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Abstract.

Global existence and uniqueness results for a quasilinear system of partial differential equations in
one space dimension and time representing the transport of dislocation density are obtained. Stationary
solutions of the system are also studied, and an infinite dimensional class of equilibria is derived. These time
(in)dependent solutions include both periodic and aperiodic spatial distributions of smooth fronts of plastic
distortion representing dislocation twist boundary microstructure. Dominated by hyperbolic transport-like
features and at the same time containing a large class of equilibria, our system differs qualitatively from
regularized systems of hyperbolic conservation laws and neither does it fit into a gradient flow structure.

Introduction.

Since this article is written for a special issue of the Bolletino dell’'Unione Matematica Italiana, in
memory of Giovanni PRODI, the introduction is written in the first person, by the second author.

During my second year as a graduate student, in Paris in 1968-1969, my advisor, Jacques-Louis LIONS,
gave a course on nonlinear partial differential equations, and he wrote a book in this way [Li]. After a
secretary had typed his handwritten notes, he asked me to proof-read one chapter at a time, and it was then
that I first encountered the name of Giovanni PRODI, who was quoted for questions about Navier—Stokes
equation. I had already taken the habit of reading very little, and I could not have read an article in Italian
at the time, but I did not even try to read the joint work of Giovanni PRODI and my advisor, a note to the
Comptes Rendus de I’Académie des Sciences, written in French, of course.

I am not sure when I first met Giovanni PRODI, and I suppose that it was in Pisa when I first visited the
Scuola Normale Superiore at the invitation of Ennio DE GIORGI, and I remember well a visit in February
1982, just after having visited my good friend Carlo SBORDONE in Napoli at the time of carnevale, and while
in Pisa some new friends took me to carnevale in Viareggio, which I could not appreciate so well since I did
not know the politicians who were caricatured, but I enjoyed the fireworks afterward, the best I ever saw. I
could well have been in Pisa for a short visit before that occasion.

Since I first associated the name of Giovanni PRODI to Navier—Stokes equation, I thought of writing
an article in his memory on this subject, but I have no important remark to make that I have not already
written in my four books published by Springer in the lecture notes series of Unione Matematica Italiana,
the first one on Navier—Stokes equation [Ta3], the second one on Sobolev spaces and interpolation spaces
[Tad], the third one on kinetic theory [Ta5], and the fourth one on homogenization [Ta6].

However, I find useful to emphasize again that it gives a bad impression about mathematicians that after
convincing a philanthropist like L. T. CLAY to give one million dollars away for a prize on the Navier—Stokes
equation, those in charge of writing on that problem could not find a mathematician competent enough
to tell them what the Navier—Stokes equation is about. I certainly received an excellent training in Paris,
but I thought that everyone learned that the basic laws of continuum mechanics are about conservation of
mass, conservation of linear momentum, conservation of angular momentum (usually taken care of by the
symmetry of the Cauchy stress tensor), and conservation of energy, together with some constitutive equations
forming equations of state, although I was not told in a clear way that the validity of equations of state is
questionable out of equilibrium, which was the reason why kinetic theory was invented, by MAXWELL, and
by BOLTZMANN.

Then, since conservation of mass gives an hyperbolic equation p; + div(pu) = 0 for the density (of
mass) p, one avoided this “difficulty” by assuming incompressibility, p = pg, which has the unfortunate
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effect of making unphysical the “pressure” p appearing in the equation, since after that it is only a Lagrange
multiplier defined up to addition of a “constant”, depending upon ¢, and although the speed of sound at usual
atmospheric pressure (and reasonable temperature) is about 300 meters per second for air and about 1500
meters per second for water, the incompressibility hypothesis makes it infinite. Then, one forgot to tell why
the equation of conservation of energy was not considered, which is that one assumed the dynamic viscosity
1 to be constant, without saying it and without observing that having it independent of temperature is
quite contrary to evidence, so that one finally only considers an equation for the velocity field u, which uses
a reduced “pressure” %, and where the kinematic viscosity v = % appears. Then, trying to describe the
group of transformations which leave the equation invariant, besides translation in space or time, and scaling,
one forgot to mention invariance by rotation, since fluids like air or water are isotropic, and one forgot to
mention Galilean invariance, which makes the difference between the slightly unphysical Stokes equation and
the more physical Navier—Stokes equation (first introduced in 1821 by NAVIER using a molecular approach,
and then derived more mathematically using stress, in 1843 by SAINT-VENANT, and in 1845 by STOKES).
Then, one chose domains without boundary, like the not so physical R? or the unphysical torus T2, although
the mathematical problem is to find good bounds for the vorticity, and that it is observed that vorticity is
created at the boundary.

I am not sure why some harmonic analysts are fascinated by the scaling property, since it only says that
if one changes the unit of length and the unit of time, then the unit of velocity is automatically changed, and
the scaling property is just observing that the unknown u is a velocity. Of course, there could be unexpected
consequences of scaling, and Sobolev’s embedding theorem is a classical one, about which I have introduced
a general method for its extension to Lorentz spaces, published in this journal [Tal], and my work is in the
spirit of what Jaak PEETRE had done,! and also extends a result of Haim BREZIS and Stephen WAINGER,
but although it uses a classical scaling argument for the domain = € R, it uses a nonlinear scaling for the
target space R by considering various functions ¢(u), and adapting the choice of ¢ to the rearrangement of
|u|; T think that it would be a generalization of that type of argument and not of the classical scaling that
could be useful, so that I expect that a different kind of scaling argument could be discovered.

Giovanni PRODI participated in the 1950s and 1960s in the “rinascita” of Italian mathematics together
with a few other colleagues, some of whom I met a few times, like Guido STAMPACCHIA and Ennio DE
GIORGI who died before him, or Enrico MAGENES who died more recently, and in some way my decision to
write lecture notes for the graduate courses which I taught (after 1999) followed a similar plan to revitalize
a way of doing mathematics with a serious interaction with continuum mechanics and physics, in the spirit
of POINCARE, HADAMARD, and Jean LERAY in France; I do not put Laurent SCHWARTZ in this category
although his theory of distributions helped give a more general framework than what Sergei SOBOLEV had
done for problems in continuum mechanics or physics, nor do I put my advisor either, since I could not find in
them a true will to improve the understanding of continuum mechanics or physics through the development
of new mathematical tools, which should permit to go a step further, and correct some of the “mistakes”
made by the practitioners. However, since engineers and physicists are not mathematicians, they are allowed
to guess results without calling them conjectures, so that a “mistake” may just be what a mathematician
calls a conjecture which is proven to be false, but I shall measure the success of my plan by the number of
mathematicians who will understand the errors in reasoning which were made for arriving at some popular
models, and hopefully have the courage to mention such mistakes, and suggest ways for finding better models.

Since no realistic approach to plasticity in solids can be made without knowing about dislocations, the
point of view that we have taken is to start from a reasonable description of physical reality, the theory of
field dislocation mechanics, of which the first author is a specialist, and try to solve some of the systems of
partial differential equations which appear in this theory, by improving the actual mathematical methods,
but since such a goal has not been attained yet, we have looked at simpler systems in one space dimension,
for which some variants of more or less classical methods can be used. We first present the general theory,
and then explain how to derive the simpler models which will be treated mathematically afterward, and

! T realized afterward that Jaak PEETRE could not have proven my generalization W11 (RY) ¢ L' 1(RN),
since he followed the method of Sergei SoBoLEV, which gives W1P(RN) ¢ LP"(RN) only for 1 < p < N,
and then I did not attribute correctly the case p = 1 of “Sobolev’s embedding theorem”, which was proven
independently by Emilio GAGLIARDO and by Louis NIRENBERG.
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it would certainly be desirable that some mathematicians pretending to work on realistic problems would
follow this scheme instead of specializing in unrealistic questions and then look for inadequate models of the
kind that they like which were used in the past, due to a lack of a better alternative, and pretend that it
is still important to solve them, without explaining in what way they are now known to be deficient, and
which mathematical questions about them are nevertheless useful to be settled.

Although the equation that we consider looks like an unconventional regularization (certainly for those
who never questioned the “artificial viscosity method”) of an hyperbolic system of conservations laws, trans-
port is the main feature of our system, with a weaker dissipation effect for € > 0 than in hyperbolic systems of
conservations laws, for which an up-to-date reference is the book of my good friend Constantine DAFERMOS
[Dal, where he describes various types of E-conditions for selecting which discontinuities one wants to accept.
One should then be careful in comparing our results to what happens for hyperbolic system of conservations
laws, as we show in sections 3 and 4.

