2306.12047v1 [math.NA] 21 Jun 2023

arxiv

Corrector Operator to Enhance Accuracy and Reliability of Neural
Operator Surrogates of Nonlinear Variational Boundary-Value Problems

Prashant K. Jhal*, J. Tinsley Oden':?

Abstract

This work focuses on developing methods for approximating the solution operators of a class of parametric
partial differential equations via neural operators. Neural operators have several challenges, including the
issue of generating appropriate training data, cost-accuracy trade-offs, and nontrivial hyperparameter tuning.
The unpredictability of the accuracy of neural operators impacts their applications in downstream problems
of inference, optimization, and control. A framework is proposed based on the linear variational problem
that gives the correction to the prediction furnished by neural operators. The operator associated with
the corrector problem is referred to as the corrector operator. Numerical results involving a nonlinear
diffusion model in two dimensions with PCANet-type neural operators show almost two orders of increase
in the accuracy of approximations when neural operators are corrected using the proposed scheme. Further,
topology optimization involving a nonlinear diffusion model is considered to highlight the limitations of
neural operators and the efficacy of the correction scheme. Optimizers with neural operator surrogates are
seen to make significant errors (as high as 80 percent). However, the errors are much lower (below 7 percent)
when neural operators are corrected following the proposed method.

Keywords: mneural operators, operator learning, singular-value decomposition, variational formulation,
surrogate modeling, topology optimization, finite element method

1. Introduction

This work focuses on neural operator-based surrogates constructed for a class of nonlinear parametric
partial differential equations (PDEs). Specifically, neural operators that approximate the solution operator
associated with the PDEs are considered. Working in a variational setting, consider a PDE (or system of
PDEs) R(m,u) = 0, where m is a parameter field, u a solution of PDE, and R a residual operator. Assuming
that for a given m, there is a unique solution u = u(m), an operator F — referred to as solution operator
— can be defined such that given m, F(m) satisfies R(m, F(m)) = 0. For nonlinear and computationally
expensive PDEs; applications in which the solution u = F(m) is sought for large samples of parameter
m becomes challenging, e.g., Bayesian inference, optimization, and control under uncertainty. A neural
operator Fyy that maps a parameter m to an approximation & = Fyy(m) of a solution v = wu(m) is
increasingly considered to cope with the computation cost of solving PDEs. To realize the full potential of
neural operators in problems such as inference, optimization, and control possibly under uncertainties, it is
essential to control the approximation errors within the required tolerance. Towards this, it is demonstrated
that by utilizing the underlying structure of the solution operator, an operator F¢ = F¢(-,-) can be
constructed — referred to as the Corrector Operator — that takes as input the parameter m of the model
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Figure 1: Schematics of the proposed framework where the neural operator is augmented with the corrector operator. Here,
M and U are (Banach) function spaces of model parameters and solutions of the parameterized partial differential equation,
F the solution operator of the PDE, and Fyn a neural operator with network parameters § € RENN. FC is a correction
operator defined in Section 2.2.

and the neural operator prediction Fyy(m) and provides a correction to the neural operator prediction;
schematically shown in Figure 1.

In the following, the key role of parametric PDEs in various sectors is highlighted, and the neural
operators are surveyed briefly. Next, the limitations of neural operators are discussed, motivating this work.
The section concludes with the details of the corrector approach and notations and the layout of the paper.

1.1. Crucial Role of Parametric PDEs

Partial Differential Equations are at the core of many engineering and scientific advancements and provide
a robust and systematic means to represent physical systems or processes while encoding the fundamental
laws of mechanics such as conservation of mass, momentum, energy, and thermodynamics principles. The
models of physical reality based on PDEs may include parameters (model parameters) that could change
depending on scenarios of interest or could be uncertain. As a result, one deals with a family of PDE-
based models parameterized by model parameters — so-called parametric PDEs. Examples from engineering
and biomedical sectors include multiphysics modeling of complex materials [1-15] and biophysical systems
[16-22].

The parametric PDE-based model is a critical component in several computationally-intensive down-
stream problems such as parameter estimation under uncertainty [23-30], topology and design optimization
and optimization under uncertainty [31-39], model selection [40-42], control under uncertainty [43, 44],
digital twins [45], and structural health monitoring [46]. One common aspect of these problems is that
PDE solutions are required for large samples of model parameters. If the PDEs are coupled and nonlinear,
computing solutions can take significant time and resources. For PDEs with high computation costs, their
application in problems such as real-time control of industrial processes and robotic locomotion, calibration
of climate models in a time-bound manner, and real-time control of adaptive materials is hindered. For
computationally expensive PDEs, several approximation techniques are available:

(i) low-fidelity approximations of the model [47, 48];
(ii) reduced-order modeling [36, 49-51];

(iii) regression techniques (e.g., polynomial chaos) to represent the quantities of interest as a function of
the parameter [52, 53]; and

(iv) neural operators — the main focus of this work — that approximate the solution operator [54-58, 58—
74, 74-76].

Next, the neural operators are briefly surveyed, and their limitations are highlighted.

1.2. Neural Operators as Surrogates of Solution Operators of PDEs

There has been a remarkable growth in the development of neural operator-based approximations of
the solution operator of parametric PDEs in recent years; for example, DeepONet [62, 68, 72], Derivative-
informed Neural Operators (DINO) [69], Fourier Neural Operators (FNO) [65, 66], Graph-based Neural Op-
erators (GNO) [67, 77], PCA/POD-based Neural Operators (PCANet/PODNet) [63, 64], Physics-informed
Neural Operator (PINO) [75], and Wavelet Neural Operator (WNO) [78]. Many of the neural operators can
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be characterized in a unified way; see [63, 65, 76]. Some applications of neural operators include Bayesian
inference [61], design of materials and structures [57], digital twin [56], inverse problem [71, 73], multiphase
flow [60], multiscale modeling [59], optimal experimental design [55], PDE-constrained optimization [54],
and phase-field modeling [58].

There are multiple choices of neural operators Fy y for approximating the solution operator F. However,
it is usually very difficult to predict the accuracy of the approximation, stemming from the fact that neural
networks are trained to minimize an empirical error (the error is minimized in an average sense). Neural
networks work well when the input parameter is in the subspace associated with the training data, and,
therefore, the choice of distributions for sampling the training data becomes highly important. And, for
downstream problems such as inference, optimization, and control, it is usually not possible to construct a
training distribution a priori that is representative of the parameters that may be encountered during the
solution of these problems. There are techniques to remedy this issue — the downstream problems can be
solved with a crude approximation to extract crucial features of input parameters. Another option is actively
updating the neural network parameters by generating new training samples. While these methods attempt
to overcome the limitations of choosing appropriate training data, they may not be robust. Related to the
issue of generating training data is also the trade-off between the cost and accuracy of neural operators [76].

While sufficient conditions for the existence of neural operators that are arbitrarily close to the target
operator can be shown [79, 80], in practice, constructing such neural operators is nontrivial. Increasing the
number of training data or the complexity of neural networks may not necessarily increase the accuracy.
Beyond a certain level of accuracy, it often becomes increasingly challenging to enhance accuracy, and
trial-and-error approaches for tuning hyperparameters may only result in marginal gains. In this direction,
adaptively increasing the complexity of neural networks and using the derivative information of the target
map to create a reduced basis can help maximize the accuracy [70]. Lastly, consider a scenario in which
the training data is limited and sparse, and the neural operators employed are purely data-driven and do
not explicitly enforce solving the variational problem, albeit in an approximate sense. In such scenarios, not
much can be done to improve the accuracy of neural operators.

1.8. Proposed Approach for Enhancing Accuracy of Neural Operators

Our goal towards improving the accuracy and reliability of neural operators is to utilize the underlying
structure of the target map F and build a corrector framework externally from the neural operators. A
computationally inexpensive framework is sought that can take neural operator predictions and provide a
correction with increased accuracy and reliability at a low cost.

For the PDEs represented in variational form, R(m,u) = 0, so-called goal-oriented error estimates
[47, 48, 81] can provide a way forward. Following [47, 48, 81], given any approximation @ of the solution
u = u(m) of the variational problem, under certain usually reasonable assumptions, one can estimate
the error u — @ by solving a linear variational problem 6, R(m,@)(€) = —R(m, &) for approximate error €&;
04 R(m, @) (€) being the variational derivative of R(m, @) in the direction é. If Q(-) is the Quantity of Interests
(Qols) functional, then it is shown in [47] that goal-oriented error, Q(u) — Q(@), can be approximated by
0,9(1)(€). There are different versions of estimates available for goal-oriented error, for example, Q(u) —
Q(a) ~ (p,R(m,u)), p being the approximation of the solution of the dual problem associated with the
variational form R and the Qol functional Q; see [47, 48, 81-86]

Once the error is estimated, a correction u® = € + @ can be easily computed; the steps of computing
estimate € of error and the correction u¢ given m and @ can be combined to define an operator — referred
to as the corrector operator — F¢ : M x U — U such that u¢ = é+ @ = FC(m,@). If @ is already close to
u, say 4 is the prediction of the neural operator that has been trained to achieve a certain level of accuracy,
the correction u® is expected to have two orders of more accuracy as compared to @, owing to the Newton-
Kantorovich theorem; see Section 2.2. Further, because one only solves the linear variational problem (linear
in the error estimate), the added computation cost is smaller than solving the target forward problem.

