1 5)[(1 1T0>2 (Ri+1Ti)2
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(Square-celled core sandwich cylinder), (76)
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(Triangular-celled core sandwich cylinder). 77

T, R T;
2— 42
TR RORO}

Here, again, the geometrical design variables are defined in Section 2.2 and Egs. (52) and
(53).

In the sections to follow, we first compare the three design models described in Egs. (50),
(51), (74), (76) and (77) for a three-layered core sandwich cylinder having square cells, then
present the results for the thermo-mechanically optimized hollow sandwich cylinders with
different core topologies.

5.2. Comparisons of different optimization models

Square-celled core sandwich cylinders are optimized in this section to compare the three
optimization models: the maximum (Q, /L)/Ré/ (ty — trn) design model, the minimum
W/R? design model and the maximum Z/R!/? design model, which are separately
described in Sections 3-5. For simplicity, the number of core layers is fixed at three. The
results presented below are calculated with P=05 W, L =2R,, ks =1inf, R, =0.12m,
and £>0.8, with air acting as the working coolant. The geometrical design variables are
defined in Section 2.2 and Egs. (52) and (53).

The outcome of the minimum #/R> design and the maximum Z/R!/? design is shown
in Figs. 7 and 8, with Figs. 7(a) and 8(a) presenting the results for selected values of the
dimensionless load parameter P;/E and Figs. 7(b) and 8(b) plotting the optimization
results against P;/E. The four loading parameters in Figs. 7(a) and 8(a) represent lightly,
moderately (with two loading parameters) and heavily loaded cases, respectively, and the
corresponding results are plotted as functions of the number of channels per layer N to
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Fig. 7. Geometric parameters and values of W/Rf, of optimally designed three-layered sandwich cylinders having
square cells plotted as functions of: (a) number of channels per layer and (b) dimensionless load parameter, all
calculated with k = 1, 6y /E = 0.001, v = 0.3, p, = 7900 kg/m>, 0.9 >Ri/R,>0.5, T;/R,>0.001 (J =i,c,0) and
based on maximum W/Rfj design model. The four loading parameters considered in (a) are (1) P;/E = 1073, (2)
P;JE=5x%10" (3) Pi/E=9 x 107> and (4) P;/E = 15 x 1075. All the optimal designs in (b) occur at N = 10
and Ri/R, =0.5.
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Fig. 8. Geometric parameters and values of W/R2, 5/RY/? and (Q;/L)/R!/*(tw — tr;n) of optimally designed
three-layered sandwich cylinders with square cells plotted as functions of: (a) number of channels per layer and (b)
dimensionless load parameter, all calculated with R, = 0.12m, ks = inf, k = 1, p, = 7900 kg/m3, £=0.8,L=2R,,
P= 0.5W, 6y/E =0.001, v=0.3, T;/R,>0.001 (J =i,c,0), 0.9=R;/R,>0.5 and based on maximum E/R(])/2
design model; the working coolant is air. The four loading parameters considered in (a) are: (1) P;/E = 107>, (2)
Pi/E=5x107,(3) P;/E=9x 107" and (4) P;/E = 15 x 107>, All the optimal designs in (b) occur at N =40
and R;/R, ~ 0.1.
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explore its influence upon optimization. In the next section, N itself will be treated as a
design variable, so that it can be optimized.

With the minimum structural mass design model (Fig. 7), the minimum value of W/ R2
increases with N, _whilst 7¢/R, decreases as N is increased. Therefore, all the optlmal
designs occur at N = 10 and R;/R, = 0.5. For the maximum Z/R!/? design model, the
value of Z/ R!/? increases with N while the value of T./R, stays unchanged over the range
of N con51dered (Fig. 8a). The maximum of ”/Rl/2 always happens at N =40 and

Ri/R, ~ 0.1. The two different variation trends show the two objectives (thermal and
structural) coupled by the index & compete with each other during optimization. For both
models, as shown in Figs. 7(b) and 8(b), the geometry of the core has almost no change as
P; is changed, since the variation of ¢ and 7./ R, with respect to P; is negligible. The values
of both W/ Rf) and T;/R, increase linearly against P;, whilst that of T, /R, is always fixed
at the lower bound (0.001). Therefore, it could be deduced that the mass increase of the
sandwich cylinder with increasing P; is mainly caused by the thickness increase of the inner
facesheet, T;. For all the loading cases, the governing failure modes are simultaneous inner
facesheet yielding and core member buckling for the minimum W/Rf, model, and inner
facesheet yielding alone for the maximum ”/Rl/ 2 model.