1. Field Dislocation Mechanics.

Field Dislocation Mechanics, denoted FDM afterwards, was developed by the first author in [Acl], [Ac2],
[Ac3], [Acd], [Ach], as a pde-model for understanding plasticity of solids as it arises from the nucleation,
the motion, and the interaction of defects, in an otherwise elastic motion of a material. FDM advances
the pioneering work of KRONER [Kr], MURA [Mu], FOX [Fo], and John WILLIS [Wi] to produce the first
pde model for the prediction of coupled dislocation internal stress, dislocation microstructure evolution, and
permanent deformation in generic bodies of finite extent. A unique feature of FDM is the treatment of
dissipative dislocation transport accounting for nonlinearity due to geometric and crystal elasticity effects.
While simplifications of the model to a small deformation setting were developed and will be analyzed in this
article, an essential feature of the general theory is to make no restrictions on the material and the geometric
nonlinearities. It is perhaps fair to say that there is a general bias that, in the context of modeling of defect
dynamics in an elastic material, dislocations should be thought of as discrete objects that are best studied
as singularities within an otherwise linear theory, with their nonlinear interactions “put in by hand.” The
primary goals of FDM are: to understand such discreteness as field localizations without singularities that
emerge naturally in nonlinear theory, whose interactions are decided by partial differential equations which
encode conservation statements of a geometric and topological nature, coupled with nonlinear elasticity; and
to understand the emergence of macroscopic plasticity as a homogenization of this underlying system of
non-linear pde. This article is one of the first rigorous studies (cf. [Ac&Mad&:Zi]) of the dynamics of such
nonsingular localizations arising in perhaps the most simplified, but exact, dynamic problem of FDM, which
nevertheless appears to be surprisingly rich. For instance, NABARRO [Na] states “The attempt to build up a
dislocation theory while neglecting the non-Hookean forces which hold a dislocation together and prevent its
spreading thinly over the glide plane is bound to encounter difficulties similar to the ‘purely’ electromagnetic
theory of the electron.”. As we show, in FDM, even with linear elasticity, it is possible to hold a dislocation
together and this is because of nonlinearity and non-scalar nature of dislocation transport.

The full 3-dimensional, small deformation theory is presented first (for details, see [Ac4]) and an exact
simplification for a time-dependent system in one space dimension is then derived. The physical context
that this simplification represents is described, and primary questions of interest related to the system are
mentioned.

The notation used is as follows: for a second-order tensor A, a vector v, and a spatially constant vector
field c,

(Axv)Te=(ATc) x v for all ¢
(divA) - ¢ = div(AT ¢) for all ¢
(curl )T ¢ = curl(AT ¢) for all c.

In rectangular Cartesian components,

(A X U)im = emjkAijvk
(dZ'UA)l = Aij,j

(CUTZA),'m = emjkAik,j
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where one sums over repeated indices, ep,;i is a component of the third-order alternating tensor X, and ;
as an index means ;. Also, the vector X AB is defined as

(X AB); = eijrAjrBry.

The spatial derivative, for the component representation is with respect to rectangular Cartesian coordi-
nates on the body. For all manipulations with components, we shall always use such rectangular Cartesian
coordinates. The symbol div represents the divergence, grad the gradient, and div grad the Laplacian. We
have occasion to use the identity curl curl(-) = graddiv(-) — div grad(-), often for an argument for which
div(-) = 0. A superposed dot represents a time derivative.

The complete set of equations is
curl x = «

divxy =0
div(grad z) = div(a x V)

on R U¢:=gradlu—z)+x ; UP:=gradz—x (1)
div[T(U®)] =0
&= —curl(axV)

where R is the body, and the various fields are defined as follows. x is the incompatible part of the elastic
distortion tensor U¢, wu is the total displacement field, and u — z is a vector field whose gradient is the
compatible part of the elastic distortion tensor. UP is the plastic distortion tensor. « is the dislocation
density tensor, and V is the dislocation velocity vector. o x V represents the flow of Burgers vector carried
by the dislocation density field moving with velocity V relative to the material. The argument of the div
operator in the fifth equation in (1) is the (symmetric) stress tensor, and the functions V', T are constitutively
specified. All the statements in (1) are fundamental statements of kinematics or conservation. In particular,
the sixth equation in (1) is a purely geometric statement of conservation of Burgers vector content carried by
a density of lines (see [Acb] for a derivation) and the fifth equation in (1) is the balance of linear momentum
in the absence of inertia and body forces.

As for boundary conditions,

on OR, with n denoting the normal, { (grad(2) — a x V)n =0 (2)

are imposed along with standard conditions on displacement and/or traction. For the dislocation density
field, analysis from the linear partial differential equation point of view [Ac2] indicates that it suffices to
prescribe « (V - n) on inflow parts of the boundary, but we believe that the nonlinear problem admits other
physically motivated possibilities [Ac&Ro].

In order to define sensible, minimal constitutive relations, we require that the mechanical power supplied
by external agencies always be greater than or equal to the rate at which energy is stored in the body at all
instants of time. To ensure this, we define a stored-energy function,

Y= @(Ufym) + ga o, where o @ = 05, (3)
in terms of which the stress is defined as
o
T= 7
oUg,..,
and the “driving force” for the dislocation velocity is
V — X (T +¢eurl )7 a. (4)

In the above, ¢ = b2 is to be considered a small parameter, where y is the shear modulus (from linearized
elastic response) of the material and b is a typical interatomic spacing. The stored energy models the elastic
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straining of the material and energy contained in dislocation cores. In particular, the function QZ could be
non-convex in its argument. We now assume the simplest possible linear kinetic equation for the dislocation
velocity in terms of its thermodynamic driving force:

X (T+eleuwrla]")a
V= < , 6

where B > 0 is a material constant called the “drag.” It is in the determination of the response function
and V that FDM is designed to draw input from the apparatus of molecular dynamics or quantum mechanics.
It can now be shown [Ac4] that solving the sixth equation of (1) is equivalent to

: T P
Up:curlUPxX(T"i'E[cuga] ) curl U 7 ©)

and therefore solving (1)-(2) with the given constitutive equations is the same as solving (6) along with the
fifth equation in (1) with the same constitutive equations and then solving for the fields x, grad(z) from
the first three equations in (1) and (2). It should be noted, however, that the sixth equation in (1) is the
fundamental statement of defect evolution and (6) a derived construct, given the structure of (1)-(2) that
is required in the nonlocal thermodynamic arguments to infer the dissipative driving force (4). This overall
model based on the driving force (4) with e = 0 was first proposed in [Ac2]; it was subsequently rediscovered
and analyzed in [Li&Sel].

Our objective now is to solve the fifth equation in (1) and (6).

All tensor indices run from 1 to 3. We make the ansatz that T3;,4,j = 1,2 are the only non-vanishing
(symmetric) stress components. Similarly, we assume that UZ-, 1,7 = 1,2 are the only non-vanishing plastic
distortion components. Additionally, we assume that all fields vary only in the x3 direction. As a consequence
we have div(UP) = 0 in this special case, which implies

curl o = —curl curl UP = div grad UP.

Thus (6) becomes

. ; T P
0P — curl UP x X(T—i—s[dzvgr];LdU 1) curl U . )

We also note that under the stated assumptions, the fifth equation in (1) written in components as
Tij; =0

is identically satisfied. Thus our task reduces to solving (7) with the assumed constitutive equation for the
stress tensor. Since force equilibrium is identically satisfied, any displacement field u with a spatial variation
in its gradient being only in the x5 direction and one that does not produce any 7%; component would suflice
to generate the elastic distortion U¢; for definiteness we assume u = 0 on R for all times.

The physical problem we think of modeling is a bar of uniform rectangular cross section in the (x1,x2)
plane with axis being the 3 direction. All lateral surfaces of the cylinder are rigidly constrained and when
the bar is of finite length, it has free surfaces at the ends. The bar is assumed to contain a non-uniform initial
plastic distortion field possibly containing dislocations, and we would like to understand how this dislocation
distribution evolves and the type of spatial equilibria admitted by the model. Based on the assumptions,
the only non-vanishing components of the dislocation density tensor,

apy = Ufy 3 forr=1,2

Qg = — 51,3 forr=1,2

are uniform on any cross-section, possibly varying from one cross-section to another. Contact with discrete
dislocations would have been made if the dynamics produces regions of length on the order of b where the
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dislocation density is non-vanishing with adjoining areas where it is zero or close to it. Thus we look for
dislocation walls of finite width, corresponding to smooth fronts in the plastic distortion.

We would now like to write (7) in simpler notation adapted to the exact ansatz we have assumed. We
first note that
(curlUP),; = 61‘3ka;€,3 = einUp) 3+ €izaUy 3,

so that
(curlUP)py = —Up, 3 for r =1,2,3

(curl UP)pg = UP, 5 for r=1,2,3

are the only possibly non-zero components of curl UP. Denote
T +elcurl )t = [T + e div gradUP]T = AT,
since T' is symmetric. Next we expand
(X ATB)), = eyijAriByj,
assuming As; = A;3 = Bg; = B;3 =0 for i =1,2,3. With
& = (X ATB)), = eyi1 AiBr1 + eginAyiBira,

this yields
& = e1i2AriBra = —A3Bp =0

& =e21AriBry = Ar3Br1 =0
&3 = €311 AriBr1 + €3i2A,iBro = — Ao B + Api Bra

Choosing B = curl UP, we have
&3 = X (T + ¢ [div grad UP]") curl UP = (Tyo + ¢ Ufo33) Uy 3+ (Tr1 + e UPy 33) UP 5. (8)
The only non-trivial statements of (7) now are

B Ufm = emnpBrnép = €mn3Brn&s for r =1,2, ie.