Motivated by the above observations, this work proposes a corrector framework based on the corrector
operator. It is essential to highlight here that the framework is external to the neural operator and uses the
neural operator as a black box. To demonstrate the utility of the corrector operator, a numerical example



involving a nonlinear diffusion model is considered. The accuracy of neural operators and their corrections
using the corrector operator for varying input and output reduced dimensions and training sample sizes
is analyzed. Moreover, topology optimization of the diffusivity parameter field in a nonlinear diffusion
model is taken up to highlight the limitations of neural operators and the efficacy of the correction scheme.
Particularly, three different versions of optimization problems with (1) “true” (upto numerical discretization
error) forward model, (2) neural operator surrogates of the forward model, and (3) neural operators with
corrector operator are solved to compare the performance of neural operators and the improvements due to
the corrector operator in the accuracy of optimizers. The results show a significant error reduction when
the corrector operator is applied to neural operators. The error in the case of neural operator surrogates is
as high as 80 percent while the error is seen to be below 7 percent when neural operators are corrected.

1.4. Notations

Let N, Z, R denote the space of natural numbers, integers, and real numbers, respectively, R the space
of all nonnegative real numbers. R™ denotes the n-dimensional Euclidean space, x,y € R™ generic points,
and ||z|| the Euclidean norm of x € R™. Space of L%-integrable functions f : Q C R% — R is denoted
by L?(Q;R%); space H*(2;R%) for functions in L?({2;R%) with generalized derivatives up to order s in
L2(Q;Ré><Zidi xdo) - £(24;V) denotes the space of continuous linear maps from ¢ to V and C'(U; V) space
of continuous and differentiable maps from U C U to V. M and U denote the generic Banach spaces of
functions; for v € U, ||u||yy denotes the norm of function u € U. The dual of U is the space of all linear
continuous functionals on U, L : U — R, and is denoted by U* and duality pairing on U x U* is denoted
(a, by where a € U and b € U*. Given two Banach spaces M and U, and a probability measure vy on M,
the Bochner space of operators F : M — U is denoted by LP(M,vp;U), for p € [1,00] and the norm is
given by, see [Section 1.2, [87]],

E™ IFm)EDY?,  pe L),

esssupmNUMH}'(m)Hu, p=00.

I e Moty = { (1)

Here, E™~"M [||F(m)]||¢/] is the expectation with respect to the probability measure v and is defined as:
B (F )l = [ 17l dam). &)

1.5. Layout of the Paper

The paper is organized as follows: In Section 2, operators induced by PDEs in BVPs are discussed in an
abstract setting, and the linear variational formulation is identified to compute the corrector in Section 2.2.
Section 3 gives the overview of neural operators; in Section 3.1, corrector framework is proposed. For
completeness, the issues of scalability and mesh dependence with vanilla neural operators are highlighted,
and the scalable approach based on singular value decomposition is discussed in Section 3.2. In Section 4,
numerical results are presented. The work is summarized and concluding remarks are provided in Section 5.
Appendix A, and Appendix B, Appendix C include supplementary materials.

2. Variational Boundary-Value Problems
Consider a class of parameterized variational boundary-value problems:
Given m € M, find u € Y such that b(m,u;v) =1v), YwelUu, (3)

where m denotes the parameter, u a solution of the problem given m, v a test function, and M and U are
appropriate Banach function spaces associated with the parameter and solution of the problem, respectively.
The semilinear form b : M x U x U — R could possibly be nonlinear in the first and second arguments
and linear in the last argument, and [ € U* is a continuous linear functional on U; U* being the topological
dual of U. The form b(-,-;-) is assumed to characterize weak forms or variational boundary-value problems
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corresponding to various PDE models of physical systems or processes, with boundary conditions embedded
in U or the source term I(-).
It is convenient to represent (3) in terms of the residual operator R : M x U — U* defined via

(v, R(m, @) == b(m, G;v) — l(v), Yvel, (4)
for any given m € M and @ € U. Problem (3) now reads:
Given m € M, find u € U such that R(m,u) =0 eur. (5)

Hereafter, the residual operator is assumed to be at least twice differentiable in the second argument
in the variational, or, Gateaux sense, with the first and second derivatives, 6, R(m,u) : U — U* and
82R(m,u) : U x U — U* given by the linear and quadratic forms,

0 R(m,u)(p) := 213(1)% [R(m,u+ ep) — R(m,u)] , “
52 R(m. u)(p,q) = lim % [0uR(m,u + €eq)(p) — 6uR(m, u)(p)]

for all p,q € U.

The corrector operator studied in this work is motivated by the recent work [47] on the application of
so-called goal-oriented a-posteriori error estimates for the calibration of high-fidelity models using the lower
fidelity approximate models. Therefore, some key aspects of goal-oriented estimates are reviewed following
[47]. Following this discussion, the corrector approach is presented.

2.1. Goal-Oriented A-Posteriori Error Estimation

Consider a Quantity of Interest (Qol) Q(u) € R to be computed using the solution u of the variational
problem (5). Suppose, there exists a lower fidelity model with the variational problem given by R(@) =0 &
U*, R : U — U* residual of lower fidelity model and @ a solution. If @ ~ u, Q(u) can be approximated by
Q(a) with some error:

O(u) = Q(@) + Qu) — Q@) -
error

The error Q(u) — Q(a) is referred to as the goal-oriented or modeling error as it pertains to the Qol, the goal
of the analysis. Assuming that the high fidelity problem (5) is computationally expensive, the goal-oriented
a-posteriori error estimation provides a means to estimate goal-oriented error using @ — a lower fidelity
solution — and some version of formula can also involve p, the dual or adjoint solution of the dual problem
associated with the lower fidelity model and Qol functional Q; see [47, 48, 81-86].

Suppose € = u — @ is the error in the forward solution; then it is argued in [Section 2.1, [47]] that an
estimate e© of & can be computed by solving the following linear variational problem:

SuR(m, w)(e) = —R(m, ) cu* (7)
and, using e®, the following estimate of the goal-oriented error can be constructed,
Q(u) — Q@) = 8,Q(a)(e) +r(u,a,e),

where 7 collects the remainder terms [47]. The equation for e“ is based on the Taylor series expansion of
the residual operator, as follows:

R(m,u) = R(m, @ + &) = R(m, @) + §,R(m, @) (€) + /01(1 — 8)62R(m, i + s€)(é,€) ds.
Noting that u solves R(m,u) = 0, it holds that, for any @ € U,
R(m, @+ &) = R(m, @) + 6,R(m, @) (&) + /01(1 — 8)02R(m, i + s€)(&,&)ds = 0.
If 62R(m, @ + sé) is bounded for s € [0, 1], then the leading order term in the above is O(||é||%). It follows

if ||€||ys is small, then ¢ satisfies R(m, @) + 6, R(m, €)(€) ~ 0 € U*. Thus, ignoring the leading order term
gives (7) as an equation for the estimate e“ of the error é.
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2.2. Corrector Operator Based on Residuals

Suppose the variational problem (5) is expensive to solve (i.e., evaluation of the solution operator F(m)),
and, therefore, the operator F is approximated using an operator F : M — U that is more easily evaluated.
To ascertain how good or bad the approximation u is, a straightforward way is to look at the exact error,
¢ = F(m) — F(m) = u — @, and its norm, ||é||;;. However, from the previous subsection, a computationally
inexpensive method is available to estimate the error & by e®, where e¢ solves (7).

If € is the estimate of error ¢ = u — @, then u© = 44+ e ~ 4+ u — & = u, ic., u® is another
approximation of u. So given an approximation @ of u, a linear variational problem is solved to construct
another approximation u€ as follows:

c

Given m € M and @ € U, find u° such that u® =@+ e® =@ — 6, R(m, @) ' R(m, @), (8)

assuming &, R(m, @) " exists. The equation above induces an operator F¢ : M x U — U, referred to as the
corrector operator, defined as

FO(m, i) =u® =i — 6,R(m, ) "R(m, ), (9)
for any pair (m,a) € M xU.
2.2.1. Corrector Operator Property
The reason F¢ is referred to as the corrector operator is that under ideal conditions, given m € M
and an approximation @ of u = F(m), F¢ produces another approximate solution u¢ = F¢(m, @) that has

smaller error as compared to u, i.e.,
[ = uCls < [ — il (10)

The following theorem provides a bound on correction error in terms of prediction error é.

Theorem 1. Let M and U be Banach spaces, and R : M x U — U* the residual functional. For a given
fized m € M, let uw = F(m) be the solution of R(m,u) = 0. For any arbitrary @ € U, suppose R satisfies
the following

o 0, R(m,u): U — U* is invertible, i.e., 6, R(m,a)~ ! exists; and
o B2R(m,w) : U xU —U* for allw € {G+ s(u—1):s € [0,1]} is bounded.

If u® = F€(m, ), FC being the corrector operator defined in (9), and e = u —u® and € = u — @, then
the following estimate holds:

1 o - - ~
1€ < 3 [ sup 18R (m, @)~ 6 R (m, @+ se)llauxu,u)] eIz
sec|0,

where L(U, V) is the space of all continuous linear operators from U to V- and || f||zw,vy = sup|jy|j, =1 [|1f(0)[|v
is the operator norm.

Theorem 1 is proved in Appendix A. From the above, two situations may arise:
o Linear error reduction. If 4 is such that ||é||;, is sufficiently small so that
1 o ~ - -
3 [ sup ||0,R(m, @) 53R (m, @ + 5€)||L(uXu,u)] el < 1,
s€10,1]
then it holds ||e“ ||y < ||€]|u-

e Quadratic error reduction. More strictly, if R is such that, for given (m, @) and w = F(m),

1
5 [ sup |8, R(m, @) 62 R(m, @ + s€)|| cuxuan | < C <1,

2 s€0,1]

then |[e“ |y < ||€]|%. Two orders of accuracy may thus be gained when ||&[[y; < 1.
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Connection to the Newton Iteration. The corrector operator is directly related to Newton iteration for
solving R(m,u) = 0. Let ug € U be the initial guess, then the Newton step to solve R(m,u) = 0, for a fixed
m € M, is given by

up = U1 — O R(m,up_1) "R(m,up_1) = ]-'C(m,uk,l), Vk>1. (11)

Thus, the solution v = F(m) is a fixed-point of F(m,-); i.e., if u = F(m,u) then u = F(m) or,
equivalently, R(m,u) = 0. Since F C is the operator characterized in the Newton step, the convergence of
iterations, {uy}, to v and the reduction in error, ||u — ug||u, as k increases are ascertained by the Newton-
Kantorovich theorem [88, 89]. In particular, in ideal conditions, Newton iterations are expected to converge
at a quadratic rate, and, thus, the error reduces by two orders in every iteration. One of the versions of the
Newton-Kantorovich theorem from [89] is produced below.