Figs. 9(a) and (b) plot separately the results of the maximum (Q; /L)/Rl/ Yty — trin)
design model and the maximum ”/R'/ 2 design model, both without mechanical loading
(P; =0). It is observed that whilst the values of T;/R,, £ and (QI/L)/R(I,/Z(ZW — Itfin)
obtained by the two optimization models are very close, W/Ri has a much smaller value
for the maximum Z/R!/? design model. As mentioned in Section 3.3, the solution for model
I may not be unique. Hence, the results of Fig. 9 derived from both design models are all
solutions for model 1. It is obvious, in this case, that the result of the maximum Z/ R(I)/ 2
design is the one with the lightest weight amongst all the results corresponding to the
maximum (QI/L)/R(I)/Z(tW — trin) design. Upon comparing Fig. 9 (without mechanical
loading) with Fig. 8(b) (with mechanical loading), it is interesting to observe that the values
of T¢/R,, & and (Q,/L) /R(l)/ 2ty — trin) are also very close for the two different scenarios,
suggesting that the core geometry has little change among these cases, whilst the results
plotted in Fig. 8(b) represent the solution for model 1 with heavier structural mass to
support the mechanical load.

According to the analysis presented above, for the optimized designs based on the
maximum = /R(l)/ 2 design model, the sandwich core tends to maintain the geometry for
maximum heat transfer performance, whilst the sizes of facesheets vary against mechanical
load to reduce the structural mass. Therefore, the index = acts well in the assessment of the
combinational performance of sandwich cylinders. Consequently, in the following
sections, the maximum Z/R!/> design model will be employed to evaluate the bi-
functional performance of hollow sandwich cylinders.

6. Optimal thermo-mechanical performance of 2D cellular-cored sandwich cylinder

In this section, square- and triangular-celled core sandwich cylinders are optimized to
compare their thermo-mechanical performances and understand the influences of
geometric parameters of the structure. The hollow cylinder is pressurized internally by
P;, with its inner surface kept isothermally at temperature #,. The geometrical design
variables are defined in Section 2.2 and Egs. (52) and (53). The number of channels per
layer N is treated as a design variable, so that it can be optimized.
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Fig. 9. Geometric parameters and values of W/R%, E/R/? and (Q,/L)/R/*(t — trin) of optimally designed
three-layered hollow sandwich cylinders having square cells plotted as functions of number of channels per layer,
all calculated with p, = 7900 kg/m3, ks =inf, R, =0.12m, £>0.8, P=05W, L= 2R,, 0.9=Ri/R,>0.5,
T;/R,>0.001 (J =1,c,0) and without mechanical loading; the working coolant is air. The design models are: (a)
maximum (Q;/L)/RY?(ty — trjn) model and (b) maximum Z/R./?> model.

The outcome of the optimized square-celled core sandwiches, with selected global
lengths L = 2R,, L = 5R, and L = 10R,, is plotted in Figs. 10-12 for E/R(l)/z, W/Rf) and
(QI/L)/R(I)/Z(Iw — Irin), respectively, all based on the maximum Z /Ré/2 design model
(Section 5). The parameters used for the calculation are P = 0.5W, k; = 60.5W/mK and
R, =0.12m, and air is used as the coolant. Meanwhile, to maintain a low mass of the
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Fig. 10. &/ R(l/ 2 plotted as function of dimensionless load parameter for optimally designed sandwich cylinders
with square cells and total length of: (a) L = 2R,, (b) L = 5R, and (c) L = 10R,, all calculated with R, = 0.12m,
oy/E=0001, v=03, k =605W/mK, p,=7900kg/m’, >08, P=05W, T,;/R,>0001 (J =1i,c,o0),
0.9>Ri/R,>0.5 and based on maximum E/R./? design model; the working coolant is air.
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Fig. 11. W/ Ri plotted as function of dimensionless load parameter for optimally designed sandwich cylinders
with square cells and total length of: (a) L = 2R,, (b) L = 5R, and (c) L = 10R,, all calculated with R, = 0.12m,
oy/E=0001, v=03, ks=60.5W/mK, p,=7900kg/m>, =08, P=0.5W, T;/R,>0001(J=1i,c,o),
0.9=R;i/R,>0.5 and based on maximum E /R(l)/ 2 design model; the working coolant is air. The minimum weight
of solid-walled hollow cylinder with same base material is plotted for comparison.
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Fig. 12. (Oy /L)/R(l)/ 2(ty — trin) plotted as function of dimensionless load parameter for optimally designed
sandwich cylinders with square cells and total length of: (a) L = 2R,, (b) L = 5R, and (c¢) L = 10R,, all calculated
with R, =0.12m, oy/E=0001, »=03, k =605W/mK, p,=7900kg/m?, ¢>08, P=05W,
T;/R,>0.001 (J =1i,¢,0), 0.9=Ri/R,>0.5 and based on maximum E/R(')/2 design model; the working coolant
is air.
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cellular core, a lower bound of 0.8 is set for its porosity £. The effects of both R, (external
radius of cylinder) and coolant will be discussed later. As mentioned by Wen et al. (2007),
for the thermal optimization of flat panels, the optimal porosity ¢ does not rely on P
(pumping power). Hence, it can be deduced that P is not the dominant factor to influence
the final optimization results for curved panels, as in this paper.