B Upl = 6123Br2£3 = Uf1’3£3 fOI‘ r = ]., 2, (9)

T

B Ufz = e213B183 = Uf273€3 for r =1,2.

Finally, for ¢ = ¢(Ug,,,, @), a class of function to which (3) belongs, we note that

1
Usym)is = 5 [wig = Uf + uji — Uj]
81/} 31/} a(Us m)mn
h = — Y = _T’I” j .
T T Taug,  our, d

Denoting the coordinate x3 := = and introducing the array
¢ = (U1, U3, Uy, Usy),
(9) is now expressed as
— (E 671/) ) (10)
Pt = Pz 880 y Px | Py

where we work in physical units such that B =1, (-, ) represents the standard inner-product of two vectors
in RN, and 91/ is a function of (¢, ,) in general.
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For the simplified problem being discussed here, u; = 0. When linear elasticity (possibly anisotropic) is
assumed in (3),
-~ 1
V(Ugym) = 5 Cijre(=UJ;) (=UE,), hence

— P
sym 2 - erkakea

B4
au?,

where (¢ has the minor symmetries, and

where K is a 4 X 4 matrix. K cannot be positive-definite because of the minor symmetries of C'.

In the setting of linear elasticity with € = 0, [Li&Sel], [Li&Se2] raise the interesting question of whether
(10) and its 3-d general form, the fifth equation in (1) or (6), admit discontinuities in the plastic distortion
field, with the intent of probing the dynamics of such discontinuities as grain boundaries and dislocation cell
walls. They carry out their analysis numerically, utilizing a variety of numerical regularizations and conclude
that in the system case, as opposed to the scalar, discontinuities do arise. Unfortunately, discontinuities of
¢ in (10) are problematic due to the nonlinearity in ¢,. At any rate, questions of whether singularities
can arise in a pde-model can hardly be discussed by numerics, and one goal of this article is to answer this
question with definiteness for the case with core energy. An analysis of traveling waves for the scalar case
in (10) with non-convex ¥ and € # 0 has been carried out in [Ac&Ma&Zi], providing interesting physical
insight into patterned dislocation wall equilibria.

2. Why prove existence of solutions for good models in mechanics?

In a book which Garrett BIRKHOFF edited [Bi], containing some translations into English of passages
of articles in analysis from the 19th century (originally written in French, German, or Italian), he wrote
(page 403) “Even Poincaré, ... , gave in 1890 a discussion of the heat and wave equations which concluded
ignominiously with a physical “proof” of the completeness of the eigenfunctions of the Laplace operator, based
on a “molecular hypothesis” which essentially said that solids could be treated as finite sets of particles.”, but
it is curious that Garrett BIRKHOFF wanted to insult POINCARE in this way and write a few lines after “By
1893, Poincaré had also established the completeness of the eigenfunctions of the Laplace equation using the
still nascent theory of integral equations.” with a footnote referring to [Po2|, because if Garrett BIRKHOFF
meant [Pol] as the first reference, it is clear from the last paragraph in [Pol] “Je pourrai dire alors que
les conclusions des §§2, 3 et 4 sont démontrées d’un fagon rigoureuse au point de vue physique. Peut-étre
méme est-il permis d’espérer que, par une sorte de passage a la limite, on pourra fonder sur ces principes
une démonstration rigoureuse méme au point de vue analytique.”? that POINCARE did not pretend to have
proved his results from a mathematical point of view: he said that, with a sequel, he will have shown enough
evidence to convince physicists, and he was actually quite cautious in conjecturing that a mathematical
proof could be made using the same ideas (and he could have thought of inventing a new approach to the
mathematical question, different from the formal argument based on physical intuition).

The questions which POINCARE raised in [Pol] about the necessity or the usefulness to give rigorous
proofs (from a mathematical point of view) for physics problems which may just be approximations is still
valid, but there is something that POINCARE was obviously not aware of, even after discovering what one
now calls “chaos”, which is an effect for ordinary differential equations.

An important message of the second author in his books [Ta3], [Ta5], [Ta6], is that 20th century
mechanics (like plasticity or turbulence in continuum mechanics, and atomic physics or phase transitions in
physics) seem to force upon us to go “beyond partial differential equations”, because some homogenization
problems show that the form of equations may change when one goes from one level to another, obviously
so from the microscopic level of atoms to a mesoscopic level, but also possibly from one mesoscopic level
to another, or from mesoscopic level to macroscopic level, and that some homogenized/effective equations
might not be partial differential equations (and definitely not ode’s). From the observed diversity of the
constructions that nature builds at so many different scales, it seems clear that the mathematical tools

2 What PoINCARE wrote means “I shall be able to say that the conclusions of §§2, 3 and 4 are proved in
a rigorous fashion from the physical point of view. Perhaps even is it allowed to hope that, by some kind of
limit procedure, one will base on these principles a rigorous proof even from the analytical point of view.”.
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(beyond partial differential equations) which will permit to understand how this diversity comes out of a
unified framework have not been developed yet, but one may hope to find a hierarchy of simpler models
which permit to understand in a better way some of the questions which puzzled the previous generation of
researchers. It is then important that mathematicians develop more efficient tools for proving or disproving
the validity of some approximations, for the new models which specialists of continuum mechanics and physics
propose, and for proposing better models than those old ones for which some limitations have already been
pointed out.

3. Stationary solutions for the model with ¢ > 0.

There is no clear interpretation to what (10) could mean if ¢ takes its values in R? (with dimension
d > 1) and is allowed to be discontinuous, and a numerical approach (like that of [Li&Sel] and [Li&Se2])
cannot resolve this question, since one may easily confuse a very sharp layer where ¢ goes continuously from
a_ to as with a jump of ¢ from a_ to ay.

At the moment, the only reasonable framework for allowing discontinuities in partial differential equa-
tions of continuum mechanics is to write equations in conservative form, and use the definition of derivatives
in the sense of distributions (of Laurent SCHWARTZ), although STOKES was the first to derive a jump condi-
tion in 1848, followed by RIEMANN, who did it independently in 1860, but the jump conditions which must
be imposed are now named after RANKINE and HUGONIOT; without the mention of any of these names, one
should explain how a discontinuous function may satisfy a nonlinear partial differential equation.

One should pay attention to the example of the function w(z) = sign(x) on R, which is discontinuous
and satisfies w, = 20¢, and since w? = 1, one can multiply w? by a Dirac mass; however, since w® = w,
one has (w?®), = 2dg, although 3w?w, = 6. If one changes the nonlinearity w3 to f(w) with f smooth,
then (f(w)), = (f(+1) = f(=1)) do, but f'(w)w, has no meaning unless f'(+1) = f'(=1); if instead, the
function w takes the value a on (—o0,0) and the value b on (0, +00), the term (w?), has a meaning, and is
(b3 — a®) dp, while 3w?w, has no meaning if |a| # |b|.

We shall then only accept discontinuous solutions for equations written in conservative form, and since
(for ¢ > 0) the jth component of (10) shows the quantity ;. Y, Pkz@Pkes, Which cannot be written as
(4, (e, gax))w + B,(, ¢s), we shall not allow ¢, to be discontinuous either. It is then natural to look for a

2
solution such that ¢, is continuous, and such that the derivative of % in the sense of distributions, which
is the meaning given to the quantity (¢.., . ), is locally integrable.?

In this section, we look for stationary solutions on an interval (—L, +L), which are constant on (—oo, —L)
and on (+L, +00), and satisfy Neumann conditions at +L, so that solving (10) in (—L, +L) creates a solution
for z € R. We make the restrictive assumption that 1) only depends upon ¢, in the separated form (3), i.e.
one rewrites (10) as

o1+ (gi—wm,%> @z =0, (11)

for a smooth enough function 12 defined on R%, and one observes that

o ~ |a?
(55 —eoemer) = (P -2 55
so that, since ¢, is assumed to be continuous, in any open interval where ¢, # 0, one obtains a stationary
solution of (11) by solving

- |0z |?
U(p) —e -

= constant.

Theorem 1: Assume that LE is a function of class C' in RY, that a_, a; € R? are given such that
Bla_) = Blas), denoted (as), (12)

3 In one dimension, in order to have v, w continuous and vw, defined, it is not necessary that w be
absolutely continuous (i.e. w € WZZS(R)) for example, H*(R) is a (Banach) algebra if 3 < s < 1, so that

by interpolation any v € H*(R) is a multiplier for H*(R) for 0 < ¢t < s, hence for v,w € H*(R) one has
vw, € H*71(R), which may be multiplied by elements from H*(R).
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and that one can join a_ to ay by a curve M(s) of class C?, parametrized by arc-length s on an interval
[s—,s4], and such that

)

(M(s)) > ¢(aﬂ:) for s € (s—,s4),
b (13)
g—( (5)),M'(5)) # 0 for s=s_ and s = s,

9L > U(s_,s5,) = \/>/ — Pax)] " ds. (14)

Then, there exists a stationary solution ¢ of (11) of the form ¢(z) = M (s(z)),z € Q = (=L, +L), with
s(£L) = s4, 8z(+L) = 0, and s, € L=(Q), so that ¢(£L) = ay, p.(£L) =0, and ¢, € L>®(Q;RY).