Theorem 2. For a fited m € M let D(m) be an nonempty open set in U, U being Banach space, and
ug € D(m). Let R(m,-) : U — U* be such that R(m,-) € C*(D(m);U*) and §,R(m,ug) € LU;U*) is
bijective, i.e., 6, R(m,uo) "t € LIU*;U). Further, suppose that there exists a constant r > 0 such that

e B(ug;r) C D(m), B(ug;r) being an open ball of radius r centered at ug;

o |6, R(m,u0) T R(m,uo)llu < 5;

o [[6.R(m,u0) ™" (8, R(m,@) — 8,R(m, @) || crany < =2 for all @, 6 € Blugsr).
Then, 6, R(m, @) € L(U;U*) is bijective and 6, R(m,a)~t € LU*;U) at each i € B(ug;r). The sequence
(ug)P2, defined by
W = up—1 — 0 R(m, up—1) "' R(m, up—1) = FC(m, ug—1), Vk>1,
is such that up € B(ug;r) for all k > 0, and ux, — u, where u € B(ug;r) is a zero of R(m,-), i.e.,
R(m,u) = 0. Further, for each k >0,

-
[lu —uglly < oF 7

and the point u € B(ug;T) is the only zero of R(m,-) in B(ug;r).
For proof, see [Theorem 5, [89]].

2.8. Ezample of a Nonlinear Diffusion Equation
To put the notations and ideas discussed so far into a context, a forward problem involving a nonlinear
diffusion model with homogeneous Dirichlet boundary condition is considered. Suppose Q C R, d = 1,2, 3,
denotes the open, bounded, and smooth domain, u = u(x), = € Q, is the temperature field with v € U :=
HY(Q) ={ve H Q) : v =0 on 90} governed by the diffusion-reaction model,
~V - (kom(z)Vu(x)) + au(z)® = f(z), T €
u(x) =0, x €00,

where kg, a > 0 are fixed constants, m € M := {v € L*(Q) N L>®(Q) : v > myy,} is the diffusivity field, and
[ € L*(Q) external heat source that is fixed and given. The associated variational problem reads:

Given m € M, find u € U such that / {ﬁomVu -Vou+ au%} dx = / fvda, Yvel.
Q Q

=:b(m,u;v) =:1(v)

The corresponding residual functional R : M x U — U* is defined through action on v € U, for (m,u) €
M x U, as follows

(v, R(m,u))y = b(m,u;v) —l(v) = /Q {komVu - Vv + au?’fU} dz — /Q fudx.
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The first and second derivatives, in this case, have the form:

(0, 8 R(m,u)(p)hy = / {/ﬁomVp -Vou + 3au2pv} dx
; (12)
(v, 02R(m, w)(p, 9))u = A {6aupqv} dz .

The existence of solutions of the above variational problem for d > 3 can be established by following the
Theorem 1.6.6 in [90] and the underlying arguments.

2.3.1. Constants in the Corrector Operator Bound for the Nonlinear Diffusion Equation
The theorem below provides the bound on the first two derivatives of R and shows that the inverse
operator 8, R(m, @)~ : U* — U can also be bounded.

Theorem 3. For any m € M and u € U, the following holds
(i) Upper and lower bound on the norm of 6, R(m,@):

Corllvllu < 16.R(m, @)(v)]

we < Csp(@) [|v]fo »

where Csr and Csp = Csr(@) are constants given by

~ rom . _ = - ~
Csp = O2lwmln{1,CP2, Csr() == ro||m|| Lo () + 3aCE|al%

and Cp,Cg are constants from the Poincare inequality and the Sobolev embedding. Taking the operator
norm of 5, R(m,a)(v), it holds

Csr < [|6,R(m, @)|| iz < Csr(i).

(ii) Upper bound on the norm of the inverse of 5, R(m,@):

o\ 1
6uR(m, @)~ | ey < =
Csr
(iii) Upper bound on the norm of 62R(m,@):
162 R (m, @) (P, Dl < Co2r(@)lIpllue llaller,  Corr(@) = 6aCs]lallu

and, therefore,
62R(m, @) || ey < Cs2r(T) -

The theorem above is proved in Appendix B.

Using Theorem 3, the norm of the correction error, ||e€||y, in terms of the norm of the prediction error
l|é|lx can be estimated for the example of the nonlinear diffusion model. Let & € U be an approximation
(prediction) of the solution u of R(m,u) = 0 for a given m € M. Let u® = F(m,a) be the correction,
where F€ is the corrector operator defined in (9). Then, combining Theorem 1 and Theorem 3, recalling
that e¢ = u — u® and é = u — @, gives

1 o - - ~
1€ < 5 [ sup 16uR(m, @)~ 05 R (m, a + 56)|£(uxu,u)] llelfz
s€|0,

1 o - - ~
< 2 (18R 0m, @) caaaer) [st[gp”||637z<m,u+se>|u*] el
s€|0,
< — sup Cs2p(@ + sé él|?

2Con Le[o,u ( )| Nellz
3CE - ~
< =2 llallu + el Tellz
0R
=:C



i.e., under conditions in Theorem 3, a constant C' € RT exists such that

el < Cllallu el + C el -

3. Neural Operators and Corrector Scheme

Consider a case when a map F : M — U is induced by a variational problem R(m,F(m)) =0 in U*. In
practice, the variational problem is solved numerically in finite-dimensional subspaces of M and &. In an
abstract setting, the discrete variational problem can be written as:

Given m € My, find u € Uj, such that (v, R(m,u)) =0, Yv€elUy, (13)

where My C M and U, C U are finite dimensional approximations of M and U, respectively. For example,
in a finite element approximation, if {¢;}{™, are the interpolation functions, where ¢, = dim(My), then
My, = span ({¢;}) € M. An element m € M, is expressed as the linear combinations of interpolation
functions, i.e., m = ), m;¢;, where (my,ma,...,mg,,) € R and R% being the coeflicient space of Mj,.
Similarly, if {¢;}{, are the interpolation functions such that U, = span ({¢;}) and ¢, = dim(Uy), then
u € Uy is has a representation u = Y 7 w;ep; with (u1,ug,...,us,) € R%. In what follows, m € M,
and w € U, will be interchanged with m = (mq,ma,...,my,,) € R? and u = (u1,us, ..., uq,) € R%™ when
convenient while keeping in mind that given coefficient vectors (m;) and (u;), the functions m and u are
given by > m;$; and > u;1;, respectively.

The numerical discretization furnishes an approximation Fj, : R¥m — R% (technically, Fp, : M, — Up,)
of F: M — U. Next, consider a family of neural operators Fp, yn(-;0) : R¥ — R% parameterized by
feOyy CRINN N being the number of trainable parameters in the neural network architecture. Here,
m = (mq,...,Mmg,,) € R¥ is the input to the neural operator and u = (u1,...,u,,) € R%™ is the output.
Broadly, 6 is chosen such that the error Fj, nn(-;0) — Fp(-) is minimized in some sense.

While F}, can be applied to any m € R9™_ for practical purposes, some probability distribution measure
v on M (v, after finite dimensional approximation of M) is assumed to sample m and compute Fp(m).
Given a sampling probability distribution v}, the optimization problem to train neural operator F, yn can

be written as:
On,nn = argmin Jy(0) :=E™™" [||Fr(m) — Fpnvn(m; 0)|]uw,] - (14)
0€EONN
In the above, the computation of J(f) is intractable due to the nature of integration. Moreover, because
Fr(m) is expensive to compute, requiring Fj(m) for large samples should be avoided. Thus, in practice,
a finite number of samples m® ~ vy, i = 1,...,N (assumed independent and identically distributed) is
considered to approximate the cost function as follows:

N

5 Lz 1 i i

eh,NN = arg min Jh((g) = — E ||fh(m ) — ]-'h,NN(m ;9)||uh . (15)
0cONN N i=1

Here, {(m!, u’ = F(m*)}¥ | are the training data, and, for each i, (m?,u’) € R% x R%. Assuming the
above optimization problem can be solved for 9~h’ NN, an “optimal” neural operator, _7:';% ~n(+), can be defined
according to: ~ ~

Fnnn() i=Funn(;0nnN) - (16)

3.1. Correcting Neural Operators using Corrector Operator

Suppose the optimization problem (15) is solved to obtain the neural operator ]:"h, NN R — R, Since
the neural operator is trained to minimize the average error, see (15), the error ||Fp(m) — Fnnn (m)|u,
for any arbitrary sample m ~ v, (or m can be any element of M) can be significantly large. Depending
on the application of the neural operator-based surrogate, this unpredictability of accuracy of Fp yn(m)
can pose a serious challenge. To improve the accuracy of ]:_h, ~n(m) further, one direction is to fine-tune
the network architecture and hyperparameters through trial and error. However, it is seen in practice that

9



the accuracy of a fixed neural network can not be enhanced beyond a certain limit, and often fine-tuning
hyperparameters is not straightforward and may give only marginal gains [61, 76].