As shown in Fig. 10, the maximum of & /R(l)/ 2 occurs mainly at eight-layered square-
celled core sandwiches for the three cylinder lengths selected and all loading parameters
concerned. The cylinder length has a significant influence on the value of Z /R(')/ 2,
Generally, the shorter is the cylinder, the greater is the value of =/ Ré/ 2 (with the exception
of lightly loaded three and four layered core sandwiches). When the thermo-mechanical
performances of sandwiches with different core topology layers are close, the one with the
least number of layers may be regarded as the optimal design for ease of fabrication. For
example, the thermo-mechanical performances of six—eight layered sandwiches are close
for relatively short cylinder lengths (L<5R,), so that the six-layered sandwich may be
regarded as the optimal design in such cases. It is striking to find, although W/ Ri for the
maximum =/R!/? designs have values (Fig. 11) greater than those of the minimum mass
designs (Fig. 6a), they are equivalent to or less than the minimum mass of a solid-walled
hollow cylinder (with the exception of lightly loaded three and four layered sandwiches
with relatively short length L). Similar to the optimal three-layered sandwich cylinder of
Section 5.1, the failure mode is inner facesheet yielding (with the exception of lightly
loaded three and four layered core sandwiches) and the optimum always occurs at the
upper bound N = 40. Compare the results of the two three-layered core sandwiches with
only difference of kg, as separately shown in Fig. 8(b) (ks = inf) and Figs. 10-12(a)
(ks = 60.5W /mK), masses of one with greater thermal resistance (ks = 60.5 W/mK) keep
constant for the lightly loaded cases, and without occurrence of structural failure (also for
lightly loaded four layered core sandwiches), which means the bi-functional optimization is
mainly controlled by its thermal performance in such situations.

In most cases, as shown in Fig. 12, the variation of (QI/L)/R(I)/z(lw — trin) (model 11) with
varying loading parameter for each individual core topology is not vigorous. Hence,
combining Figs. 10-12, we find that a variation trend similar to that mentioned in Section
5.2 has been followed: the core geometry is optimized to achieve a good heat transfer
performance, whilst the facesheets are optimized to support the internal pressure.

To understand the effect of coolant, Fig. 13 compares the values of Z/ R(l)/ 2 for optimally
designed eight- and six-layered sandwich cylinders having square cells for selected global
lengths L = SR, and L = 10R, (R, = 0.12m). The working coolant is water. As suggested
by Fig. 13, the maximum of &/ R(l)/ 2 still occurs at eight-layered square-celled core
sandwiches for the two selected global lengths, and the shorter is the cylinder, the greater is
the value of Z/R!/?. These trends are same to that when the working coolant is air, as
mentioned above. Different from above (the working coolant is air), in such cases, the
optimum always occurs at the lower bound N = 10.

To understand the effect of R, (external radius of cylinder), Fig. 14 compares the values
of &/ Ré/ 2 for optimally designed eight-layered sandwich cylinders having square cells for
selected values of R,. Fig. 14 suggests that, although a smaller R, leads to a greater =/ R(l)/ 2
the increase is small. Hence, the results presented in Figs. 1011 can represent the general
trend of R,.