Proof: The first part of (13) puts a geometric restriction, that a_ and a4 must be on the boundary of the same
connected component of {a € R? | ¢(a) > 1h(ax)}. The second part of (13) means that %(M(si)) #0
and that M’(s1) is not tangent to the equipotential @(a) = @(ai) at a4, and the equipotential is a C*

hyper-surface near a_ and a4 by the implicit function theorem, so that @(M(s)) —(a+) behaves as |s— s |
near s+, which makes the integral in (14) converge. One “defines” s(z) by

/\@

and

5 = f [ (M(s)) = Plax)]"?, and s(~L) =5, (15)

but since it is a classical case of non-uniqueness (and we do not want the constant solution s_), one means
the solution corresponding to

x=—L+ \/g /: [’(Z(M(O’)) - J(ai)]_l/z do, for s_ < s < sy (16)

and condition (14) asserts that s reaches s, for a value z, € (—L,+L], and one defines
o(z) = M(s(z)), with s(z) = s_ for z < —L and s(z) = sy for z > z,. (17)

Since (15), which follows from (16), implies that s is of class C2, one deduces by deriving (15) that

_ J2 1 - —-1/2 8{& / 31/) /
see =25 0000 ~ D) (2 ), 109 = L () w'9). 19
which is then bounded for x € (—L,z,). One deduces from (17) that
0p = M'(5) 85, and e = M'(8) 850 + M"(s) 52, (19)
so that, because |[M'(s)| = 1, which implies (M”(s), M'(s)) = 0, one has
_ _ (% 4y o
5(90zma50m)*5513z5$* (a M( )) Sg = (%acpm)a (20)

which implies that one has a stationary solution of (11).

Remark 2: It is enough that the curve M (s) be of class C! with an integrable curvature, between s_ and
54, more precisely

s+
/ |M"(s)| ds < oo implies @, € L'(Q;RY). (21)

Indeed, s, and s, are bounded by (15) and (18), so that (19) implies

4L 1L 1L st
/ (pae do g/ |sm\das—|—/ M7 (5)] 52 dz < 2L | maoo + \sw|oo/ M7 (s)] ds.
—L —L —L

S—

9



Remark 3: Assuming that a curve M is chosen satisfying (13), i.e. one only considers the case p(z) =
M (s(x)) for a function s, and one imposes s(+L) = s4 (which is stronger than the condition p(+L) = a4
in the case ay = a_), what can be said about uniqueness?

There is uniqueness only if 2L = ¢(s_, sy): there must exist a value xg € (—L,+L) with s_ < s(xg) <
sy, and uniqueness for the differential equation (15) holds around s(zo) as long as s_ < s(z) < sy since

[ (M(s)) — @(ai)]l/z is C! on (s_,sy), and this solution tends to s_ for a value z_ < g and tends to
sy for a value x4 > xp, and x4 — x_ = ¢(s_, s1); then, there is no choice other than having x_ = —L and
CL’+ = +L

A first form of non-uniqueness holds if 2L > ¢(s_, sy), in that one may translate the solution in x of
any amount from 0 to 2L — ¢(s_, s4).

A second form of non-uniqueness holds if 2L > 3/(s_, s1): one observes that our equation is invariant
by changing x into —z, i.e. choosing the opposite sign in (15), so that going from sy to s_ gives a solution
connecting a4 to a_, hence one obtains a solution by gluing together the constructed piece going from s_ to
s+, the reversed piece going from s, to s_, and again the first piece going from s_ to sy. If 2L > 34(s_, s4),
there is even room for waiting for a while at s_ or at s, of amounts adding up to 2L — 3¢(s_, s4).

Of course, another family of solutions is possible when 2L > 5¢(s_, sy ), 2L > 7¢(s_, sy ), and so on.

Remark 4: Once a_ and a4 can be connected by a curve M, there are plenty of curves doing the job, so
that the coefficient of /¢ in ¢(s_, 51 ), defined at (14), is not a definite number depending only upon a_, a,

and 12}\, but may take all values from a smallest positive one to +00. For a4 near a_, one estimates the order

of this smallest value by replacing 15 by its linearization at a_, and besides a coefficient ’g%(a_)rl/ ? one

1/2

finds a universal constant times |ay — a_|'/? by a scaling argument.*

Remark 5: It may be useful to point out that in the case of linear elasticity, i.e. 12(4,0) = (K y,p) for a
matrix K, the existence result of a stationary solution connecting different values that we obtained holds for
a system but has no analogue for a scalar equation: indeed, if d = 1 and ¥(p) = k ¢? with xk > 0, the region

15 > c is disconnected if ¢ > 0, and for ¢ = 0 one cannot take a_ = a4 = 0 since one has %(0) = 0, hence

the second part of (13) does not hold.

4. Limits of stationary solutions as ¢ tends to 0.

When ¢ tends to 0, the solutions constructed are rescaled versions of the solution corresponding to
e = 1, and they converge to the discontinuous function taking the value a_ for x < —L and the value
ay for x > —L. Of course, there is then no way to deduce from the sole knowledge of a_ and ay what
internal structure the discontinuity shows. Also, besides the constraint (12), which says that one must have

¥(a_) = 1(ay), (13) requires more, i.e. the existence of the curve M, which implies that a_ and ay are on
the boundary of the same connected component of {a € R? | ¢ (a) > ¥(a+)}.

One should be careful in comparing our result to what happens for hyperbolic systems of conservation
laws [Dal], where there are various types of E-conditions for selecting which discontinuities one wants to
accept, and one usually does not accept both the jump from a_ to ay and the jump from ay to a_, except
in the case of contact discontinuities, because our system (11) with e = 0 is not an hyperbolic system of
conservation laws.

However, one may perform some manipulations for transforming (11) into a regularized version of an
hyperbolic system of conservation laws by using the variables

X = (%7%) =), ®=g¢s, (22)

4 If one stays near a_, the equipotential {E(M) = L;(a,) looks like the tangent hyperplane at a_ and

(M) — h(a_) looks like |g—:ﬁ(a_)| times the signed distance to the hyperplane, so that the crucial question
is like for d = 2 if one considers a curve y = g(z) with g(x1) =0 and 0 < g(x) for z_ < z < x4 and one looks

V1+(g')?
V9

which makes a coefficient \/x+ — x_ appear, time the minimum value corresponding to the interval (0, 1).

for ¢ minimizing f;f dz, and rescaling means taking x = 2_+¢ (x4 —x_) and g(x) = (x4 —z_) (),

10



so that (11) becomes
prt (X =& (@, ®)) @ =0, (23)

and taking the derivative of (23) in x gives the first equation of (24), while taking the scalar product of (23)

with g% and then taking the derivative in x gives the second equation of (24):

B+ [(x — € (0,,9)) D] =0,

xe+ [(x —e (@, ®)) x], =0, 29

which is an unconventional regularization of the case € = 0, i.e. (25), which is a system of d + 1 equations
in conservative form, the last one being Burgers’s equation with a different coefficient than usual
(I)t + (X é)x = 07

Xt + (x*)s = 0. (25)

Since the precise function 12 used does not appear in (24), one must show how a solution of (24) permits
to define ¢ satisfying (11), and for doing this one assumes that the initial data for (24) and (11) are linked
by the relations

s o (20 _ (%%
Qo = poz;  Xo = (%Wo),%m) = (%(@0),@0) (26)
One defines ac(z,t) = x — € (P, P), assuming that the solution of (24) is smooth enough, so that the

characteristic curves defined for any basis point y € R by

d
al‘(t; y) = ac(x(t;y), t), with z(0;y) =y,

are well defined for ¢ € [0, 7], and that uniqueness holds for equations of the type (27) and (29), so that for
any initial data vg which is smooth enough, the solution of

vt + a0, =0in R x (0,7T), with v |;—o= vg (27)
is given by
v(@(t;y),t) = vo(y) for y € R, (28)
and the solution of
wi + (aew); =0in R x (0,7T), with w |¢—0= vos (29)
is given by
w(z,t) = vy (x,t) in R x (0,T), (30)

since v, is a solution of (29).
One then defines ¢ not as a solution of (23) but as the solution of

o1+ ac p, =01in R x (0,00), with ¢ [;=0= po, (31)

and one applies the preceding remark to vy being a component of Uy = ¢q;, and one deduces from the first
equation in (24) and (31) that ® = . Then, one observes that (31) implies

(g(@))t + ae (g(@))x =0in R x (07 OO), (32)

for every smooth function g, and choosing g = IZ, and vy = (12)\ (gpo))z, one deduces from the second equation

in (24) and (32) that x = (@(@))L, so that a.(z,t) = x — e (P,, D) = (g% — € Pga, Pa), hence the solution of
(31) satisfies (11).

11



5. The system of conservation laws obtained for ¢ = 0.

In order to check if (25) is an hyperbolic system, one rewrites it for smooth solutions as

(i)ﬁ%ﬁx) (i)z — 0, with A(®, y) = (XOI 2‘1;) (33)

so that A is hyperbolic (i.e. diagonalizable with real eigenvalues) if x # 0, but also at the origin, and the
general theory of Peter LAX (for the Riemann problem) applies for the upper half space x > 0 or the lower
half space x < 0, but mixing the two creates some difficulties because for x = 0 and & # 0, the matrix
A(®, x) still has real eigenvalues but is non-diagonalizable.