To enhance the accuracy and reliability, the use of the corrector operator developed in Section 2.2 on the
neural operator prediction is proposed. The proposed approach does not seek to modify the existing neural
operator architecture and has the potential to be used with neural operators with limited accuracy trained
with sparse data.

Given m € My, and corresponding neural operator prediction uyy = ]}NN(m) € Uy, the correction u%N
is computed:

U%N = fc(m,uNN) = UNN — (JU’R(m,uNN))flR(m,uNN) .

The above entails solving the following linear variational problem:

Given m € My, uny = fh,NN(m), find u%N € Uy, such that (17)
(v, 6 R(m,un ) (usy — unn)) = — (v, R(m,unn)), Yov e Uy, .

If un v is sufficiently close to the true solution u = F,(m), as will be the case for a trained neural operator, the
error ||u—u§ y||u, is expected to be at least two orders smaller than the neural operator error ||u —ux |,
when conditions of the Newton Kantorovich theorem hold; see Theorem 1 and Theorem 2. In a scenario
when F(m) is sought for an input m far from the subspace generated by the training input data {m’ f\il,
the neural operator prediction is expected to have a large error, as this corresponds to extrapolation. In
this case, the correction ng\/ is hoped to keep the error small. This is demonstrated numerically for
the topological optimization of input parameter m in a nonlinear diffusion equation. For the example of
topological optimization, since it is difficult to construct a priori a probability distribution v}, that includes
samples representative of Meptim, Moptim being the solution of the topological optimization problem, the
neural operator is expected to make large errors during the optimization iterations. This is the case for the
topological optimization example in Section 4.3. However, when a corrector operator is used together with
a neural operator, the accuracy of optimization solutions is seen to increase significantly.

3.2. Scalable and Mesh Independent Neural Operators

The neural operators Fj nn : R — R% described so far as has two key limitations. First, they are not
scalable; for fine discretizations of variational problems, ¢, and g, could be large which results in a neural
network with a large computational complexity (complexity is defined as the number of training parameters,
i.e., dim(Oyn)). The second problem is mesh dependence, as Fj, yn is coupled to the underlying mesh used
in Mh and Z/{h.

An approach based on dimensional reduction techniques to make the neural operators scalable and mesh
independent is discussed following [63, 65, 69, 70]. The key idea is to consider low-dimensional subspaces
R™ and R™ of R? and RY, respectively, and construct a neural operator between the low dimensional
subspaces; see Figure 2. To make this more precise, suppose Hi‘i : RIm — R™ ¢, = dim(M}) and
m << @m is the dimension of the reduced subspace, and similarly, Hzfu : R% — R™  where ¢, = dim(U},)
and 7, << gy. Next, a parameterized neural operator F,, nny : R™ x Onn — R™ is considered with the
corresponding optimization problem defined as:

N

~ L= 1 i

Orp NN = argmin J, 5 (0) := — E [|Fr(m;) — (HZ;{M)T (]—'T,;L,NN(H?: (m’);@)) s, - (18)
6eONN N i=1

The trained neural operator is then defined as

Frm NN () = Frn NN (3 0rnNN) - (19)

In the term, (I )T (F, , nn(IIM (m?);0)), firstly, the input parameter m’ € R% is projected into the
reduced subspace R"™™; secondly, the reduced input vector is fed to the neural operator which returns
Up = ‘FT,NN(Hf;lL (m?);0) € R™; and, thirdly, u, is projected into the full space R% using (HZ;’U)T.

10



m, = I (m
e Ri::z( ) u, € R"

Classical Neural Operator Scalable Neural Operator

—|
]:h,NN : RIm X@NN—)]RQ“ ]:r,h,NN : R™m X@NN—)RT“

\nono.o-o-cioono.o.o-o\

uw= (I )T (u,)
n € Rim (b) € R

3 [Ceeeccccccccccccccccs]

n € RIm (a) u € R

<

Figure 2: Schematics of the two neural operators. In (a), a classical approach is shown which maps the coefficient space of My,
into the coefficient space of Up. In (b), a neural operator is taken as a map between the low dimensional subspaces of input
and output spaces, and, as a result, has a lower computational complexity and is independent of the mesh [65, 91]. There are
two additional steps in this approach first, the given input is compressed using the projector H , and, second, the output of

the neural operator is decompressed using the transpose of the projector Hzfu

3.2.1. Singular-Value Decomposition (SVD) for Projectors

In this work, SVD is used to construct the projectors HM and H” for dimensional reduction. For
completeness, key aspects of SVD are reviewed in thls subsection. Suppose {(m*,u")}}¥, are the training
data for the neural operator, where m* € R% and u" = .7-"h( ) € R, Further suppose that {m'} and {u'}
are centered so that mean of {m’} and {u'}, + vazl m' and + Zi:l u', respectively, are zero. Focusing on

the input space R%, let A denote an g, X N matrix such that:

A - ml m2 e mN . (20)

Next, consider a singular value decomposition of A, A = UDVT, where U and V are column-orthonormal
matrices of sizes ¢,, X ¢, and N x N, respectively, and D is a g, X N diagonal matrix. The columns of
U and V are referred to as left and right singular vectors, respectively, while the diagonal elements of D,
A1 > A2 > - >\ >0, are called the singular values. Here, r = min{¢,,, N}, and some ); can be zero.
There exist an integer 74 < min{g,,, N} such that \; = 0 for all j > r, and r4 = rank(A). Focusing on
the matrix U, it has the following structure

U = wl w2 P w(Im 5 (21)

where w* € R% are orthonormal vectors, i.e., w* - w! = dij, 0;; being the Kronecker delta function. The
columns of U, i.e., {w'}, form a bases for R9m.

Let 7, > 0 such that r,, < rank(A) is the integer of the reduced dimension R™ for which a projector
H{,\i : R%™ — R™ is sought. Given 7, a matrix U,. , is constructed as follows by removing the last g,, — 7,
columns of U:

UT - wl w2 P wrm . (22)

The matrix U, has the following notable properties:
11



e Projection into the reduced space. UZ; (m) projects an element m € R?% into a lower dimensional
subspace of R, i.e., Ug:n : R — R" . To see this, consider

—  (wH?  —| |m m - w!
— ()T —| | ma m - w?

UTrp(m) = . | = ' e R™. (23)
— (wm™)T  —| |my,, m-w'™m

r, o R™ — R and this is confirmed as follows: take a vector
m = (M1, Ma,...,Mm,,_) € R™ and note

e Projection into the full space. U,

my
|
m2 T'm
U(ﬁl) - wl w2 wrm == ﬁliwz S qu (24)
=1
|
my,,

as wt € R for each i.

o Approximation of an identity matriz. U, Ufm ~ I, . and U;‘Fm U,,, =1, , I, being the identity matrix
in R™.

o Optimal reconstruction. The matrix UTTm minimizes the reconstruction error over all possible projection
operators of rank 7,,,. To define a reconstruction error, first note that if m € R% then UL (m) € R™
and U, (UL (m)) € R?ie., U, (UL (m)) projects m back into the same space. Thus, U, (UL (m))
is referred to as the reconstruction of m. The error, |[m — U, UL m||, in general, is not zero. The
reconstruction error for a given data matrix A with columns m' is defined as the sum of the square of

individual reconstruction errors:

AU,

Tm

1
Tl = | Uz Al (25)

1 N
o = g 2o’ = U, U | =

where [|A[|p = /22,2, A7 =V A: Alis the Frobenius norm of the matrix A. It can be shown that
U

Tm

solves the following optimization problem (Eckart-Young theorem)

U, = argmin [|[A—VVTA||p. (26)
V ERIm XTm

For proof, see [Theorem 2, [92]].

Due to the properties listed above, it makes sense to take Ug:n as the projector, i.e., Hffn = UTTm.
In a similar fashion, let A is now written in terms of the output data {u'}, i.e.,



and A = UDVT, where U and V are ¢, X ¢, and N x N orthonormal matrices, respectively, and D an g, x N
diagonal matrix of singular values of A. Further, let r,, < rank(A) < min{g,, N} be the given dimension of
the desired reduced space. Then the projector Hl;’u : R% — R™ is defined using the matrix UZL , where

is the truncation of U.

4. Numerical Examples

The example of a nonlinear diffusion equation presented in section 2.2 with slight modifications is taken
up for the demonstration of the efficacy of the proposed corrector approach. The first example concerns the
temperature field in a square domain with a prescribed heat source and the Dirichlet boundary condition on
the bottom edge of the domain. Neural operators with varying input and output reduced dimensions and sizes
of training samples are tested for accuracy. In the same tests, the corrector operator taking neural operator
prediction and model parameter as input is analyzed and it is shown that the corrector operator consistently
leads to increased accuracy. The second example considers a slightly complex geometry of a square domain
with two circular voids. The forward problem now has heat flux prescribed on the outer boundary, and the
temperature is fixed to zero in the inner boundaries. In this setup, the topology optimization problem on
the diffusivity parameter field is posed. For this optimization problem, the accuracy of neural operators as
surrogates of the forward model are examined, and it is shown that neural operators lead to high errors in
optimizers. However, when the corrector operator is used in conjunction with neural operators, the accuracy
is seen to significantly increased. In what follows, first, the neural network architecture and some details
about the libraries used in this work are discussed. Following that, the two subsections present the key
results.