For simplicity, the bi-functional optimal results of sandwich cylinders having triangular
cells are not shown here. For this type of cylinder, it is found that four- and five-layered
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Fig. 13. &/ R(l)/ 2 plotted as function of dimensionless load parameter for optimally designed eight- and six-layered
sandwich cylinders with square cells and two global lengths L =0.6m and L = 1.2m, all calculated with
R,=0.12m, oy/E=0001, v=03, ky=605W/mK, p,=7900kg/m’, ¢>0.8, P=05W,
T;/R,>0.001 (J =i,c,0), 0.9>Ri/R,>0.5 and based on maximum =/R/? design model; the working coolant

is water. The solid line stands for the values of L = 0.6 m, the dashed line stands for the values of L = 1.2m.
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Fig. 14. £/ R(',/ 2 plotted as function of dimensionless load parameter for optimally designed eight-layered
sandwich cylinders with square cells and three different values of R,, all calculated with L = 0.6 m, gy /E = 0.001,
v =03, kg = 60.5W/mK, p, = 7900 kg/m>, £>0.8, P=05W, T;/R,>0.001 (J =1i,c,0), 0.9=>R;/R,>0.5 and
based on maximum E /R(',/ 2 design model; the working coolant is air.

sandwiches have the best bi-functional performance amongst all core topologies
concerned. The optimally designed eight- and six-layered square-celled core hollow
sandwich cylinders as well as four- and five-layered triangular-core hollow sandwich
cylinders are compared in Figs. 15(a—) for R, = 0.12m and L = 2R,. More general cases
(e.g., L=5R, and L = 10R,) have also been studied and the trend is similar to that shown
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Fig. 15. Comparison of: (a) Z/RY/?; (b) W/R? and (c) (Q;/L)/RY/*(ty — trin), each plotted as a function of
dimensionless load parameter, for optimally designed eight- and six-layered sandwich cylinders having square cells
and four- and five-layered triangular-core sandwich cylinders, all calculated with R, = 0.12m, L =2R,, k = 1,
ks = 60.5W/mK, p, =7900kg/m®, ¢>0.8, P=05W, v=03, oy/E =0.001, T,/R,>0.001(J=1i,c,0),
0.9>R;/R,>0.5 and based on maximum Z/R'/? design model; the working coolant is air.
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in Fig. 15. These results demonstrate that the bi-functional performance of triangle-celled
sandwich cylinders is not as good as that of square-celled ones. When the cylinders are
relatively short (L<5R,), the value of W/ R(z) for triangular-celled sandwiches is usually
greater than or equal to that of a solid-walled cylinder (Fig. 15b). Furthermore, different
from square-celled core sandwiches, the failure mode is the buckling of inclined core
members.

7. Concluding remarks

The thermo-mechanical performance of hollow sandwich cylinders with 2D prismatic
cores is investigated. The cylinder, pressurized internally and, with its inner surface
maintained at a constant temperature, is simultaneously cooled by forced convection. The
structural advantage of the sandwich wall construction relative to that of a monolithic-
walled cylinder is firstly demonstrated by minimum mass optimization. With the
intersection-of-asymptotes method, developing laminar flow and temperature field are
subsequently considered in the optimization model for maximum heat dissipation. The
optimal geometry corresponding to the maximum heat dissipation is found to be not
unique.

A non-dimensional parameter is introduced to couple the structural and thermal
objectives in a single bi-objective function. With pumping power fixed and air used as
coolant, square-celled core sandwich cylinders outperform those having triangular cells in
terms of thermo-mechanical performance. It is further demonstrated that eight-layered
sandwich cylinders with square cells have the best overall thermo-mechanical performance.
To this end, the core topology needs to be optimized for maximum heat transfer
performance, whilst the facesheet thickness (that of the inner facesheet in particular) must
be optimized to support the internal pressure at minimum mass. It is beneficial to shorten
the length of the cylinder, whilst the outer radius of the cylinder has only a minimal
influence.