If x # 0, then A(®,x) has an eigenvalue y of multiplicity d, with eigen-space R? x {0}, and this field
is linearly degenerate, i.e. the derivative of the eigenvalue in the direction of an eigenvector is everywhere
0 (since the eigenvalue x is independent of ®). Also, A(®, x) has a simple eigenvalue 2y, with eigenvector

(i), and this field is genuinely nonlinear, i.e. the derivative of the eigenvalue in the direction of an
eigenvector is everywhere # 0 (since it is +2).

The linear degeneracy of system (25) leads to accept contact discontinuities, because for a constant x,
say x = v, and @y smooth, then ®(x,t) = Po(z —vt) and x(x,t) = v is a smooth solution of (25), and one is
led to accept limits of such solutions corresponding to @y not necessarily smooth. However, the initial data
should be of the form (26), so that these Riemann data for (25) are usually not “physical”, i.e. they do not
correspond to a problem for ¢.

Even for the case x = 0, if one imposes condition (26) to initial data for (25), then o must be such
that 7:/1\(900) is constant, so that if one takes a sequence of smooth initial data ¢ equal to a_ for x < 0,
and satisfying 1Z(<p) = @(a,) for x > 0, one can only expect to obtain in the limit a function ¢ jumping
from a_ to a point a; on the same connected component of the equipotential 7,2(90) = J(a_), while we have
constructed such limiting solutions under the weaker condition that a4 and a_ are on the boundary of the
same component of 1() > 1h(a_).?

It seems then questionable to draw conclusions for the behaviour of our equation (11) when e tends to
0 from information corresponding to the solution of the Riemann problem for (25).

6. The evolution problem for ¢ > 0.

We now consider the evolution equation (11) using the same approach as for stationary solutions, in
that one seeks ¢ taking its values on a smooth curve, parametrized using arc-length s, i.e.

o(z,t) = M(s(z,t)),s- < s(z,t) < sp,x€Q=(—L,+L),t€0,T], (34)
but we now impose Neumann conditions
v (£L,t) =0,t € (0,7, (35)

so that extending ¢ by ¢(—L,t) on (—oo,—L) and ¢(+L,t) on (+L,400) does not usually give a solution
of (11) for € R (since the “constants” in (—oo, —L) and (4L, 4+00) may depend upon t). From (34), one
deduces that ¢; = s;M’(s) and ¢, = s,M’(s), and since |[M’(s)| = 1, one deduces that |p,|?> = s2, which
implies (@uz, Pz) = SzuSs,C and the equation (11) complemented with (34)-(35) consists in seeking a function
s satisfying

si+ F(s) 82 — €828 = 0,0 € Q= (=L, +L),t € (0,T),s,(£L,t) =0,t € (O,T),s|t:0: so,x €, (36)

51fd > 2 and () = |p[2(|[2 — 1), then if 0 < ¢ < - the equation r?(r? — 1) = ¢ has three
positive roots 0 < r; < % < rg < 1 < r3, and the region ¥(¢) > ¢ has two connected components, one

being r1 < || < ro and the other being |p| > 73, and the boundary of the first region has two connected
components, one being |¢| = r; and the other being || = rs.

6 One has ¢, = s, M'(s) and @z = 852 M'(s) + s2M" (s), so that imposing M of class C? is natural (but
too strong a condition) for talking about ¢,,; however, since M" is perpendicular to M’ (because M’ stays
a unit vector) the term in s2 does not appear in the result for (.., Px)-
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where one uses

o0

E(s) = 9(M(s)); F(s) = E'(s) = (&p (M(s)), M'(s))5- < 5 < 5. (37)

Theorem 6: Assume that 12 is a function of class C! in RY, that a curve M(s) of class C? is parametrized
by arc-length s on an interval [s_, s;], and that

wo(z) = M(so(2)),z € Q, with sp € W' (Q),s_ < so(z) < 51,2 €Q, (38)
then there exists a unique solution s of (36), equivalent to (11) with (34)-(35), satisfying

s_ <s(x,t) <sp,x€eQte(0,T); s,€L((0,T)xQ); s € LQ((O,T) x Q)

39
(50" € L2((0. T H'(@). )

Most of the techniques used in the various steps of the proof are not new, and were already taught by
Jacques-Louis LIONS in the late 1960s [Li],” so that they should not be attributed to recent authors, as it is

unfortunately done sometimes. For some technical results on Sobolev spaces, one may consult the course of
Shmuel AGMON [Ag], or [Ta4].

One extends F outside the interval [s_, sy] so that it is bounded and (globally) Lipschitz continuous,
although the solution does not depend upon which extension one takes, but one will show the existence of a
solution by a method of approximation which does not rely on the maximum principle, so that one needs the
equation to be defined for s € R; one will then show that the solution is unique and satisfies some regularity
properties, one of them being that a < so < bin Q implies a < s <bin Q x (0,7, so that the solution takes
its values in the interval [s_, sy].

The first step is to use a Faedo—Galerkin approximation for a simpler problem, where the non-linear
term F(s) s2 is replaced by a given function f, and passing to the limit requires the use of the monotonicity
method, which was introduced independently by Eduardo ZARANTONELLO for a problem in continuum
mechanics, and by George MINTY for a problem on electrical circuits.®

The second step is to use a fixed point argument for a truncated equation, in order to find f such
that the solution s satisfies F'(s) min{s2, h?} = f for a constant h, and for verifying the hypotheses of the
Schauder—Tychonoff fixed point theorem, for a space endowed with a weak topology, one needs an argument
of compactness: one uses what is sometimes called the Aubin—Lions lemma, since it seems due to Jean-Pierre
AUBIN and it uses a lemma of Jacques-Louis LIONS.”

The third step is to let h tend to o0 in order to obtain a solution.

The fourth step is to prove some regularity properties, for deducing that the solution is unique.

The fifth step is to prove L°° estimates by the maximum principle, in the spirit of the work of Guido
STAMPACCHIA [St].

First step: For sg € L*(2) and f € L*(0,T; L?(R)), and with Q = (—L, +L), one wants to solve the equation

St f—e55800 =0, €t (0,T); s|,_ =so€L*(Q); sx|$:iL= 0,t € (0,7), (40)

t=0
3
S, . oy .
where s2s,, means (?J”)I7 of course. Also, since the Neumann boundary conditions do not have a meaning
for functions in Wh4(

Q), they are imposed in a variational way; they can also be given a meaning for

" In particular, one does not use the generalization called the compensated compactness method, which
the second author developed in the late 1970s, based on his joint work with Francois MURAT, but a good
reference for the history of various related questions is [Ta2], written for a volume in memory of Luigi
AMERIO.

8 After them, monotonicity was given a general framework in functional analysis by the works of Haim
Brezis, Felix BROWDER, Jacques-Louis Lions, and Terry ROCKAFELLAR (in alphabetic order).

9 Tt is a variant of the Fréchet-Kolmogorov compactness argument, and like almost all the compactness
theorems in functional analysis, it uses the ideas of ARZELA and AscoOLI on equi-continuity.
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solutions of some partial differential equations, by using the normal trace of functions in the space H (div)
introduced by Jacques-Louis LIONS.

Besides H = L?(Q), one considers V = W14(Q), which is ¢ C%3/4(Q). The solution s is found in the
space C([0,T); H) N L4(0,7T;V), and since |u|s < C (Jus 2/5|u|‘3/5 + L™Y2u|y) for all u € V,'° where | - |,
denotes the norm in LP(2), one deduces that |s|, € L°(0, 7).

The existence part uses the fact that s2 is monotone in s, i.e. (a®—b%)(a—b) >0 for all a,b € R, and
even > % la — b|*, which will be crucial for proving some strong convergences.

One uses a Faedo—Galerkin basis of V, i.e. linearly independent functions wi,...,w,,... € V, whose
linear combinations are dense in V', and one approaches the initial data sy by a sequence sg, converging to
so strongly in H, where s, belongs to V,, = span{ws,...,w,} C V, and one solves

ds, §3 .
e wj dz + fwjdm—i—3 ceWizdr =0,7=1,...,n, and t € (0,T),
Q Q
(41)
with s, = ch(t) wy, and sn|t:0: Son.-
This is a differential system for the unknown coefficients ci,...,c,,'" because the matrix with entries
fQ wjwy dx is invertible, and since the non-linear term is algebraic in cy,...,c,, hence locally Lipschitz

continuous, there is a unique solution on a maximal interval (0,7;,) with 0 < T}, < T, and for showing that
T, =T one needs bounds: multiplying the jth equation by c; and summing in j gives

%(/Q %dz> +§ /95;1” dr = */Qfsn do < [f(-1)]2]sn (- 1)]2, (42)

and one then uses a variant of Gronwall’s inequality,'? to deduce that

t
[$n ()2 < |Sonl2 +/ [f(;7)|2dr,t € (0,T,), so that T,, =T, (43)
0
and then

- [T ol , (" 1 g 2
= [ sttt < BB oo < (s [ Goka)’ @

From the nature of the bounds, one could have taken f € L*(0,T;L?*(2)), but L? in time is enough for our
purpose, and it is better for using weak convergence arguments later. For existence of s,, the bounds may
depend upon n, but for passing to the limit it is important to have the bounds independent of n.