First Layer

(Input Centering Layer) o
- Z1 =20 — m L]
bd o Five ResNet Layers of Rank 20 :
: : Second Layer (Input and Ouput Dimensions r,,) |® Hidden Layer
° ° (Input Projection Layer) [ ° o]z =o(Wiz)+bY) [9]
° o 2 =IIM(z)eR™ : € R20
o o °
o o °
o o °
M . ®  Ouput L Output

Input |® 9 . uput Layer n »
° ° e S (TN () o put y=a+W2(z)
m € Rin |9 e oly= (L) (z)+a g, y=on A
() o : € R eR
o o °
o o °
o o °
o o °
° ° || ° ] ]
: : Third Layer °
° ° (Input to Output 0
- - Dimension Matching Layer) : . -
23 = W3(2) € R™ =
(a) Neural Network Structure (b) Single ResNet Layer Structure

Figure 3: Neural network structure (a) and the structure of the residual network (ResNet) layer (b). In (b), o = o(z) is an
Softplus (0(z) = log(exp(z) + 1)) activation function.

4.1. Neural Network Architecture and Software Details

Neural operators in this work are based on the projectors from SVD and consist of ResNet (residual
network [93]) layers following [61, 70]. Particularly, the number of residual network blocks is fixed to five
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with rank 20; see Figure 3. Let {(m’,u*)}Y, are training data, g, and g, are such that m’ € R% and
u’ € R%, respectively, and m := %ZZ m? and @ = %El ut. Also, let rp, < Gm and r, < g, be the
dimension of reduced input and output spaces, respectively. In addition to the five residual network blocks,
the neural network has the following four affine (an identity activation function) layers:

e Input centering layer. The first hidden layer has identity matrix as weights and —m (negative of m)
as bias. Given an input m € R% to this layer, the output is m — m € R

e Input projector layer. The second hidden layer has input projector matrix H,{‘:‘n € R™mXdm a5 weight
and the bias is fixed to zero. This layer projects the centered input data to a reduced dimension.

o Input-to-output dimension matching layer. The third layer is a Dense layer with 7, neurons which
takes R™ element and outputs R™ element. The bias is fixed to zero.

e Output centering and projector layer. The last (output) layer consists of (II¥ )T € R%*™ as weight
and u as bias. This layer takes the output © € R™ of the second last layer, and projects it onto the
output space R% and translates by @”.

The weights and biases of the above layers except for the third layer for handling dimension mismatch
are frozen, however, it is possible to learn the projectors (weights) by making these layers part of training
[70]. The resulting neural network with the above three layers and the five hidden layers based on ResNet
is depicted in Figure 3. The parameters that will be varied in the numerical examples are dimensions of
reduced spaces (r,,, and r,,) and the number of data (N). The N samples of data are divided into [0.1N |
number of validation data N — |0.1N | number of training data, and the testing data sample in addition to
N training samples is fixed to |0.25N|. The implementation of neural networks is based on hIPPYflow®
[61, 69, 70] and TensorFlow? [94]. To solve the variational problems and sample from a prior vy, FEniCS®
[95, 96] and hiPPY1ib® [97] are used.

4.2. Accuracy Comparison for a Nonlinear Diffusion Equation

Consider a square domain Q = (0,1)? and denote the bottom edge by I', = [0, 1] x 0. The equation for
the temperature field v = u(x) is taken as

—V - (e"®Vu(x)) + u(x)’ = f(), AR
u(zx) =0, zely; (29)
em(w)vu(m) -n(x) =0, xed—Ty;
where )
f(a:) = 6_4(1_$1) SiD(47T.’L'2)2, T = (1‘1,-7;2) € Q7

is an external heat source. Let the parameter and solution function spaces be given by:
m e M = L*(Q)NL¥(Q), weld ={ve H(Q):v(x)=0,zecl,}.
The variational problem associated to (29) is written as:

Given m € M, find u € U such that

(v, R(m, ) = |

Q

@ Vu(x) - Vo(z) dz + /Q u(z)®v(z) dz — /Q f(@)v(z)de=0, Ywel. (30)

Expressions for §,R(m,u)(p) and 62R(m,u)(p,q) can be derived following Section 2.3.

Shttps://github.com/hippylib/hippyflow
4https://www.tensorflow.org/
Shttps://fenicsproject.org/
Shttps://github.com/hippylib/hippylib
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4.2.1. Data Generation and Neural Operators

A 64 x 64 quadrilateral mesh of Q is considered, and U}, and My, are finite element function spaces based
on the first-order Lagrange interpolation. By replacing M and U with M, and U},, respectively, the discrete
version of the problem is obtained.

Data for Neural Operator Training. To generate training data, probability distribution v is assumed to be
v =N(0,C), where C : M x M — R is a covariance operator taking the form

c_ (—V -V +68)~¢ in Q,
- yn -V +n on 0f),

where 7, §,n, d are hyperparameters and n unit outward normal. Covariance parameters are fixed as follows:
v = 0.08,0 = 2,9 = 1/142,d = 2. Let C, : M;, - M) — R is the covariance operator in the finite
dimensional setting and v, = N(0,Cp,). The set {(m® u*)}X,, where m* ~ v;, € M}, and v’ = F(m?) is
the solution of the discretized variational problem, is the data for neural operator learning. In Figure 4(a),
three representative data samples along with the singular values of input and output data from N = 4096

samples are depicted.

m o~y

<110

Input (o)
—— Output (o)

o
®

o
=

0¥ ~0.1

Normalized Singular Values (o;
(=]
=~

o
o

ol ~0.01
0 50 100 150 200 250 300
Index

(a) (b)

Figure 4: (a) Visualization of three representative samples. (b) Normalized singular values for the input and output data of
sample size N = 4096. The indices associated with the singular values near 0.1 and 0.01 are also shown.

Neural Operators. To test the effect of sample size and approximations due to dimension reductions on the
accuracy of neural operators, neural operators with

(rm,74) € {(50,25), (50,50, (100, 25), (100, 50) and N € {256,512, 1024, 2048, 4096}

are trained. Here, 7, is kept small compared to r,, based on the relatively faster decay of output singular
values; see Figure 4(b).

4.2.2. Comparing Neural Operator and Corrector Operator Accuracy

Given a sample of input parameter m € R9™, suppose u = u(m) € R% is the finite element solution,
unn = unny(m) is the approximation furnished by neural operator, and u§;y = u§ (m) is the correction
of unn. The normalized percentage error can be defined as

el o= L) =l g oy o ) S lmle 0
u\m)i|2

[u(m)lliz
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where ||a|l2 = /D, a?. In Table 1, the statistics of errors due to neural operators and corrector is shown.
Analyzing the highlighted columns in Table 1 corresponding to the mean of eyxy and e, the corrector
approach is seen to consistently decrease the errors. In fact, for neural operators trained on small data (see
rows with Numbers 1, 6, 11, and 16), the corrector does a great job of keeping the average error below 0.1
percentage. For the neural operators trained with the smallest and largest datasets, samples of m ~ vy
are drawn randomly, and the solutions from the true model, neural operator, and correction of the neural
operator are visualized in Figure 5 and Figure 6.

m e~ v, u= Fy(m) uyy = Fyn(m) uSy = F(m, uyn)
(exn = 6.0474) (5 = 0.0453)

(exn = 13.3602) (5 = 0.0071)

(exy = 12.9505) (e§x = 0.0961)

(exn = 3.4740)

Figure 5: Comparing true solution, neural operator prediction, and the correction of neural operator prediction for networks
1,6,11,16 (see Table 1) trained with smaller samples of data.

4.8. Topology Optimization Involving a Nonlinear Diffusion Equation

To further test the utility of the predictor-corrector approach and highlight the limitation of neural
operators in optimization problems, topological optimization of the diffusivity field in a nonlinear diffusion
model is considered in this subsection. The domain 2 is a square domain with two circular voids: 2 =
(0,1)* — B(z¢,, R1) — B(®¢,, R2), where B(z,R) = {y € R? : |y — x| < R} denotes the ball of radius
R centered at . Here, ., = (0.2,0.8), x,, = (0.7,0.3), Ry = 0.1, and Ry = 0.2; see Figure 7. Let
I =Ty UTou, I'in and Ty being the inner and outer boundaries, respectively. In the inner boundary,
I;y, temperature is fixed to zero, while, in the outer boundary, I's,:, the heat flux g(x) := 0.1 is prescribed.
Keeping the model same as in (29), but now with heat source zero, f = 0, the strong form of the forward
model reads as:

Given a diffusivity field m = m(x), find temperature u such that

~V - (m(z)Vu(z)) + u(z)® =0, x € Q; (32)
u(x) =0, x € lipn;
m(x)Vu(z) -n(x) =0.1 =: g(x), x €Lyt
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enNn SN
Number Tm Tu N min max mean min max mean

1 50 25 256 2.45728 | 16.84489 6.06698 | 0.00024 | 0.31488 0.04303
2 50 25 512 1.40506 7.82594 3.53658 | 0.00016 | 0.16437 | 0.03716
3 50 25 | 1024 | 1.65162 6.06503 3.18435 | 0.00005 | 0.09237 | 0.01783