The analytical method employed for heat transfer under forced convection within this
paper is generally based on the assumption that the flow is laminar in the 2D core passages
(as mentioned in Section 1). In 3D structures such as truss core sandwiches, the flow in the
channels is usually turbulent even at relatively low Reynolds numbers. Hence, in the
absence of a suitable analytical heat transfer model for 3D structures, the present model
cannot be extended to such cases: a full numerical approach is required which would be
extremely time consuming.
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Appendix A

To elucidate why an internally pressurized hollow sandwich cylinder structurally
outperforms its equivalent solid-walled cylinder, analytical solutions of the minimum
masses for both solid-walled cylinder and single-layered sandwich cylinder with square
cells are presented for comparison.

A.1. Minimum mass of a solid-walled cylinder

Using the Lamé equations (Timoshenko and Young, 1956), the maximum stresses
within an internally pressurized hollow solid-walled cylinder can be written as:

1+ R/R:

iTiz/Rg’ OR,max = —P;, (78)

00max — p
where or and oy are the radial and circumferential normal stresses, respectively.
Hence, the structural mass of the cylinder per unit length, W/R2 = pn(l — R?/R2),
becomes minimum when

OVon,max _ @ (GO,maX _ GR,max)z + (O-R,max>2 + (O-(),max>2 12 _ G_Y (79)
E 2 E E E E - E’

where ovon, 1S the von Mises stress and, for simplicity, the contribution of through-
thickness stress g is ignored. Obviously, for oy /P;>1 (as considered in this paper), we
have

Wmin 2TCpsPi

R(z) - Oy ’ (80)

That is to say, the minimum mass of a structurally optimized solid-walled cylinder varies
linearly against P;.

A.2. Minimum mass of a single-layered sandwich cylinder with square cells

As mentioned in Section 4.2, the failure modes of a structurally optimized sandwich
cylinder subjected to internal pressure loading are simultaneous inner facesheet yielding
and core member buckling. Hence, from (73), we have

o kn*(Te1/Ro )

x1 _
7 - 12(1 — Uz)[(Tc - T0/2 - Ti/z)/Ro]2 ' 8D

where ¢ | is the normal stress in the x direction for vertical core members (Fig. 5d), with
the buckling coefficient x = 1 for the simply supported case. By (62), we have

_ Eﬂ:Z(Tcl/Ro)3
©24(1 = )(p/R)(Te — To/2 — Ti/2)/ R’

(82)

a,l
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B En*(Te1/Ro)’ (Ri/R,)
T 24(1 — )(p/Ro)(Te — To/2 — Ti/2)/ R}

From Eqgs. (55) and (56), the maximum stresses in both the inner and outer facesheets can
be written as

Py, (33)

(Ri+ Ti)* + (R — Ty)? 5
(Ri+ T — (R —Ty> ™

Ghmax ~ (Pi = Pa) ~ —(P; = Pay), (84)
R+ T + (R =T,
“(Ro+ To) — (R, — To)? o

Hence, the structural —masses per unit length of both  facesheets,
W‘/Rg = p((R; + T, —(R; — Ti)z)/Ri, (4 =1,0), become minimum when

. 2 2 2) 12
Jj\./on,max — Q O-g,max _ GjR,maX + GJR,maX _"_ O’?j,max =0 /E (86)
E 2 E E E E Y

Thence, for the case of oy /P;> 1, we have

o
O-H,max -

—Py. (85)

i npg(P; — P,
Wi/ Re = %[(& + T 4+ (R — T3)], 87)
olY
7. P,
Wiin RS = "0 2L [(Ry + To)” + (Ro = o) (88)
o0Y

Subsequently, the total mass per unit length of a single-layered sandwich cylinder with
square cells, which satisfies both Eqgs. (81) and (86), can be written as
nps(Pi - Pa,l)
R(Z)O'Y
np. Py
+ LRy + Tol 4 (Ro — To)] +
R gy

o

W*/R, = [(Ri + T + (R — Ti)’]

TE,()SRi (Tc — T0/2 — Ti/2)TC1
RZ

For T;/R,>0.001 (j =i,c), To/R, =0.001 (lower bound), v=0.3, T./R, =0.5 and

p/Ro = 0.157 (upper bound), by G(W*/R(z))/aTC =0 and G(W*/Rf))/@Ti =0, we have

0.66mp, P;
oy

. (89)

N 2np P
Wmin/R?) R~ < Wmiﬁ/R(z) =—. (90)

gy

As shown above, the minimum mass of a single-layered sandwich cylinder having square
cells varies linearly against P; and is about 2 times lighter than that of an optimized solid-
walled cylinder.
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