One extracts a subsequence s,, such that

Sm — S0 1N Lz((O,T) X Q) weak,
Sz — Soog 1N L4((O,T) X Q) weak,
53— € in L4/3((O,T) X Q) weak,

Sm(+, T) = 000 in L*(Q) weak,

(45)

10 One may choose |uz|s + L~%/4|uly as a norm on WH4(Q), the power of L being chosen so that the two
terms are measured in the same unit. Then, there is a linear extension to functions on R (by mirror symmetry
at the ends of the interval, followed by a truncation) whose norm is bounded by a constant independent of
L, for the norm of H or that of V. On R a scaling argument shows that |v|ec < C |vg]y 205113/,
1 There should be another index to represent that they are the coefficients of s,,.

' One has \Sn(a O3 < [s0nl3 + 2[5 [£C.7)l2lsa (-, T2 dm = ga(t), so that gl (t) = 2f(-,)]2|sn(-,t)]2 <
2|f(-,t)[24/gn(t), hence (y/gn)'(t) < |f(-,t)]2, which gives by integration /g, (t) < [son|2 + fo [f(;7)|2dT.
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although one has better information, that s,, soo € L™ (07 T; L? (Q)) One multiplies by a smooth function
of ¢t and one integrates by parts in ¢, and then one passes to the limit; after using the fact that linear
combinations of the w; are dense, one finds (in a weak formulation) that
£ .
Soot + f — gfow =0, in (0,T) x Q,
soo(ao) = S0, Soo(vT) = 003 goolﬂ:L:O in (OaT)7

(46)

and there are some technical details, for showing that s, is continuous in ¢ with values in L?(Q2),'3 so that
the initial data and final data make sense, and for the Neumann condition one uses an argument of Jacques-
Louis LIONS concerning the space H(div; (0,T) x Q), but there is an important observation, which is that
one has £, = s3_,, and it is where the monotonicity property is crucial. Multiplying by s,, and integrating

n (z,t), and comparing to what one obtains by multiplying the limiting equation by s, and integrating in

(x,t), one obtains'4
T T
lim sup/ / st dedt < / / EooSoor dx dt, (47)
m—oo JO Q 0 Q

and one can deduce from (47) that

foo = 85, ace. in (0,T) x €,

48
Smz — Soog 10 L* (O,T; L4(Q)) strong. (48)
Indeed, for the first part of (48), one deduces from (47) and from the definition of £, that
lim sup/ / (Smz—v)dxdt < / / (€oc —?) (Soce —v) dz dt, for all v € L*(0,T; L*(2)), (49)
m—r o0
and the monotonicity implies
T
0< / /(Eoo — %) (Soox — v) dz dt, for all v € L*(0,T; L*()); (50)
0o Ja

one concludes with a trick used by George MINTY, which is to take v = soo; +nw with w € L* (0, T; L4(Q))
and, after dividing by 7 (and paying attention to the change of inequality for n < 0) let 7 tend to 0 either
from the positive side or the negative side, so that

a.e. in (0,7) x Q. (51)

oox

T
/ (boo — 85, )wdxdt =0 for all w € L* (0,73 L*(9)), hence s = 2
Q

For the second part of (48), one uses v = Sso, in (49), and one deduces that

T
lim sup/ / |Sma — Socs|* dz dt <0, (52)
o Ja

m— o0

which gives the strong convergence of ., t0 Soop in L* (O,T; L4(Q)), hence a way to identify &, = 3,
without using Minty’s trick.

13 The function space to use is so € L> (0,75 L*(2)) N L*(0, T; W4(Q2)), but the derivative soo; is the
sum of two terms, one in L?(0,T; L?(£2)), or more generally in L'(0,T;L?(Q)), and another which is the z
derivative (in the sense of distributions) of a function in L*/3((0,T); L*/3(Q)), and there are technical steps
(see [Li] or [Tad]) of truncation, regularization, for showing the density of smooth enough functions, and
deduce that the formula of integration by parts is valid, and that one actually has so, € C ([O, TY; LQ(Q)).

14 For obtaining (47), one uses the fact that liminf,, . |8 (-, T)|3 > |03
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Once one has proved all the technical details about the validity of the integration by parts, the uniqueness
of a solution of (40) is easy, since two solutions s and 3 imply after subtraction and multiplication by s — 3
that

d |s—3[3 d |s—33
T % + /Q(si —32) (8p —5,)dx = 0, which implies 7 % <0, hence s =3, (53)

since at time 0 one has |s — 5|z = 0.

Second step: For the fixed point argument, one uses the version by TYCHONOFF, that if one has a (nonempty)
compact convex set K of a locally convex space, and a continuous mapping S from K into K, then there exists
k € K with S(k) = k. One uses the weak topology on a closed bounded convex set of Zy = L?(0,T; L*()),
which is (sequentially) compact for the weak topology (which is metrizable on bounded sets like K), and the
continuity of the mapping will result from a compactness argument, often called the Aubin-Lions lemma.'®

Using the fact that F(s) is a continuous bounded function, and choosing h > 0 (which will later tend
to +00), one defines Sy (f) by

Si(f) = F(s) min{s2, h?}, where s satisfies (40). (54)

Since S, sends all the space Zs into a bounded subset of Z5, because of the introduction of the parameter
h, one takes for K a closed ball of Z5 which contains the image of Sy, and one needs to check the continuity
of Sy, from Zs to Zs, i.e. show that if f,, = foo in Zy weak, then Sp,(fn) = Sh(feo) in Za weak.

Since the injection of W4(£2) into L*(£2) is compact, the Aubin-Lions lemma implies (for p > 1) that if
a sequence s, is bounded in LP (O, T; W174(Q)), and the sequence s,,; is bounded in LP(0,T; F) for a Banach
space E in which L*(Q) is continuously embedded, then the sequence belongs to a compact of L? (0, T, L4(Q))
(for the strong topology).

If f, = foo in Zy weak, then the corresponding solutions s, of (40) are bounded in L*(0,T; W'4(()),
and the derivatives s,,; have a term bounded in L?(0,T; L?(Q2)) and a term bounded in L*/3(0,T; E) where
E is the dual of W14(Q), so that Aubin-Lions lemma applies with p = %. A subsequence s,, converges
strongly in L*/3(0,T; L*(Q)), but since s,, is bounded in L**(0,7;L>(12)), one can deduce from Holder
inequality that the same subsequence converges strongly in other spaces of the form L4 (O,T; LT(Q)) with
related values g, r, for example in L* (O, T;L* (Q)) for a < 10. However, it is important to show that the whole
sequence converges, and this is done by showing that the limit is unique, because it satisfies (40) for foo:
for showing that, one extracts another subsequence such that (45) holds, then the monotonicity argument

applies because
T T
/ / fmsm dx dt — / / JooSoo dx dt, (55)
o Ja o Ja

since s,, converges to s, strongly in L? (O,T; LQ(Q)). Once it is known that the whole sequence con-
verges to S, the monotonicity argument implies that s,, converges to S, in L* (O,T ; L4(Q)) strong, so
that min{s2_, h?} converges to min{s%,,h*} in L*(0,T; L*(Q)) strong, because min{z?, h*} is a bounded
Lipschitz continuous function of z € R. Then, using the fact that F' is continuous and bounded, F(s,)
converges to F(ss) in L™ (O,T; LOC(Q)) weak * and a subsequence converges almost everywhere, hence
in L° (O,T ;Lb(Q)) strong for any b < oo by Lebesgue’s dominated convergence theorem. This shows the
continuity of S;, for the weak topology, hence the existence of a fixed point, which solves

st + F(s)min{s?, h?} —es25,, = 0,2 € Q,t € (0,T), S‘t:oz so € L*(Q), s, 0. (56)

z=+L"

Third step: One wants to let h tend to oo, and one needs to obtain bounds independent of h. Multiplying
by s, and denoting by ||F||e the norm of F in L>(0,T; L>(£2)), one has

d 2 F 2
—(/ S—dac)—&—E /Sidx:—/F(s)sisdmg||F||oo|sm|421|s|2§ﬁ\sx|i+ 17115 |s|§ forn >0, (57)

15 Jacques-Louis L1oNs attributed this variant to Jean-Pierre AUBIN.
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%

and choosing n < % one applies Gronwall’s inequality for deducing that

T
15( D)2 < |s0l2eC 1 € [O,T],/ lsal1dt < Cu, (58)

0
with C7 = HI;U] , and these bounds are valid for all values of h. For a sequence h,, tending to 400, one
has a sequence f, = F(s,) min{s?,,h2} which is bounded in L?(0,T;L*(2)) by (58), so that a subse-

quence f,, converges weakly to f.o in L? (O,T; L? (Q)), and by the preceding analysis s,, converges to Se
strongly in L2 (0, T; LQ(Q)), and S, converges to Sooy strongly in L4 (07 T; L‘I(Q))7 so that s is the solution
corresponding to fu.