50 25 | 2048 | 1.40497 | 4.91186 2.56645 | 0.00141 | 0.20477 | 0.07224
5 50 25 | 4096 | 1.16622 | 9.80585 2.43871 | 0.00001 | 0.19827 0.03807
6 50 50 256 3.86182 | 29.05746 8.91953 | 0.00008 | 0.24863 0.07290
7 50 50 512 2.89625 | 10.76244 | 5.54185 | 0.00014 | 0.19987 | 0.05248
8 50 50 | 1024 | 1.92660 8.37186 3.77333 | 0.00036 | 0.28288 | 0.06235
9 50 50 | 2048 | 1.88078 | 4.93965 3.07723 | 0.00011 | 0.18041 | 0.03552
10 50 50 | 4096 | 1.74788 | 4.84569 3.19339 | 0.00012 | 0.20722 0.06781
11 100 | 25 256 2.76545 | 11.96616 5.23490 | 0.00937 | 0.20000 0.05499
12 100 | 25 512 1.74937 | 5.60931 3.70606 | 0.00072 | 0.26213 | 0.07850
13 100 | 25 | 1024 | 1.65959 6.97599 3.37611 | 0.00019 | 0.23674 | 0.05536
14 100 | 25 | 2048 | 1.01940 5.27190 2.60825 | 0.00012 | 0.20808 | 0.06776
15 100 | 25 | 4096 | 1.22295 | 4.00625 2.00097 | 0.00005 | 0.27715 0.05748
16 100 | 50 256 2.30358 | 23.87869 5.58995 | 0.00033 | 0.23157 0.05828
17 100 | 50 512 2.26997 | 12.24735 | 5.29943 | 0.00077 | 0.27386 | 0.05864
18 100 | 50 | 1024 | 1.39031 7.22452 3.02298 | 0.00008 | 0.25664 | 0.06455
19 100 | 50 | 2048 | 1.08747 | 6.17697 3.15330 | 0.00012 | 0.24090 | 0.06358
20 100 | 50 | 4096 | 1.00965 | 4.63677 2.27597 | 0.00005 | 0.20564 0.07560

Table 1: Comparing errors due to the neural operator approximations and corrections of neural operators for the first example
(see Section 4.2). For each neural operator and the corrector of the neural operator, the errors are computed for a total of
twenty samples, and the minimum, maximum, and mean was computed from the resulting twenty e%N and E%N values. The
errors are defined as in (31). Particularly, columns corresponding to the mean of ey and e%N errors are highlighted; from
the results, the corrector is seen to consistently enhance the accuracy of neural operators by almost two orders. The neural
operators trained with the smallest and largest data samples for different (7m,7) pairs are highlighted. Generally, increasing

the sample size increases the accuracy of neural operators, as seen from the results.
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m~ v, u = Fp(m) uyy = Fyn(m) UQ\ = F(m,uyw)
(enn = 2.4151) Sy = 0.0527)

(exn = 10.3961)

(exn = 2.7595)

(exn = 5.0180)

Figure 6: Comparing true solution, neural operator prediction, and the correction of neural operator prediction for networks
5,10,15,20 (see Table 1) trained with larger samples of data.
As before, function spaces associated with the parameter and solution are taken as:
m e M :=L*(Q)NL>(Q), uel ={ve H Q) :v(x)=0,xcTy}. (33)
The variational problem corresponding to the forward problem reads:
Given m € M, find u € U such that

(v, R(m,u)) = /Qm(w)Vu(w) -Vou(x) do —|—/Qu(:c)3v(w) de —/ gv(x) dS(x) =0, WYwel.

Fout

(34)

Topological Optimization Problem. Given a temperature u satisfying the above equation, the compliance —
external working — is defined as

J(m) = / gu(x)dS(z). (35)

Lout

In this example, diffusivity m is optimized to minimize the compliance J. Let Myq = {m € M : 0 <
My < m < 1} C M be the admissible space, m, > 0 being a small number suitably chosen to ensure
wellposedness of the problem (34). Further, let € (0, 1] is the target average diffusivity, g = 0.1 an external
heat flux on T',y¢, and F a forward solution operator. The topology optimization problem reads

1
m =argmin J(m) := / gF(m)dS(x) such that —/ m(x)dx =n, (36)
meEMaq Tout |Q| Q

where the optimization problem is assumed to be wellposed and there exists a minimizer m.
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Figure 7: Setup for the second example of topological optimization of diffusivity in nonlinear diffusion equation.

Next, let Fyn is a neural operator approximation of F, and Jyx(m) and J§ y(m) are two approxima-
tions of J(m) given by

Tnw (m) = /F g Fun(m)dS(@),  JSy(m) = /F g FC(m, Fyn(m)) dS(a).

out out

Let the minimizers of (36) with the above two cost functions are denoted by myy and m% N> respectively.
The main objective of this example is to compare the accuracy of myn and m% N With m.

4.8.1. Data Generation, Neural Operators, and Numerical Method for the Optimization Problem

The domain (2 is triangulated using Gmsh” [98] with 20614 triangular elements and 10301 vertices. The
mesh is converted into a Fenics-friendly format using Meshio® [99]. The parameter and solution spaces are
approximated using the first-order Lagrange interpolation on the mesh. If M, C M and U, C U are the
finite element function spaces, then the variational problem in discrete setting reads:

Given m € My, find u € U, such that (v, R(m,u)) =0, YveUy,. (37)
Let, as before F},, denote the finite-dimensional approximation of F.

Data for Neural Operator Training. Let the probability distribution v and its finite element approximation

i, be the same as in Section 4.2.1. The training samples {(m®,u®)}Y, are generated as follows:

Draw w'(x) ~ v, and  mi(x) =0,25¢" (z), u'=F(m'). (38)

In Figure 8(a), three representative data samples along with the singular values of input and output data
from N = 4096 samples are depicted.

Neural Operators. Same as in the first example, a total of twenty neural operators with
(rm,74) € {(50,25), (50,50), (100, 25), (100, 50) and N € {256, 512,1024,2048, 4096}

are trained. The plot of singular values in Figure 8(b) is similar to the first example as expected and
shows that the singular values of output data decay faster relative to the input data. Table 2 compares the
accuracy of all twenty neural operators and corrections of these neural operators. Increasing data samples
have a more dominant effect on the accuracy of neural operators in this example. It is however noted that
increasing the reduced space dimension does not necessarily increase the accuracy. For the neural operators
trained on the smallest and largest data samples, forward solutions and their approximations for a randomly
drawn sample are compared in Figure 9 and Figure 10.

"https://gmsh.info/
8https://github.com/nschloe/meshio
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Figure 8: (a) Visualization of three representative samples, where w and m are from (38) and u is the solution of (37) given
m. (b) Normalized singular values for input and output data of sample size N = 4096 for the second example. The indices
associated with the singular values near 0.1 and 0.01 are also displayed.

m = 0.25e"(w ~ vy) u = Fy(m) uyy = Fyn(m)
(exy = 10.0311)

(eny = 20.1363)

CV\ = 20. 0904

(exn = 9.2100)
Figure 9: Comparing true solution, neural operator prediction, and the correction of neural operator prediction for networks
1,6,11,16 (see Table 2) trained with smaller samples of data.
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eNN Sy

Number Tm Tu N min max mean min max mean
1 50 25 256 | 7.15830 | 21.25784 12.47695 | 0.00153 | 0.84201 0.13296
2 50 25 512 | 4.59103 | 15.99608 9.09779 0.00907 | 0.38084 | 0.06826
3 50 25 | 1024 | 4.56197 | 10.36562 6.26587 0.00459 | 0.16858 | 0.03795
4 50 25 | 2048 | 3.75125 7.91939 5.54681 0.00139 | 0.23467 | 0.04583
5 50 25 | 4096 | 2.91057 | 8.09030 4.94291 0.00178 | 0.12398 0.02647
6 50 50 256 | 9.15900 | 19.87726 13.10120 | 0.02228 | 0.48271 0.14268
7 50 50 512 5.60731 | 24.31812 | 11.78976 | 0.00593 | 0.77939 | 0.15389
8 50 50 | 1024 | 4.50428 | 16.09015 7.89234 0.00262 | 1.34911 | 0.10651
9 50 50 | 2048 | 3.58687 | 11.70707 6.41672 0.00263 | 0.29747 | 0.03527
10 50 50 | 4096 | 3.11247 | 6.86457 4.22486 | 0.00139 | 0.17169 0.02497
11 100 | 25 256 | 6.66220 | 22.61565 11.11228 | 0.00673 | 1.41224 0.20579
12 100 | 25 512 5.56698 | 21.51665 | 10.51670 | 0.00973 | 0.68513 | 0.09869
13 100 | 25 | 1024 | 5.25971 | 12.44923 7.97554 0.00135 | 0.59833 | 0.07555
14 100 | 25 | 2048 | 4.53138 | 11.74423 7.21405 0.00342 | 0.96087 | 0.11523
15 100 | 25 | 4096 | 3.24184 | 6.81036 4.38627 | 0.00031 | 0.18123 0.02263
16 100 | 50 256 | 7.72910 | 18.16715 11.80013 | 0.00926 | 0.33257 0.09902
17 100 | 50 512 6.11802 | 12.84410 8.83076 0.00718 | 0.28607 | 0.05695
18 100 | 50 | 1024 | 4.99326 | 10.96458 7.80839 0.00267 | 0.25835 | 0.04400
19 100 | 50 | 2048 | 3.81907 | 15.93567 6.45772 0.00198 | 0.91764 | 0.06216
20 100 | 50 | 4096 | 3.41474 | 8.98157 5.17495 | 0.00113 | 0.12705 0.02403

Table 2: Comparing errors due to neural operator approximations of the forward model and corrections of neural operators
for the second example. For more details on the table, see Table 1. Compared to the neural operators in the first example,
the effect of increasing data samples on the average neural operator and corrector operator errors is more evident. However,
increasing the input and output reduced dimensions have very little positive effect on the accuracy of neural operators.
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Figure 10: Comparing true solution, neural operator prediction, and the correction of neural operator prediction for networks
5,10, 15,20 (see Table 2) trained with larger samples of data.

Numerical Solution of the Optimization Problem. The numerical method is based on the relaxation of the
optimization problem (36) in a finite-dimensional setting:

min J(m, A\, w) ::/ gudw+)\</mdm—n|§2|> ,
meMn AER Cous Q 39
where u = u(m) € U), satisfies (v, R(m,u)) =0, Yv € Up, (39)
and O<mwy <m<1.

By replacing Jj(m) with

o (m) = /F gFann(m)dS@)  and  JCyn(m)= /F 9T (m, Fryn(m)) dS(@) ,

out

respectively, optimization problems with surrogates of the forward model are obtained. For the results in
the next section, the numerical minimizers with cost functions Jp, Ju nn, J,(;: N are denoted by m, myn,
and Yy, respectively.

Optimization problem (39) is solved using a bi-level iterative scheme, wherein the outer iteration, v and
pair (m,\) are solved sequentially. For a given outer iteration step k and variables my, g, ux = u(myg),
first, the new updated values (mg41, A\p+1) are computed using the inner iteration, and then using my41,
Up41 = u(mp41) is computed. The outer iteration stops when |[my —myy1||22(0) < Vo1 OF When k = 140
The numerical method is detailed in Appendix C.

In the numerical experiments, the target average diffusivity is taken to be n = 0.4, and the initial guess
for the parameter m is a constant function m(x) = 0.1. Lagrange multiplier A is initialized as A = 1. The
tolerance in Algorithm 2 is set to myo = 0.005. Finally, m;y, = 0.001.
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Figure 11: Plot of minimizer m and corresponding forward solution u(m).

4.3.2. Optimization Results
The optimization problem was solved numerically for the following three cases:

e when u = u(m) is obtained by solving the forward problem in which case the numerical minimizer is
denoted by m;

e when neural operator prediction was used to approximate u by uyy = Fyn(m) in which case the
minimizers are identified by myy; and

e when u was approximated by u$ y = F¢(m, Fyn(m)) using the corrector operator in which case the
minimizer is denoted by m§ .

The percentage errors between numerical minimizers can be defined as:

=1 = _~C
SNV Lkt 1721/ CRNSTINY 50 o =iyl

! % 100. (40)
|7 s>

|72
Similarly, the errors in forward solutions when using the minimizers are defined as

5) 5 7Y — uC (€
[|u(m) UJ\IN(mNN)HP % 100 , &Sy = [|u(m) u]\IN(mNN)HZQ % 100 . (41)
[lu(rm)] sz [lu(rm)] 1=

éNN =

The numerical minimizer m and the forward solution at m are shown in Figure 11. The history of the cost
function, the volumetric average of m, and the Lagrange multiplier are plotted in Figure 12. In Figure 13,
the minimizers for the neural operators trained with smaller and larger datasets are compared. The figure
also shows the minimizers when neural operators are corrected using the corrector operator F¢. Finally,
for all the twenty neural operators and the corrector of those neural operators, the percentage errors €y,
5% N> ENN, and é% n are plotted in Figure 14. The errors are tabulated in Table 3 to allow easier comparison
of the accuracy of neural operators with and without corrections. From the error results in Table 3, it is
clear that the neural operators consistently lead to minimizers with high error (as high as 80 percent). The
corrector on the other hand provides an approximation of minimizers with errors below seven percent.

5. Conclusion

The work provides a powerful approach for enhancing the accuracy and reliability of neural operators,
especially when the neural operator accuracy is impacted by the unavailability of appropriate training
distributions and sparse data. The approach is based on the corrector operator, which requires solving the
linear variational problem given the input parameter m and the prediction furnished by the neural operator.
For the two examples considered in this work, the increase in accuracy obtained via the corrector operator
is not possible to attain by simply tuning the hyperparameters of the neural operators and increasing the
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Figure 12: History of compliance function J(m), the volume average of m (note that the target volume average is n = 0.4),
and the Lagrange multiplier during iterations.
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Figure 13: Comparing the minimizers for neural networks trained with a smaller dataset (left two columns) and the larger
dataset (right two columns). The odd columns (1 and 3) correspond to the minimizers obtained by employing neural operator

surrogates in the cost function. In contrast, the even columns (2 and 4) are those where neural operator predictions are
corrected using the corrector operator F€. For the properties of neural operators, see to Table 2.
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Figure 14: Normalized minimizer errors £y and 516\; ~ due to surrogate approximations of the forward problem (see (40)) and
the error in forward solutions éyp and & 5 defined in (41).

Number ENN &y ENN &y | Number ENN & n ENN eSn
1 72.14426 | 5.46892 | 22.43047 | 0.56382 11 75.05329 | 5.16826 | 14.79259 | 0.45834
2 68.70190 | 3.41497 | 10.39295 | 0.08882 12 71.45512 | 2.99042 | 11.51458 | 0.28541
3 71.45517 | 2.53612 | 10.25896 | 0.10772 13 74.81585 | 3.15803 | 11.99392 | 0.14022
4 63.65149 | 3.36944 | 9.54038 | 0.19412 14 65.21906 | 3.63778 | 12.64035 | 0.10310
5 65.68216 | 3.62392 | 9.73351 | 0.14817 15 66.73859 | 3.70730 | 13.78046 | 0.14303
6 80.76804 | 6.22848 | 30.17278 | 0.63044 16 77.65764 | 6.99276 | 35.45096 | 1.16036
7 75.65322 | 3.72890 | 16.44920 | 0.07026 17 75.78578 | 3.19518 | 14.10578 | 0.29605
8 79.60037 | 3.17328 | 14.71594 | 0.18724 18 70.69823 | 4.06247 | 13.14865 | 0.12392
9 75.74455 | 2.96135 | 13.32289 | 0.09598 19 68.44559 | 3.34363 | 10.35292 | 0.11209
10 74.11825 | 3.67819 | 11.89410 | 0.18198 20 66.36491 | 5.09965 | 8.65368 | 0.56261

Table 3: Comparison of the percentage errors in minimizers and forward solutions at the minimizers for neural operators and
corrected neural operators. Networks trained with small datasets are highlighted in blue, while the ones trained with relatively
large datasets are highlighted in green.
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training data samples. For the topology optimization problem, the work highlights the limitations of neural
operators in choosing the appropriate training samples and neural operators leading to results with large
errors. The corrector operator for the topology optimization problem increased the accuracy of optimizers
significantly. In summary, the approach seems to do a great job of increasing the accuracy and reliability of
neural operators.

In the present work, the correction is computed external to neural operators. In contrast, future work
will explore the possibility of integrating the correction step into the neural operators. Further, goal-oriented
error estimates can be used to enhance the accuracy of neural operators with respect to specific quantities
of interest. Finally, downstream applications of parameter estimation and design optimization of complex
materials for mechanical loading and actuation are of interest where the neural operators will be used as
surrogates of highly nonlinear parametric multiphysics models of mechanical deformation.
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Appendix A. Corrector Operator Error Analysis

In this section, Theorem 1 is proved. Let m € M, and @ € U be arbitrary approximation of u = F(m),
i.e., R(m,u) = 0. From the definition of corrector operator F¢ (see (9)), it can be shown that

FO(m) =u® =i — 6,R(m, 1) "R(m, )

= u—u® =u—a+0,R(m,a)"" | R(m, @) — R(m,u) (A1)
H,C_/ ~—— N ,
_ —& =0
c

) H(R(m,u) — R(m, 1)) .

<3}

= e” =¢é&— 0,R(m,

Using the identity é = 6, R(m, @) 'R (m, @)(¢) and the Taylor series expansion

R(m,u) — R(m, @) = 6, R(m, @) (€) + /0 (1 — 8)62R(m, @ + sé)(é,é) ds
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in (A.1), it holds

=6, R(m, )" [— 01(1 — 5)02R(m, i + sé)(¢é,¢) ds (A.2)

1
- / (5 — 1), R (m, i)~ 2R (m, it + 5¢) (6, &) ds .
0
Next, define a bilinear operator A(s) : U x U — U for s € [0, 1] as follows
A(5)(p, q) := 6, R(m, @) 62R(m, @ + s€)(p, q)
and note that

1AG) (2, Ol < A oy [Pl [laller < [

se

S%Pl] ||A<s>||£(u><2/{;u)] |1plle Mgl lea -

Taking the norm of both sides in (A.2) and using the above estimate, the following can be shown

1 o 1 o B B B
1€ < /O (1 =s)llAls)(E )l < 5 sup 16uR (m, @)~ ouR(m, i+ s6)|| cuxean | el (A3)
se|0,

Appendix B. Bounds on Derivatives of a Residual for Nonlinear Diffusion Example

In this section, Theorem 3 is established. In what follows, the preliminary results needed in the proof
are first collected, and then Theorem 3 is proved.

Appendiz B.1. Preliminary Results
Let X and Y be two Banach spaces. X is said to be embedded continuously in Y, written as X — Y, if
e X CY,;

e the canonical injection ¢ : X — Y is a continuous (linear) operator, i.e., there exists a constant C' > 0
such that
lli(w)ly <Cllullx,  YueX.

Here, C' is independent of w.