Then, for h > 0, let T}, be the Lipschitz continuous function equal to —h for v € (—oo, —h], equal to u
for u € [—h, +h] and equal to +h for u € [+h, +00), i.e. u+— Ty (u) is the truncation operator at +h, so that
min{s},,, ho} = Th,, (she); one has [Th,, (smz) = socals < [Th, (8ma) = Tho (Socz)la + [Thy, (So0z) — Scczls,
which is < [$imz — Sooxla + |Th,, (Soox) — Scoz|a since T, is a contraction. Because T}, (v) converges to v
strongly in L* (0, T; L4(Q)) for any v € L* (O, T, L4(Q)) by Lebesgue’s dominated convergence theorem, one
deduces that Ty, (Sma) converges to sooq strongly in L*(0,T; L*(€2)), hence min{s2,,, h2,} converges to s
strongly in L?(0,T; L*(9)).

Then, since s, converges to so strongly in L?(0,T; L*(€)), one deduces that F(sy,) converges to F(soo)
strongly in L?(0,T; L*(£2)) because F is continuoub and bounded, so that F(s,,) converges to F(s.,) weakly
* in L>(0,T; L>(R2)). Hence F(s,,) min{s2,,,h2,} converges to F(ss) s, weakly in L?(0,T; L*(£2)), and
Seo satisfies (36).

mx’ m

mx? ’VVL

Fourth step: The natural method for proving uniqueness of a solution is to write the equation for a solution
s and for a solution s, to subtract the two equations and to multiply by s — s, and the problem is then to
bound the integral

+L 4L +L
/ (F(s)s2 — F(5)3) (s—5)dz = | F(s)(s2—52) (s —3) dx+/ (F(s) — F()) 2 (s — 5) de, (59)

—L —L —L

and the first term in the right hand side of (59) poses no difficulty, since

w _ ils s <l _ep oy W
(s 57) (s = 3) dz| < [|Fllcls? — 52l2ls = 3l2 < n[s; — 5205 + I ls=3lz  (60)
and with 7 > 0 small the first term on the right hand side is controlled, because
€ +L
D] ez S22, (61)
3 /.1 4

consequence of the inequality (a®—b%) (a—b) > 2 |a® —b?|? for all a,b € R. The second term in the right hand
side of (59) presents a difficulty: F has been extended to be Lipschitz continuous, i.e. there is a Lipschitz
constant Lp such that |F(b) — F(a)| < Lr|b— a| for all a,b € R, and this implies the pointwise estimate

|(F(s) — F(5)) 52 (s —5)| < Lpsa|s — 5%, (62)
from which one deduces
+L
[ 1) = F@) 52 (s - 9)] do < Lelsa ols - 5 (63)
—L
and choosing 1 = § one obtains
1 - IEalES - -
5 (s =3B < (V222 + Lilsa[% ) Is = 513 = A®) |s — 513 (64)
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and Gronwall inequality applies if A € L1(0,7), and in this case it implies |s — 5|3 = 0 since s and 5 have
the same initial data sg; it means that uniqueness holds if 5, € L? (07 T; L>® (Q))7 orif s, € L? (07 T; L>® (Q))7
since the role of s and s are equivalent.

Using the Faedo—Galerkin approximation (41), the estimate shown before was that corresponding to
felLt (0, T; L? (Q)), although one only used it for f € L? (0, T; L? (Q)) However, there is a better smoothness
estimate in this case, enough for proving uniqueness, and actually the following analysis only uses the
hypothesis vt f € L?(0,T; L*(€2)).'® The estimate is obtained by multiplying the equation by t s, (i.e. by
multiplying the jth equation with w; by t¢;; and summing in j), which gives

/t|snt\2dx+/tfsmgdm+£/tsiwsmtdx:(), (65)
Q Q 3 Ja

and since [t f sp¢| < 2 ¢]s,¢|% + 5 ¢|f]?, one deduces that

& 4 1 2 1 / 2 3 / 4
— t d ) + — t n de < = t d + — nx d ’

and since there is a bound independent of n for fQ |sne|* dz, one deduces bounds independent of n for
Jotst,dx in L>(0,T), and for [, t|sn|*dz in L*(0,T), and these bounds are inherited by the solution
which is the limit of a subsequence s,,, so that

so € L*(Q), f € L*(0,T; L*(2)) imply that the solution of (40) satisfies

67
Y5, € L(0,T; L*()), t*/%s, € L*(0,T; L*(Q)), (67)

hence by the equation (40) it satisfies
t12(s3), € L*(0,T; L*(2)), ie. t/%s3 € L*(0,T; H3(Q)), (68)

since s3 satisfies a Dirichlet condition, as a consequence of the Neumann condition for s. Then, o = s satis-
fies t1/20 € L*(0,T; H}(2)), and since t1/%s, € L>(0,T; L*(Q)) is equivalent to t*/4o € L>(0,T; L*/3(9)),

one deduces an estimate of o in L>(€2) by using an inequality of the type |o]|oc < C |0m|g/5|0|i§g

o € H(Q);'7 then |o,|o = t~1/2A(t) for A € L?(0,T) and lolass < Ct=3/4 give |o|o = t=3/%pu(t) with
1 € LY°/3(0,T), and since t=3/5 € LP(0,T) for 1 < p < 2, one has s, € L9(0,T; L=(Q)) for 1 < ¢ < 12,
and because ¢ = 2 is the condition needed for uniqueness, one finds that uniqueness holds for sy € L?(Q2).
As a consequence, all the sequence s,, converges to the (unique) solution.

Fifth step: We shall need another regularity result, still for f € L? (O7 T; L? (Q)) but with so € W14(Q), and
the estimates result from multiplying the equation by s;: more precisely, one works on the Faedo—Galerkin
approximation (41), choosing the initial data sg,, converging strongly to sg in W14(£2), and one multiplies
by snt, so that instead of (65) one obtains

/Q'Snt|2dm+/9f3ntdx+§ /Qsﬁwssnmtdxza (69)

and instead of (66) one obtains

R _ < = f 7
(/ Snz dx) . <| / |Snt| dx / | | dm, ( 0)

16 The second author devised this method for linear equations (of the abstract form v’ + Au = f,u(0) = ug
with A elliptic), and used it in his thesis for interpolating regularity, but it may not be widely known.

7 From (0°/3), = 20%30,, one deduces that [0°/3|c < 3((6°/3),1 < 2(0%/3|2 042, hence |0‘|%3 <

2/3
2 1o[3)3 loxle.

for all
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and since there is a bound independent of n for fQ |Sonz|* dz, one deduces bounds independent of n for
Jo $he dain L>(0,T), and for [, |sn¢|? da in L*(0,T), and these bounds are inherited by the solution which
is the limit of a subsequence s,,,, hence

so € WhH(Q), f € L?(0,T; L*(Q)) imply that the solution of (40) satisfies

sy € L®(0,T; L*(Q)), s, € L*(0,T; L*(2)), hence s2 € L*(0,T; H) (), s, € L'°(0,T; L>(1)). ()
This regularity enables us to apply the technique of truncation used by Guido STAMPACCHIA [St] for proving
a weak form of the “maximum principle”, and a consequence is that the way one has extended F outside
the interval [s_, s,] has no effect on the solution: Guido STAMPACCHIA proved that if u € W,! (O) for an
open set @ C RN, and if g is a Lipschitz continuous function on R with at most a countable number of
discontinuities of the derivative, then g(u) € W,5!(0) with 66973(:) = g'(u) aaTuj for j =1,...,N,'® and if one
applies it to g(u) = uy it does not matter what value ¢’(0) one takes.?

One considers two solutions s, o of (36) with initial data sg, 09, and one wants to shows that
s0 < 0p a.e. in Q implies s < g a.e. in Q x (0,7), (72)

and for proving this one wants to subtract the two equations and multiply by (s — o), so that one assumes
that sg, 00 € W'*(€2) in order to use the estimates (71) for both s and ¢, which imply s,o € H' (2% (0,7)),
so that one may apply the formula for the partial derivatives of (s — )4, and observe that (s — o)1 €
H'(Q % (0,T)) since

((s— 0)+)t =(s—0)ix+ and ((s — O')JF)I =(s—0)zx+ a.e. in Qx (0,7,

73
where x4 is the characteristic function of E; = {(x,t) | s — o > 0}, (73)

and because xi = x4+ one deduces that

(s —0)il(s —0)y =

(I(s = 0)+1%),- (74)

N | =

Moreover, since one also has s,, 0, € L™ (O7 T; L4(Q)) nL? (07 T; L"O(Q)), one deduces that
((s —0)4), € L=(0,T; L*(Q2)) N L*(0,T; L=(€)), (75)

and one also has
ls—ol(s—0)y =xi|(s—0)1|> =|(s —0)|* ae. in Q x (0,T). (76)

One starts from the variational formulation

/ [(s —o)w+ (F(s)s2 — F(o)o2)w + % (83 —o3) wx} dr =0ae. t€(0,T), for all w € WH(Q), (77)
Q

from which one deduces that (79) is also true if w € L>(0,7; W'*(€)), and one then uses w = (s — o).
One has

5[t (=0, ar> T [ (- oD drae te 0.) (78)

18 For g of class C! over R and u smooth, one has 8897(1_‘) = ¢'(u) %, and approaching u € Wllocl((’)) by
J J

a sequence of smooth functions w,, converging strongly to u in Wl’l(w) for an open set w with @ C O, one
deduces that the formula is true for v € VVlloc1 (O); then one takes a sequence g, of C! functions, which
converges uniformly on R to a Lipschitz function g, and such that g/, converges everywhere on R to a
function which one denotes ¢’, and passing to the limit by using Lebesgue’s dominated convergence theorem,
one deduces the result.

ou

19 This is the way Guido STAMPACCHIA showed that on the set where u(z) = 0 one has 52 = 0 almost

everywhere, for j =1,...  N.
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/ F(s) 82 — F(0) 02| (s — 0)4 de < / F(s) — F(o)| 82 (s — o)y da + / F(o)| |2 — 02| (5 — o). du
Q Q
< Lollslle [ Ns=onefar+ S [ xo i -otar s LU= [ o) i e e 0.7),

so that

3 ([16=anPas), < (Lellsali + = ) [ 1=l arac. re @), (80)

and by Gronwall’s inequality
[ =01l de<C [ (s o0+ do =0, (s1)
Q Q

since (sop — 09)+ = 0 from the hypothesis so < o a.e. in §; this shows that (s — )4 =0, i.e. s <o.

A consequence is that
a < so<ba.e. inQ for constants a,b € R implies a < s < b a.e. in Q x (0,7, (82)

since if the initial data o is a constant ¢ (either a or b) then the solution is o = c.

7. Another regularity property of the solution (for ¢ > 0).

There is a formal estimate obtained by multiplying the equation by —s;, and integrating by parts,
which supposes that one has enough regularity for writing (s3), as a pointwise product 3s2s,,, and in this
way one obtains

2
([ % ) e [ usan)? o= [ ) sa(su80a) 0 < 1Flclsablsusanls < msasacli 120, (s3)
o 2 t Q Q 4n

so that, by choosing 1 < € and using Gronwall’s inequality, one deduces that?2°

so € H'(Q) implies that the solution of (36) satisfies

84
sz € L®(0,T; L*()),s2 € L*(0,T; Hy(2)), so that s, € L°(0,T; L>(Q)), (84)

hence F(s)s2 € L3(0,T; L>°()) N L>(0,T; L' (), and (s3), (which can be written as 2s,(s2),) belongs
to L3/2(0,T; L*(2)) N L?(0,T; L'()), which then permits to find a bound for s; in the latter intersection,

hence s; € LP(O,T; Lq(Q)) with 1 < ¢ <2 and 3 5 — %.

One may prove that (84) is valid by one of two methods already taught by Jacques-Louis LIONS in the
late 1960s [Li]: the first one is to use a special Faedo—Galerkin basis, made of eigenfunctions of the operator
—%, ie. wj(x) = cos % for j = 1,..., in which case a linear combination of w1, ..., w, gives
—Smaze for the solution s, of (41), and the above computations hold for s,,, and the bounds obtained are
inherited by the limit s; the second one is to start from the solution s of (36) and prove that it is more regular
by using the method of translations of Louis NIRENBERG. For applying this method, one denotes by 73, the
operator of translation by h, i.e. (7,v)(z) = v(x — h) for a function v, but since one works on a bounded
interval @ = (—L,+L), it is useful to extend u by symmetry around —L and +L (i.e. u(z) = u(—2L — z)
for x € (=3L,—L), or u(xz) = w(2L — z) for € (+L,+3L)) which gives a periodic function of period 4L, so
that all translations are then well defined, and the norms |- |, considered are computed on a period.?! One

20 The last bound for s, in (84) follows from taking v = s2 and using the classical estimates |v|o <
|v:,c|1/2|v|1/2 for v € H}(Q) and |v|s < \v|1/2\v\¥2 by Hélder inequality, which give |v|oo < |vm|2/3|v|1/3

21 Since the equation only involves s, s2, and s, which are invariant by changing = into c—x, and s satisfies
a Neumann condition at +L (for which the precise meaning uses the space H(div) studied by Jacques-Louis
Lions), this type of extension produces a function which satisfies the same partial differential equation.
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subtracts the equation for s and for a translated 7, s, and one multiplies by s — 7, s, and using the formula
(a® =) (a —b) > 2 |a® — b?| for all a,b € R, one deduces that

% %|5 — Ths|3 + Z |53 — hsi|3 < |f — Tafl2ls — Twsla, with f = F(s)s2, (85)
and one has the following estimate for |f — 7 f|2

[f = 7nfle = |F(s)s; — F(mas)Thszlz < [|Flloc|sh — mnstle + Lrls — Ths|2]se] % (86)
so that

5 2||F||?
17 = lols sl < S1s2 — mus2B o+ (UE 4 a2 ) s - masil (57)
and since W + Lp|s.|% has a finite norm C in L'(0,7T), Gronwall’s inequality implies®?

4€2C

T

|s — Thsla < e |sg — Thsol2 on (0,T), / |82 — 825 dt < |50 — Thsol3- (88)
0

If s9 € H'(Q), then |sg — Thsol2 < |h||(s0)z|2 for all h, so that W is bounded in L (0,7 L?(2)) and

@ is bounded in L?(0,T; L?(Q2)) when h # 0 tends to 0; since *=2° tends to s, and % tends
to (s2), in the sense of distributions as h tends to 0, one deduces (84).

Actually, using (a® — b) (a — b) > 2 (|a|a — |b|b)? for all a,b € R, one has |s,|s, € L?(0,T; Hg (1)),
which implies s2 € L2 (O, T; H&(Q)), but the converse is not true.

Remark 7: If v = |u|u € H}(2), one may wonder if v, is the product of 2|u| by u,, and it is easy to show

(using |mpu — u| < C'|m,v — v|*/?) that u and |u| belong to the Besov space X = BY** so that u, makes
sense in the dual Y’ of another Besov space, Y = B% /2.4/ 3; it is not so clear if one can multiply elements of

X by elements of Y. However, the derivative of u? is the product of 3u? by .

8. The class of initial data used (for £ > 0).

Given an initial data g, one needs to check if it satisfies our hypotheses, and one first wonders if one can
find a curve M (s) of class C! with an integrable curvature, as noticed in Remark 2 for stationary solutions,
and then if ¢o(z) = M (so(z)) for x € (—L,+L) with sy smooth enough.

Since oz = S M’ with |M'| = 1, a sufficient condition is to assume that
wo(r) =a_in [-L,z_], oz #0in (x_,z4+), ¢o(x)=ay in [z4,+L]. (89)
In order to have s( increasing when x varies from —L to +L, one chooses

Pox

so(z) =s_ in [~L,z_], S0z = |poz| and M'(s) = Por] in (z_,x4), So(x)=sy in[zy,+1L], (90)
Pox
so that s —s— = [ |o,| dz, and one then assumes that ¢o, € L*(€;R?). Then, one also assumes that
Vozz € L ((a:,,er);Rd), so that sgz, = ((,OOM7 %) in (z_,z4), (91)
Pox

and since Yoz, = Soze M’ + 5%, M" and M" is orthogonal to M’ because |[M’| = 1, one deduces that |y, |?M"
is the projection of ¢g,, on the orthogonal of ¢, i.e.

0z Po .

|QP01|2MN — (powz _ w SDOJZ mn ($77x+)7 (92)
|§00z|

*2 With a = [s—7,5(3, b = § [s2—7,s2]3, and ¢ = W—FLFL%KO, one has a+2f0tb < a(O)—|—fOt 2ca = d,

which satisfies d; = 2ca < 2c¢d, hence a + 2f0t b<d<a(0)exp(2 fot ¢), giving a < a(0) e*¢ and 2fOT bdt <
a(0) e2¢.
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hence

s+ w+ Ty T dx
/ mﬂmx:/ Wmf_wo ?)¢M , (93)
s_ z_ |900w | |¢Oz |

which one assumes then to be finite.
Then, the condition sy € W1P(Q) follows from ¢, € LP(£2;R?), and one notices that assuming (91)
implies ¢g, € L=(;RY).

One should pay attention to the fact that strong hypotheses of regularity for the initial data are used
for transforming the system (10) into the scalar equation (36), but then the system (36) admits uniquely
defined solutions even for some discontinuous initial data, so that such discontinuous initial data should be
considered as “non physical” for what concerns the system (10).

9. Conclusion.

We have analyzed a system of partial differential equations (10) in one space dimension, and shown
that one can study the stationary solutions as well as the evolutionary solutions if the initial data satisfy
a geometrical condition, because the analysis can be transformed into studying a scalar partial differential
equation, for which we applied more or less classical methods. However, since (10) came out of a special
situation for a system of partial differential equations (1) in three space dimensions, motivated by field dislo-
cation mechanics, this work should be considered as a motivation for developing a more general mathematical
approach for studying the complete system (1).
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