Embedding of X into Y is compact if, in addition to the above conditions, the canonical injection operator
i is a compact operator. Relevant Sobolev embedding results from Theorems 2.6.1 and 2.6.2 in [90] are
collected in the following theorem:

Theorem 4. Let Q C R? be the open, bounded, and smooth domain where d = 2,3. It holds that
HY(Q) — LY(Q),

for every q € [1,00) when d = 2 and for every q € [1,6] when d = 3. Further, the embedding is compact for
every q € [1,00) when d =2 and for every q € [1,6) when d = 3.
For d =3, if Q is open and bounded subset of R? or Q = R, then

Hy(Q) = L1()
for every d € [1,6]. Further, the embedding is compact for every q € [1,6).
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Consider the case when ) is open, bounded, and smooth with d = 2 or d = 3. Let U := H}(£2). Then
for every u € U, using the above Sobolev embedding theorem, it holds

lullzs@) < Csllulle (B.1)

where Cg independent of u is the Sobolev embedding constant.
Next, the Poincare inequality theorem following [Theorem 2.6.3, [90]] is stated:

Theorem 5. Let Q C R? be open and bounded. Then there exists a constant Cp > 0, depending only on Q,
such that
||UHL2(Q) < CPHVU||L2(Q), Yu € H&(Q) (BQ)

Appendiz B.2. Proof of Theorem 3

The proof is divided into three steps as follows.
Step 1. First, the upper bound on ||, R(m, @)(v)|
norm gives

u~ is established. Using the definition of operator

6uR(m, @) cuiz) = S 10w R(m, @) (V)] o+ - (B.3)
vllu=
Further,
6 R(m, @) ()|l = sup [(w, 6 R(m, @)(v))ul - (B.4)

[w]u=1

Noting the expression of §,R(m,u) in (12) and setup of the problem described in Section 2.3, it holds

w6 0Dl < [ { (sosup o)) 1961191 + 3020 | d

1/2 1/2
< [no||m||m<m|w||mm V]| + 3a ( / a dx) ( / o2 dx) ]
Q Q

< Kol|m|| o)l [v]lu wll + 3o¢||?1||%4(9) [[ol[zac@) [lw][La(a)

< siollml| e e [0l ee [l lee + 3aC5]lallF olle [wlle

where Holder inequality is used in the second and third equations, and the Sobolev embedding property
(see (B.1)) in the last equation. Using the above estimate in (B.4) and combining the result with (B.3), it
is shown that

16 R (m, @) (v)]

u+ < (kollml| L= () + 3aCslall) vl - (B.5)

C_'(FR

For the lower bound on ||6,R(m, @)(v)||u=, proceeding as follows

[16uR(m, @) (v)]|

u- = sup [(w, 0, R(m,u)(v))ul

[lwlle=1
N ‘<Ua5uR(m7ﬂ)(U)>U‘
- 0]l
1
= / {nom(x)Wv\g +3aﬂ2v2} dx
ol |/
KoMlw 2 RoMiw 2 2
> V0] = [1901132(0) + 70113
ol T Dy L@ e
RoMw |: 2 —2 2
> =" |||Vv +Cp7w }
RoMlw . — 1 A
> IHIH{].,CP2} m H,UHZ%[ = CﬁRH”HUa

=:Csr
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where Supjj,(j,,—1 |(w, 5, R(m, @) (v))y > LRl B0l

equation, the positive term is dropped, and the property that m > my,, is used, since m € M = {g €
L2(Q) N L>(Q) : w > myy }. In the fifth step, the Poincare inequality from (B.2) is applied. Combining the
above with (B.5), the proof of (i) of Theorem 3 is complete.

Step 2. In this step, the upper bound on the norm of 6, R(m, @) ! is established. Let A := 6, R(m, )
and r = A(v) € U*, then

is used in the second equation. In the fourth

AT )l = AT (A@)) e = [10]]er -

However, since r = A(v), from the previous calculations, it holds that Csg|[v|le < ||7|lu=, i-e., |[v]l <

Ci [|7]|z¢«. Combining this with the equation above, the following can be shown
R

A7 ) et = [ollee < Csrlir]

Uu* -

The above establishes (ii) of Theorem 3.
Step 3. To prove the last result, i.e., (iii) of Theorem 3, the definition of an operator norm is expanded
as follows

Hain(m’@)ﬂuuxu;u*) = sup ||52R(m,a)(v,w)|
[lv]lu=1,]|w]|e=1

u* -

Focusing on the ||62R(m, @) (v, w)|

u~, it holds that

162 R (m, @) (v, w)|

us = sup [{g,05R(m, @) (v, w))ul

[lqllee=1
= sup /Gaﬂqudx <6a sup ||a|[zaq) l|vllz1@) [lwllLa@) [lallLa@)
llglle=11/Q [lqllee=1
4 . (B.6)
<6aCg sup ||afle [|v[er |[wllee [lglles
[lgllee=1
= (6aCs|lalle) |[v]les [Jw]ler ,
—_———
=:662R

where Hoélder inequality is applied twice, and the Sobolev embedding property is used. This completes the
proof of Theorem 3.

Appendix C. Numerical Method for the Topology Optimization

A bi-level iteration scheme is developed for solving the optimization problem (39). The method employed
here is based on the so-called SIMP (Solid Isotropic Material with Penalization) method and closely follows
the topology optimization example” in [100].

Since u = u(m) € U solves (v, R(m,u)) = 0 for all v € U, taking v = u, and using the definition of R
from (34), it can be easily shown that

/ gu(m)dS(w):/mVu~Vud:c+/u4dw.
Fout Q Q

Let ¢ = g(m) = mVu(m) denote the flux and e = e(m) = g(m) - g(m), then from the above, the compliance
can be expressed as
J

9https://comet-fenics.readthedocs.io/en/latest/demo/topology_optimization/simp_topology_optimization.html

gulm) ds(z) = |

Q

[6(7;”) + u(m)‘*} da.

out
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Using the relation above, the optimization problem (39) can be re-written as follows

min J(m, A, ) :/Q {e(m) +u(m)4] da:+A</dew—nlﬂ> 7

meMp ,AER m C 1
where u = u(m) € Uy, satisfies (v, R(m,u)) =0, Yv € Uy, (C.1)
and O0<myw <m<1.

The problem above is coupled in variables m, A, and u. To simplify the computation, an iterative scheme
is sought in which the variables can be uncoupled and sequentially computed. One possible approach is to
consider an iteration (referring to this as outer iteration) where given solutions from the previous iteration,
ie., my, A\p,ur, = u(my), first, the pair (mgy1, Ag+1) is updated by solving the approximate minimization
problem with fixed u = g, i.e.,

(mk-‘rla Ak-‘rl) = arg min j(ma )\7’66]@) = / m

meMp, AER Q
and O<mw<m<1.

{e(mk) +u(mk)4} dm+/\( mdw—n|9|> ,

Q (C.2)

Next, given my11, R(mg41,ug+1) = 0 is solved for ug4q. The iteration over k is continued until ||my1 —
mi||r2(Q) < Yeor Or until k reaches the maximum number of iterations. The algorithm for this outer iteration
is presented in Algorithm 1.

Algorithm 1: Outer iteration for solving (39) or equivalently (C.1).

Input:
(a) set up mesh, variational problem, and optimization parameters ;
(b) take initial guess mg, A\g = 1;
Outer iteration:
k= 0;
while k£ < n2% ... do
(1) given my, Ak, and ug, solve for (my11, Ap+1) € My, x R following Algorithm 2 ;
(2) solve (v, R(Mg11,ur+1)) =0, Yv € Uy, for upt1 € Uy ;
(3) update flux qry1 = mpy1Vurr and epr1 = Qryr - Qe
(4) Mg = Mk41, A\ = Ngt+1, U = Ug+1, and k<~ k+1;
if ||maq1 — millz2(Q) < Vol then break ;
end
Return: m = my.

Focusing now on (C.2), the problem is solved iteratively (inner iteration) where in each iteration i, first
m() is updated to compute m 1) while keeping A¥) fixed and then A(*) is updated into Aé+t1). During the
inner iteration inside the outer iteration step k, u is fixed to ux = u(my) throughout; Algorithm 1. The key
question here is how to compute the updated value mG+1) given A = A and u = ;. Towards this, from
Equation (C.2), when the variables A and u are fixed, the optimization problem on m becomes

m*) = argmin  J(m, A¥, uy,) :/ [e—k +u§] da + A </ mdccn|9> )
meM Qtm @

and O0<my <m<1,

(C.3)

where e, = q(my) - g(my) = (mkVug) - (mpVug). Taking the variation of J(-, \(¥) u) in the direction of
arbitrary w € M, and setting it to zero, gives

/ {_%k—l-)\(i)]wdmzo, Yw € M = m =
Q

Thus, the formula for updating m given uj, and A\ is given by

mU+tY = min {1,max {mlw, ;(’:)}} , (C.4)
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where the upper and lower bound constraints on m are enforced strongly. The algorithm for the inner itera-
tion where A and m are successively updated for a given outer iteration step k is presented in Algorithm 2.
This algorithm is based on the bisection method; see [101].

Algorithm 2: Inner iteration for pair (mg41, Ak+1) given my, Ag, ug.

Input:
(a) n, lower bound myy, and tolerance myo to check volumetric constraint ;

(b) outer iteration step k and solutions my, Ak, uy ;

Setup:
(a) let m® =my, A = )., and let 7(*) denote the volume average of m( ;

(b) let m and A are current values of variables, and let Ay, = 0 and Apge = 0 ;
Inner iteration (bracketing):
if m(®) <7 then
Amin = /\(0)7 1=10;
while m(" < 5 do
(1) update A: G+ = % ;
(2) update m: given my, ux, and XD compute m+) using (CA4) ;
(3) m® = mOFD \O = X+ and 4 i 41 ;
end
A=A m=m® and ez = A ;
nd
else
Amaz = A0 i =0
while m(® > 7 do
(1) update A: AG+HD =2)(@)
(2) update m: given my, uy, and A0t compute m+1 using (C.4) ;
(3) m®) =m0 \O = NG+ 5o 41,
end
A=2D m=m® and M\nin = \ ;
end
Inner iteration (bisection):
i=0, N9 =X and m©® =m ;
while [(?) — 5| > nmy, do
(1) update A: ACFD = Amintimas
(2) update m: given my, ug, and A+t compute mU+Y using (C.4) ;
(3) update Apin and Apas ¢
if mUt) <y then Ay, = A0HD
else \par = A0TD
(4) m® =m0+ XO = \C+D) and § i 4+ 1 ;
end

[¢]

Mpr1 = mD, Ay = A0
Return: (mgi1, Agr1)-
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